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Aim

Evaluate the impact of wall function modeling
on

meshing,

simulation (CFL, condition of systems),
sensitivity evaluation,

and optimization

with fluid flows.



Mathematical context

General form

%_Vl/ + V.(F(W) - N(W)) = S(W)

In weak formulations the following boundary
integrals appear:

[-W(ai)do |[-pido
[rp(i.n)do  [F(S.7)do
Jr@@s)ido  fr(x + xt)3Ldo

Jr(p + Ht)g_ﬁda Jr(p + Csﬂt)g—idU



Boundary conditions

with non-penetration boundary conditions, only
remains

[rpride  [(S.7)do
Jr@S)nde  [r(x + Xt)g—gda

frp+ p)8Ede  [r(p+ cepe) §edo



Dimension reduction

Aim: solve up to the wall on different meshes.
H1. Anisotropy normal to the wall
Oz, Oy, O << Oy
S.ii = (S.7#.7)7A + (S.7.5).L+ (S.7A.t).t
H2. we neglect Spn, and S, (t//@)
S.7i ~ (S.7.t).t = Syt

ur defined as pyur|ur| = Spt



Dimension reduction - 2

Specify [rr(x + x¢)0yT from energy eq:
Oy (u(p + pt)Oyu) + 0y((x + xt)9yT) =0
integrate between y =0 and y =9,
since u |[p=0
(X + xt)OT |5 +ulp + pe)dyu [s= x0T |o

Rmq: on adiabatic walls this vanishes.



Dimension reduction - 3

Turbulence variables:

Oy (1 + p)Oyk) = Pr(y) —

where

Py = (pwu)?/(p + pe)

pl = pe/p o~ Lyt
+ _ puwylr
y 4
k3

/2
same for € or = (care compatibility !)

Closure: specify pw, ur and x0yT |g for
isothermal walls.



Closure

Same anisotropy hypothesis implies
pwir|ur| = (1 4 p)§Ely=5 = nG2ly=0

integration for 0 <y <§

pwlr|ur| =

5 dy
fO pt g
Te—
In the same way, Xay lo= (éﬁ + uspwur|ur]
0 x+x¢

Above approach valid if the turbulence model
is valid for the flow.

Care on mesh definition following 4.

Turbulence models weakness on
compressible and thermal aspects:

Introduce local physics in wall functions.



Analytical wall functions

Push the integration above one step more to
express

wt = u/ur(yT) and TT = T/Ty(y™T) for
iIsothermal walls

+ physical information during this integration
(not a unique way),

-+ linearization permits to recover the
boundary integrals,

easy to integrate in commercial software.

But, incompatible with field turbulence
model.
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Heat coefficient

With post-processing formula ——
Experimental data <
Heat contribution alone ------

Ch,
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X(m)

Rmq: with wall functions:

~ M — (X+Xt)ayT|5 +  ug pwug

Difficulty with industrial codes.
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Wall functions and data assimilation

If full modeling out of reach and if data
correlated:

Introduce a priori model for the correction to
the wall functions derived for smooth walls:

Relation between the friction along a smooth
and rough walls under the same flow
conditions

Pe, = 2" = Py(F, )
f fsmooth

F : flow condition variables, R : roughness
parameters

P3 for Cl,.

sampling + least square minimization.



These relations are used in the simulation
code (not only post processing).

Heat transfer ratio
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Rmqg: Homogenization solving a cell problem:
difficulty with complex physics, geometry
changes (ablation).
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Stall prediction at low speed
accurate time integration

no stall predicted by steady low-Re
calculations

wall function suitable for unsteady
calculations also
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Minimisation problem

Consider ming J(xz,q(x),U(q(x))),
z € O,y C IRN: parameterization
q(x) : Geometric entities
U(q(x)) : State variables

Impact of wall functions in simulation and
sensitivity evaluation.

Incomplete gradients:
e gradient modeling (as for the state).
o J/(n,x) —» J'(z), n— o0

Incomplete linesearch.



Injection or transpiration b.c.
Jacques Hadamard (1865-1963)

Moving frame: um.nm = 0
Fixed frame: um.nm = V.nm
Suppose um ~ uy then
uf(nm +ny— nf) = Vinm + [dz|o(1)
O = Ty, — T f

Implicit relation on UpNy used in time
integration:

uI])c_I_l.nf — —uz}(nfn_l_l — nf) + Vp'l'l.n?r)n—l_l

Equivalent transpiration (or injection/suction)
b.C.

— same analysis on wall function

— will be used in time dependent flow control



Sensitivity analysis

Suppose x a parameter

i(fu,n) = @n + ua—n ~ u@

dx ox ox ox

Incomplete sensitivity supposes % << g—’g

v has to be accurate (where needed):

incomplete gradient on a fine mesh rather
than 'exact’ gradient calculation around a
poor state:

Mmulti-level state-sensitivity solution can be a
cure:

4 (u.n) = Z(E(Puyy,.))n + u. g
P : fine to coarse restriction

7 : coarse to fine projection



Gradient evaluation by incomplete sensitivity

Aim : cheap definition of minimization
directions

If J(z,q(x),U(q)) = f(z,q(z)) g(U(q))

defined on the shape

then,

dJ 0J 0J0q n 0J oU
dx Oor 0qO0x OU Ox

Changes in the state are negligible compared
to those of the geometry for small variations
of the domain.



Incomplete Gradient: a simple example

Consider J = auz(a), (ok: geom times state)
E(a,z,u) = ugy — Pe ™! ugz =0, on Ja, 1]
u(a) =0, u(l) =1

exp(Pe1 a) — exp(Pe~1 2)
exp(Pe~1 a) — exp(Pe1)

u(x) =

—Pe~1 exp(Pe~1 2)
exp(Pe~1 a) —exp(Pe 1)

Ja(a) = uz(a) + auge(a) = uz(a)(1l — aug(a))

ug(x) =

If Pe >> 1, augz(a) << 1, and the state
contribution can be neglected.

Analysis holds if J = f(a)g(u,uz) and also for
nonlinear PDEs (Burgers €q.).



IS: Application to channel flows

p
Uyy = f, u(—a) = u(a) =0

P
u(a,y) = Q—Z(y2 —a?)

3
Flow rate: J(a,u) = [*,u(a,y)dy (= _ngfa )

Exact sensitivity: )
— 2D
dJ = [o, Bgu(a,y)dy (= —2L=%)

Incomplete sensitivity = O

Consider: J(a,u) = [*, au(a,y)dy

dJ dJ —pxa3 2
—=J — = — 2
da T ada v (3 +2)

Incomplete sensitivity = 3.,



Incomplete sensitivity and low-complexity models

From:

r— q(x) = U(q(z)) — J(z,q(x),U(q(x)))
To:
~ U
r—q(x) > U (q(x))