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Introduction
Goal: Tllustrate how Stein’s method can be applied to a variety of distributions

General approaches

e Generator method (Torkel Erhardsson’s lectures)
e Coupling equations

e Densities

We shall certainly cover the first two approaches

Main examples to bear in mind

1. Normal N(0,1)
Bf(X) — EXF(X) =0

2. Poisson(\)
AEF(X +1) = EXf(X) =0

General situation

Target distribution p
1. Find characterization: operator A such that X ~ p if and only if for all smooth functions f, FAf(X) =0

2. For each smooth function h find solution f = f}, of the Stein equation
o)~ [ ndu=As(o)

3. Then for any variable W
Eh(W) — /hdu =EAf(W)

Usually need to bound f, ', or Af
Here: h smooth test function; for nonsmooth functions: see techniques used by Shao, Chen, Rinott and Rotar,
Gotze

The generator approach

Barbour 1989, 1990; Gétze 1993

Choose A as generator of a Markov process with stationary distribution p
That is:

Let (X¢):>0 be a homogeneous Markov process

Put T f (z) = E(f(X:)|X(0) = z)

Generator Af(z) = lim|o 1 (T3 f(z) — f(z))

Facts (see Ethier and Kurtz (1986), for example)



1. u stationary distribution then X ~ p if and only if EAf(X) = 0 for f for which Af is defined

/hdu—h:A(/ Tuhdu>
0

2. Tth—h=A (fot Tuhdu) and formally

if the r.h.s. exists

Ezxzamples
1. Ah(z) = h''(z) — zh/(z) generator of Ornstein-Uhlenbeck process, stationary distribution A(0,1)

2. Ah(z) = Mh(z + 1) — h(z)) + z(h(z — 1) — h(z)) or
Af(x) = Af(z+1) —zf(z)

Immigration-death process, immigration rate A, unit per capita death rate; stationary distribution Poisson(\)

(see Torkel Erhardsson’s lectures)

Advantage: generalisations to multivariate, diffusions, measure space...

Careful: does not always work, see compound Poisson distribution

Heuristic to find generator

Assume: distribution based on the limit of ®,,(X1,...,X,) where X1,..., X, ii.d.; assume EX; =0,EX? =1

Construct reversible Markov chain (exchangeable pairs):

1. Start with Z,(0) = (X1,...,X»)

2. Pick index I € {1,...,n} independently uniformly at random; if I = i, replace X; by independent copy X/

3. Put Z,(1) = (X1,..., X1-1, X7, X141,... X»n)

4. Draw another index uniformly at random, throw out corresponding random variable and replace by independent

copy
5. Repeat

Make time continuous: Put N () Poisson process, rate 1, and

Wa(t) = Zn(N (1))

Then generator Ay, with x = (z1, ... @), f smooth,
Anf(@n(x)) = TlliEf(tbn(xl,...,mi1,X{‘,mi+1,... ) — f(®u(x))
Taylor expansion: B
A@6) ~ L3P ) (@0 ()
=
+oe iE(X; — )’ {f”(%(X)) (Zeu00) + f(%(@);;fbn(X)}
= - oif (@0(x) ai@n(xw;2<1+x$>{f”<<bn< ) (prent0)
H(0,00) 70 |



Ezample: Put ®n(x) = 2= > 7| @
Then -2 & (x) = -+ and
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If Poisson process with rate n instead of 1: factor ;- vanishes

Suggests

1. Chisquare distributions

Find generator

Xi,...,Xp i.i.d. random vectors, X; = (X;,1,. .. Xin) i.i.d., mean zero, EXZ-Q,]- = 1, finite fourth moment
p ( 1 n 2
@n(X) = = Z T4 j)
i=1 v j=1
Choose index uniformly from {1,...,p} x {1,...,n}
We have N
0 2
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by the law of large numbers
Suggests



More convenient: Generator for xf,

Af(e) = 2f" () + 50— ) (@)
Luk 1994: Stein operator for Gamma(r, \) is
Af(@) =2 f"(2) + (r — Az) f'(2)

and x2 = Gamma(d/2,1/2)

Luk also showed that, for Xf,, A is the generator of a Markov process given by the solution of the stochastic
differential equation

t t
X =z + %/ (p— Xs)ds +/ v2X.dB;
0 0
where By is standard Brownian motion

Luk found the transition semigroup, which can be used to solve the Stein equation

(0G) h(x) —x2h=of"(@) + 3 (0~ )f (@)

where X?,h is the expectation of A under the Xf,-distribution

Lemma 1 (Pickett 2002)

Suppose h : R — R is absolutely bounded, |h(z)| < ce®® for some ¢ > 0 a € R, and the first k derivatives of h are
bounded. Then the equation (x?,) has a solution f = f1, such that

; V2 i
| £ < = Al |
VP
with h®) = h.
o1

(Improvement over Luk 1994 in \/ﬁ)

Example: squared sum (R. + Pickett)

Xi,i=1,...,n,ii.d. mean zero, variance one, exisiting 8" moment

-
S:%;Xi

and
W =5
Want
2EW " (W) + E(1 — W) f (W)
Put
g(s) = sf'(s%)
then
g'(s) = f'(s") + 25" f"(s%)

and

2EW (W) + EQ1=W)f'(W) = Eg¢(S)—Ef' (W)+E(1-W)f' (W)
= E¢'(S) - ESy(S)



Now proceed as in M (0,1):

Put
S._LZX_
l \/ﬁji’i ’
Then
1 n
ESg(S) = WZEXig(S)
i=1
Ly LN oy,
= =D EXw(Si)+ - ) EXig(S)+ R
where
R = LZEX?’Q”(S.)_,_LZEX%@) S._,_gXi
n3/2 L ! Y o2 L ! 0 n

by Taylor expansion, some 0 < 6 < 1

From independence

1 n
ESg(S) = EE Eg'(Si) + R1
i=1

= FE¢'(S)+Ri+ Ry

where
_ 1 § g, 1 § 2 (3) ) X
Ry = w7 2 EXig (Sl)—|—2n2 . EXig SZ—|—0\/H

- L 2, (g 4 gXi
= 2nQZEng <Sz+0\/ﬁ

by Taylor expansion, some 0 < 6 < 1
Bounds on Ri, Ra

Calculate
g"(s) = 651" (s*) +4s° O (s)
and
g (s) = 245* S (5%) + 6" (s*) + 85" (s”)
so with 8; = EX{

%ZEX?

24 6
< B (e 2)+ Sy
n n

n

8 @ Bo 4 P3  Br Be
o0 ||<6+n+4ﬁ+6n+n2)

Gq o gXi

= o).

n

Similarly for 725 >, EX} g™ (Si+6 \)/(%)

, employ (s



For — 3", EX2¢"(S:) have, for some c(f)

1 17 1 11 ].
7 D BXPG(8) = =B (S) + elf)y;

and
Eg"(S) = 6ESf"(5%) + 4ES® f®)(5?%)

"

Note that g” is antisymmetric, g’ (—s) = —g”(s), so for Z ~ N(0,1) we have
Eg"(Z)=0
(Almost) routine now to show that |Eg” (S)| < ¢(f)/+/n for some c(f).
Combining these bounds show: the bound on the distance to Chisquare(1) for smooth test functions is of order %

2. The weak law of large numbers

Using the generator method, we find for o, point mass at 0,
Af(2) = —af ()
and the corresponding transition semigroup is given by
Tih(z) =h (:re*t)

Stein equation for point mass at 0

(%)  h(z) = h(0) = —zf'(z)

Lemma 2 If h € CZ(R), then the Stein equation (5o) has solution f = fi, € CZ such that

I < A
0 < A"l

Proof

May assume h(0) = 0. Generator method gives

flx) = —/Ooh(:re_t)dt
0

so for x # 0

el = ‘hﬁj’) <

and for x = 0 we have
f(0) = =1’ (0)

giving the first assertion. For the second assertion, for x # 0

()] =

<"

h(z) W (z)

xr2

and for x = 0 we have



Ezample:

X1, ..., X, mean zero
1 n
W=w,=— X

Then, by Taylor, for some 0 < 6 < 1,

EAf(W) = —EW['(W)
—EWf'(0) + EW?f"(6W)

EW?f" (0W)

and
|[EAfW)| <|| £ || Var(W).

If Var(W,) — 0 as n — oo then the weak law of large numbers holds.

Remarks
e For point mass at u obtain Af(z) = (u — z)f'(z)

e Explicit bound, no need for n — co

Empirical measures
E=R,R,R,,... (locally compact Hausdorff space with countable basis)
can define a metric on E, Borel sets B

for p signed measure on E define
| 1 [|= sup [u(A)]
AeB

Then
My(E) ={p:|| pl[< M < oo}

is a linear space

Put
C.(E) ={f: E — R continuous with compact support}

vague convergence

Up = 1 = foralleCC(E):/denH/fdu

Not equal to weak convergence: 6, = 0 but does not converge weakly

Class of test functions

(F) F(V)—f</¢)id1/,i—1,...,m>

for some m, f € Cy°(R™) and ¢, ..., ¢m € C(E)

F = class of these F
Using Stone-Weierstrass we can show
Lemma 3 F is convergence-determining for vague convergence. So is the restricted class Fo that assumes that

NI LI ¢ || 1 fori=1,...,m. Also, for E =R® or connected open or closed subset of R?, could

use Cy° instead of Ck..



Here, || £/ II= X7, Il fo |
Weak law of large numbers for empirical measures

Xi,...,X, values in F

i law of X;

An = % ?:1 Hi

&n = %Z:L:l 0x, empirical measure

Want to bound distance between £(£,) and §,, say
Distance here

¢(u,v) = sup
gE€Fo

/ gdp — / gdv
F'(W)[p—v] Gateaux derivative

Zf(j) (/¢idl’7i:17...,m> </¢jdu—/¢jdl/>

Lemma 4 For every H of the form (F), with h and ¢s,i = 1,...m, the solution F = Fg of the Stein equation is of
the form (F) with the same ¢;’s. Furthermore, ||f" ||< [|R||, and ||f"|| < ||B”|.

Generator for F' of form (F')

AF(v)

Proof like before.

Theorem 1 For all H € F we have

IA

|EH (&) — H(p)l

> ko) | ‘/aﬁjdu/aﬁjdu‘
j=1

m 2
+ > g | {@2’; { / ¢;dp - / ¢jdu}

k=1
+Var <7lz Z%(Xi)) } .

Connection with mizing

Put
Bij ={A,B € B: pi(A) #0,u;(B) # 0}
and -
Pn = % Z sup |Corr(I(X; € A),I(X; € B))|
57 ABeBy

Then, if || ¢; [[<1fori=1,...,m,
1 n
V = (X5) | < 4pn.
ar (n > ei(x )) <4p
i=1
Local approach

Assume that for all ¢ € T = {1,...,n} there is a set I'; C I not containing ¢ such that X; is independent of
(X;,7 €T). Then, if || ¢; ||[<1fori=1,...,m,

1 — 1 2 <
Var <n21¢](X7,)> < EJrﬁZlu—‘z‘



This could be extended to neighbourhoods of strong dependence.

Example: A dissociated family
Let (Y;)ien be a family of i.i.d. random elements on a space X, let kK € N be fixed, and set

D ={(1,...,jx) € N :j. #£j, for r#s};
'™ = {(j1,....jk) €T j1,....jx € {1,...,n}}.

Suppose ¥ is a measurable functions X* — E, and put, for (ji,...,jx) € T,

. CT jk:'l/J(lev"wY}k)'

Then, (Xj;,.. 5. )G1,....jp)er is a dissociated family of identically distributed elements; put p = L£(Xj, .

That is, if J € '™ and K € T are disjoint multi-indices, then X; and Xk are independent.
For n € N fixed, the set T™ has n(n —1)---(n — k + 1) elements.
Let r(n) =n(n—1)---(n — k+ 1), then

r(n)

1
&n = m Z:ZI 6Xi,n

Theorem 2 For the above dissociated family, we have for H € Fy
BHE) - H < - (1421
" =5 n—k+1/)"
Proof:
For J € I'™ set
I(J)={Lel'"™ :J£LLNJ+#0}

Then
_ (n—1)!
Tl = k<(n—kz+1)'1>
< T(;L)kz
and
1 (n—k)!(n—1)!
r(n)? JEZF:WW(J)‘ < kn!(n—k:—i—l)!
k
nn—k+1)

Note that the X3, ... ;. ’s are identically distributed, and thus i = p.

Can be extended to family of functions (¢, ,....5.) (j1,....5x)er (R- 1994)
Coupling approach
Ezcursion: size biasing for real-valued random variables

Let W > 0 and assume EW > 0. Then W™ is said to have the W-size biased distribution if
EWg(W)=EWEg(W™")

for all g for which the expectations exist.

»»J'k)'



Ezample: If W ~ Be(p) then
EWg(W) =pg(1)

soW* =1
Ezample: If W ~ Po(X) then from the Stein-Chen equation
EWg(W) = AEg(W +1)

so W* =W + 1 in distribution

In weak law of large numbers:

EAJ(W) = E(EW — W)f' (W) = BW(Ef (W) — Ef (W"))

Construction
(Goldstein + Rinott 1996) Suppose W = Z:;l X, with X; >0, EX; >0, all 4.

Choose index V according to
_EX,
V)= T
If V = v: replace X, by X, having the X,-size biased distribution, independent
If X = 2: choose X,,u # v, such that

P(V =

L(Xu,u#v) = L(Xu,u # 0| Xy = 2)

Put W* =3 X, + Xy

u#V

Ezample: X; ~ Be(p;) fori=1,...,n
If V = wv: choose Xu, u # v, such that

L(Xu,u#v) = L(Xu,u#v|X, =1)

Then W* =3, Xu +1
See Poisson approximation, Barbour, Holst, Janson 1992

Size biasing for random measures

Let € be a random measure on E, E[{] = pu, let ¢ € C. be nonnegative with f odp > 0.
We say that £% has the £ size biased distribution in direction ¢ if

EG(€) / g = / $dpEG(E?)
for all G for which the expectations exist.

Ezample: Suppose £ = 0x, and L(X) = u, and ¢ is one-to-one. Then

EG(§) / pdE E¢(X)G(0p-1(4(x)))

= /¢dﬂEG(5¢71<¢<X>*>)
Construction
Let &, = %Z:‘:l dx,, and E[&,] = fin

10



Pick V € {1,...,n} according to
Ep(X,
PV =v)= Eo(Xy) _)
n f odjin,
If V = v take 0%, to have the dx,-size bias distribution in direction ¢

If 0%, = n then choose bx,,u # v according to
L(bx,,u#v) = L(6x,,u # v|6k, =)

In generator with F of form (F)

EAF[¢]

EF'(&)[n— ¢

Z/ijdﬂE{f(j) </¢id§;’:j,i—1,...,n) _f(j) (/(ﬁidfn,i—l,...,n)}
j=1

Construction depends on ¢, but when independent: need to adjust only one.

Remarks
1. Only gives vague/weak convergence; need additional argument for a.s. convergence
2. Could be viewed as a shorthand for multivariate law of large numbers

3. Will see a more involved example (epidemic) later

3. Discrete distributions from a Gibbs view point
joint work with Peter Eichelsbacher
Examples for Stein operators for discrete distributions

univariate case only

Poisson(A\): Af(k) = Af(k+1) —kf(k)
Chen 1975

Binomial(n,p): Af(k) = (n —k)pf(k+1) — k(1 —p)f(k)
Ehm 1991

Hypergeometric (n, a, b):

EECON

Af(k)=n—-k)a—k)f(k+1)—k(b—n+k)f(k)
Kiinsch; R. + Schoutens (1998) preprint

Geometric(p) with start at 0: for f(0) =0
Af(k) = (1 =p)f(k+1) - f(k)
Pekoz 1996

General pattern?
Connection with birth-death processes

See also Brown and Xia, Holmes, Weinberg

Discrete Gibbs measure p:
Assume supp(p) = {0,..., N}, where N € Ng U {00},

11



wk

1
wlk) = Zexp(V(k) 77, k=0,1,...,N,

with Z = Zi\;o eXp(V(k))“jTl;, where w > 0 is fixed

Assume Z exists

Ezample: Po()\)
w=A\Vk)=-\NEk>0,Z=1
or V(k)=0,w=\Z=¢"

For a given probability distribution (u(k))ren,
V (k) =log u(k) +logk! +logZ — klogw, k=0,1,...,N,
with V(0) = log u(0) + log Z
To each such Gibbs measure associate a birth-death process:

unit per-capita death rate d, = k
birth rate

_ _ u(k+1)
b = wexp{V(k+1)-V(k)} = (k+ 1)W7
for k,k + 1 € supp(u)
then invariant measure p
generator
(AR)(k) = (h(k+1)—h(k))exp{V(k+1) = V(k)}w+ k(h(k—1) — h(k))
(ANK) = flk+Dexp{V(k+1) = V(k)}w —kf(k)

Brown and Xia (2001) discuss many choices for birth and death rates. Holmes (2003) uses different birth and
death rates.

Ezxzamples

1. Poisson-distribution with parameter A > 0: We use w = A\, V (k) = —\, Z = 1. The Stein-operator is
(Af)(k) = f(k+ 1) A= kf(k)

2. Binomial-distribution with parameters n and 0 < p < 1: We use w = £,V (k) = —log((n — k)!), and
Z = (n!(1 —p)™)~'. The Stein-operator is

p(n —k)

(ADK) = Jh+1) T

—kf(k).
3. Hypergeometric distribution: The Stein-operator is
(Af)(k) = f(k+1) (a—k)(n—k) = (b—n—x)kf(k).

4. Pascal distribution with parameter v € {1,2,...} and 0 < p < 1: p(k) = (k+z_l)p7(l —p)Ffork=0,1,....
We obtain the Stein-operator

(Af)(R) = f(k+1) (1 = p)(k +7) = kf (k).

12



5. Geometric distribution with parameter p, shifted by one: v =n = 1 in Pascal; u(k) = p(1—p)* for k=0,1,....

The Stein-operator is

(ANK) = fF(k+1) A =p)(k+1) — kf(k).

Bounds

Solution of Stein equation f for h: f(0) =0, f(k) = 0 for k & supp(u), and

: J k
. ]' — i k) W
fG+1) = e VO Y DO (k) — u(h)
k=0
" N k
b v w
= e U D e (h(k) — p(h).
k=j+1
Lemma 5 1. Put
M = sup max (ev(k)fv(kﬂ), ev(k+1)7v(k)) .

0<k<N—1

Assume M < oo. Then for every j € No:

ol

IFG)I < 2min{1,

2. Assume that the birth rates are non-increasing:
exp(V(k +1)— V(k)) < exp(V(k) —V(k— 1)),

and death rates are unit per capita. For every j € Ny
1 eV (@)

AL < 5 A eV

Examples

1. Poisson-distribution with parameter A > 0: non-uniform bound

1 1
< A=
INIOTES RS

leads to 1 A 1/A, see Barbour, Holst, Janson 1992
does not compare favourably to 1/A(1 —e™?)
. 1
I 11< 2min (1, % ).
as in Barbour, Holst, Janson 1992
2. Pascal distribution with parameter v € {1,2,...} and 0 < p < 1:
1 1
Af(R)| < =N ——-F+——
MW= T
leads to 1 A

(1-p)v
but M =

13



Note that Brown and Xia (2001) give bounds for Af for a wide class of birth-death processes satisfying some

monotonicity condition on the rates.
Size-Bias coupling

Recall: W > 0, EW > 0 then W™ has the W-size biased distribution if
EWg(W)=EWEg(W™)

for all g for which both sides exist
S0
E{exp{V(X +1)-V(X)wg(X+1) - Xg(X)}

= E{exp{V(X +1) - V(X)wg(X +1) - EXEg(X*)}
and
EX = wEeV(X+1)_V(X),

SO

Lemma 6 Let X > 0 be such that 0 < E(X) < oo, let p be a discrete Gibbs measure. Then X ~ p if and only if for
all bounded g

wEeV(X'H)_V(X)g(X +1) = wEeV(X+1)_V(X)Eg(X*).
Thus for any W > 0 with 0 < EW < oo

ER(W) - u(h)
_ w{EeV(WJrl)fV(W)f(W r1) - EewWH)*V(W)E'f(W*)}

where f is the solution of the Stein equation.

Can also compare two discrete Gibbs distributions by comparing their birth rates and their death rates (see also
Holmes)

Let p have generator A and corresponding (w, V'), and let p2 have generator Az, and corresponding (w2, V2), both
unit per-capita death rates. Then, for X ~ ps, f € B, if the solution f of the Stein equation for u is such that Az f

exists,

Eh(X) — p(h)
= BAf(X)
= FEA-A)f(X)
— Ef(X+1) (wev(x+1)7v(X) _ wevz(x+1)7v2(><))
— WEf(X + 1)6\/2(X+1)7v2(x)6v<X+1)7V<X>7(V2(X+1>7V2(X>> — E(X)Ef(X™)
w . V(1)) o _ .
— EE(X)Ef(X )e(V(X) V(X*=1))=(Va(X ") =Va (X" -1))

—BE(X)Ef(X7)

w — W2

= E(X)Ef(X*)+wiE(X)Ef(X*) {e<V<X*>—V<X*—1>>—(v2<X*)—v2<X*—1>> _ 1}
2 2

14



Thus
‘Eh(X)—/hd,u‘

< || I H E(X) {"d;:‘&' + iE ’e(V<X*),v(x*,1))7(\/2()(*),\/2()(*71)) B 1’}

w2

Ezample: Poisson(A1) and Poisson(\2) gives

‘Eh(X)/hdu’ < 1Al

Remarks:

1. The normalising constant Z in the Gibbs distribution is often difficult to calculate. Note that it is not needed
explicitly in the Stein approach.

2. Eichelsbacher and R. (2003) generalise the above to point processes.
4. An S-I-R epidemic

Bartlett (1949), Bailey (1975), Sellke (1983)

Population: total size K
susceptibles (S), infected (I), removed(R); an individual is infectious when infected
at time t = 0: aK infected, bK susceptible, a +b =1

(li,7i)ien positive i.i.d. random vectors

(71)ien positive i.i.d.
Individual ¢:
if infected at time 0: stays infected for a period of length 7;, then gets removed

if susceptible at time 0: gets infected at time AK = Fgl(li), stays infected for a period of length r;, then gets
removed

l; “resistance to infection”:
Z i (t) proportion infectives present at time ¢
A(t, (z(s))s<¢) accumulation function

infectious pressure

FK(t) = / A(S,ZK)dS
(0,1]

AK = inf {t cERy: / (s, Zk)ds = li}
(0,t]

Classical case: Bartlett’s GSE
At z) = z(t)

15



(li)s 1.1.d. exp(1); (73)s, (F4)s 1.1. d. exp(p)
for each i, l; and r; are independent
results in a Markovian model

Wang (1975, 1977)

AL, z) = Mz(t))

(L); i.1.d. exp(1)

for each 4, I; and r; are independent

still Markovian structure

consider the vector of the proportion of S, I, R

Here

empirical measure
aK bK

1 1
€k = K 25[0@) + K 25[A5<,Af<+m

i=1 i=1
Note

aK bK
1 1
Erc((0,8] % (1,50)) = 7= > L) () + 72 D Ljar a4ry (0)
i=1 =1

= the proportion of infected at time ¢

fK([O, S] X (t,OO]), t>s,

= the proportion of individuals: infected before time s, not removed before time ¢

Limiting behaviour as K — oo?
— mean-field approximation (deterministic system)

Assumptions

1. A: Ry x Dy — Ry is uniformly bounded by a constant v, Lipschitz in z € D, with Lipschitz constant «,

non-anticipating, and for all t € Ry
At,z) =0 < z(t) =0.

2. There is a constant 8 > 0 such that, for each z € Ry, ¥, (¢) := P[l1 < t|r1 = z] has a density 1. (t) that is
uniformly bounded from above by (;

Yo(t) < B forallz € Ry, t € Ry.

3. (1) distribution function ¥ possessing a density .
4. r;, #; distribution function ®; ®(0) = 0 and ®(0) = 0, so that infected individuals do not immediately get

removed.

16



Heuristics

FK(t) = /t )\(S,ZK)dS
aK bK
Zi(t) = %Zl(ﬁ > 1)+ %Zqul(zj) <t< PN +ry)

Define, for f € C(R+,R),t € R4, operators
Zf(t) = a(l=2()+bP(f(t—r) <h < f(1))
Lf(t) = / (s, Zf)ds
(0,¢]

Then

Fx ~ LFgk

Results

Restrict everything to finite time interval [0, 7], T" arbitrary (superscript T', subscript T")

Theorem 3 For T € R, the operator L is a contraction on [0,T], and the equation
f(t) = / (s, Zf)ds, 0<t<T, (1)
(0,t]

has a unique solution Gr.

For T € Ry, let G7 be the solution of (1) and 47 be given for r, s € (0,T] by
A"([0,r] x [0,5]) = PT[l < Gr(r), [ < Gr(s — )],
Put
ph = a( x d®)" + bi”.
Theorem 4 For all T € R4,

r (L) < YD T +2) exploizasT]) {(1 + b)ﬁ +

=
Y

where [z] is the smallest integer larger than x.

Arguments:
Glivenko-Cantelli
Contraction theorem

Fk and l; are not independent, but if Fx 1 denotes the similar quantity with individual 1 from the susceptible

population left out, then Fx 1 and l; are independent

17



Sketch of Proof

Abbreviate
1 bK
CK = b? Z 5(Af(,AiK+ri)
i=1
and

(6,v) = / v

ZEfO)((fKT,fﬁk%k =1,...,m)(u" —éx", ;)

j=1

Then we have

o> Bfo((Ex" er)k=1,... )<(50Xu - KZ(SO”) ¢y>

Jj=1

+bZEf(J)(<§KTa¢k>ak =1,... 7m)<ﬁT - CIjga(b])

j=1

First summand: Cauchy-Schwarz and form (F') of functions

oY EBfG (e o)k =1, m){(6o x @)T — KZ 0,7+ 61)

j=1
< a) | fo B KZM“ — Eg;(0,74))
j=1
m 1 aK %
< ay [ fo | | Var (QK > (65(0,7:) Edy(&ﬁ)))
j=1 i=1
Va
< =
Similarly
b EfG (T bk k=1, .m)(i" - (i, ;)
j=1
= bZEfm (G0 x )" +bCic, i),k = 1ooom) (B = Cic, 65) + Ru,
where

Ry < 26 Y2
VK
For the remaining summand
bZEf@) (d0 x )" +bCi, du) k=1, .. om)(ia” = Cic, 5)
< bZH foy NE[E" = ko d)|

18



< 0> | fo M85 I E|(F) ™ (1) = (Gr) ()]

j=1

A

Problem: Fi and [; are dependent
Introduce Fk 1 like Fi, with susceptible individual 1 omitted
Then Fi'(li) = F (l) and

E|(Fi) '(h) =Gz ()] = B|(Fg.) '(h) - G'()]

For h € D([0,T]), define operators

aK bK
1 . 1
Ziah(t) = & Z; (> 1) + = Z; 1(h(t —r;) < 1; < h(t))
1= =
Li h(t) = / (s, Zx1h) ds.
(0,]

Note that Fio'(l1) = ng (I1) by construction, and, for all ¢t < T,

| Fx1 — Gr ||+ || Lk, 1 Fx,a — LG ||:

sup || Liih — Lh |l + || LFx1 — LG |
h

IN

For each h
T
| Lkah—Lh|r < a/ sup | Zk,1h(s) — Zh(s)|ds
0o sz
< ol (aR + 2bR +3>
> 1 2 K )
where
1 aK
Ry = sup | 7 Z 1(7; < s) — ®(s)
i=1
and
bK
Ry = SUP |3 z_; 1(l; <'s) = Y(s)
Massart (1990)
ER, < !
b= vaK
1
ER, < —
P = UK
Thus
Esup | Lxih—Lh | < aT{(l b —— 4+ }
h
= S(K).
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For E | LFk1 — LGt ||s: Contraction argument

LFK,l(t) — LGT(t) < abﬂ/ || Fri1— Gr ||z (1 + ‘I)(:E))dl'
0

where ®(z) = P(r1 < z).

Hence

t
B LFii—LGr | < S(K)+abB / | Fica — Gr 1o (14 ®(2))dx
0

Fix some ¢ > b, put

!
= 2caf3
then
E| LFx,— LGz |, < ibS(K).
Induction:
c k
E| LFxa — LGr |1y < (C_ b) S(K).

_rr.

Now k =[]

E || LFxk1 — LGr |lkn < exp([2cafBT])(logc — log(c — b))S(K).

¢ — oo gives the assertion.

Remarks

e First bound on distance at all, and explicit

e More realistic model than Markovian

e Factor \/% seems optimal - Gaussian approximation

o Waiting time until epidemic dies out is, very roughly, log K, so deterministic approximation may not be good

for whole time course

e When considering only a time interval when there is a substantial proportion of infectives present, then the

bound on the approximation much improves, growing only linear in time. See R. 2001

e Initially infected: could assume that (7;); are not identically distributed (and do not have distribution function
)

e nonsmooth test functions

e spatial?

5. The density approach
Stein 20037

Situation: Let p be a strictly positive density on the whole real line having a derivative p’ in the sense that, for

p(z) = /_z P (y)dy = —/:o P (y)dy,

all x,

20



and assume that

Let

Proposition 1 Then, in order that a random variable Z be distributed according to the density p it is necessary and
sufficient that, for all functions f that have a derivative f' and for which

/00 f’(z)’p(z)dz < 00,

(oo}

we have

E(f'(2) +4(2)f(2)) = 0.

Ezample: N(0,1)
¥ (z) = —z, and the above condition is satisfied

gives classical Stein equation

Ezample: Gamma
>\a€7)\a:a:a7 1

Pralz) = T(a)
w(‘r) — a—ll—)\m
the above condition is satisfied

This yields the characterization of type

, a—1-2X
B/ (X) + “ 2R p(x0) = 0
Compare with the Luk-characterization:
equivalent; putting g(z) = zf ()
Let for convenience
o(x) = —¢(z). (2)

Theorem 5 Suppose Z has probability density function p satisfying the assumptions of the above proposition. Let
(W, W') be an exchangeable pair such that E(¢(W))? = 0? < oo, and let

«_ B) - 6(W))*
202 ’

Then, for all piecewise continuous functions h on R to R for which E|h(Z)| < oo,

Eh(W) —Eh(Z) = E(Vh)(W)
5BV~ s ROV - ) - B (L= C=N Y ),

where Uh and Vh are defined by

(Uh)(w) =

and



6. Distributional transformations
joint work with Larry Goldstein

The zero bias distributional transformation:

Definition 1 Let X be a mean zero random variable with finite, nonzero variance o>. We say that X* has the
X -zero biased distribution if for all differentiable f for which EX f(X) exists,

EXf(X) = o*Ef (X"). (3)

The zero bias distribution X* exists for all X that have mean zero and finite variance.
Goldstein and R. 1997

General Biasing

Theorem 6 Let m € {1,2,...}, and P a function with exactly m sign changes, positive on its rightmost interval.

Then for every random variable X with EX?™ < co such that for some o > 0,

1

EEXjP(X) =ad;m j=0,...,m,

there exists a random variable X(’"), such that
EP(X)G(X) = aEG™ (X™))  for all smooth G.
The X (™ distribution is named the X — P biased distribution.

Ezample: P(x) = x: for any variable X such that > = EX? < oo and so that EX = 0, there exists a random
variable X such that, for all smooth G, we have EXG(X) = 0 EG'(X™): zero bias distribution

Biasing using orthogonal polynomials
Suppose P member of an orthogonal polynomial system

Consider infinitely divisible random variables {Zx}>0 so that if Z\ and Z,, are independent, then their sum has

distribution Zxy,

Assume corresponding collection {P,j}kzl of polynomials where P has k distinct roots, is positive on its right-

most interval, and the collection is orthogonal with respect to the law of Zy

Define
1

EZP(Z5),

A
Qp —

and
Mp ={X:EX** <00, EX’=EZ], 0<j<2k}.

For every X € Mp, for j =0,... k,

1o 1 i
T BX PMX) = HEZiP,?(ZA)
= 01253',k
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Corollary 1 For all X € M} there exists a random variable X}' such that

EP}MX)G(X) = ap EG™ (X).

Hence, if X; € M:‘,{l and are independent, then letting x = (z1,...,xs) and m = (m1,...,my) and defining
n
A A
Oy = Am;y
1=1
and

the vector

satisfies
EPN(X)G(X) = o EG™ (Xy),

where G : R" — R and
B 8m1+m24..+mnG(X)

G (x) = Ox" ... 0zp™

Construction

Theorem 7 Let m € {0,1,...}. Let X1, -+, X, be independent variables with
X; € M?}Z

for some A1,...,\n, and let A\ =X 1+ -+ A\, and

Suppose that there erists weights wm on non-negative integer sequences m = (ma, ..., my) withm = my+---

such that with w = x1 + -+ - + &, we have
(af‘n)Q = Zwm (af‘n)2 and

amP(w) = ) wmamPa(x).

Wi (o)
PI=m)= (aﬁ‘n)Q ,
we have
I;
Win =D (X0
Examples

Hermite biasing:
For 0% = X\ > 0, define the collection of Hermite polynomials { H,)},>o through the generating function

e} n

_ 12 t
6zt 2)\t :ZHQ(‘(L.)E’
n

=0
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Then Stein equation
h(z) = Nh = ¢ (2) Hn—1(z) — Hm(z)$(z)
h(z) = Nh= ¢ (2) — Hyn(2)¢(2)

This gives an infinite number of Stein characterisations for the standard normal distribution.

Charlier biasing: For A > 0, let {Cf‘n}mzo be the collection of Charlier polynomials defined by the generating

function

m

Ve £\ =t

Corresponds to Poisson distribution with parameter A

Laguerre biasing: For A > 0, let {L;‘@}mzo be the collection of monic Laguerre polynomials defined by the

generating function

(1+t)7xexp{ ot }: iLZ‘@(w)%

1+¢
m=0
corresponds to the Gamma distribution o z*~te™*

see also Diaconis and Zabell 1991 for connections between distributions and orthogonal polynomials

Note that there are many other applications of Stein’s method to other distributions. Persi Diaconis’ work for

probabilities on groups and for rates of convergence of Markov chains would be a good starting point.
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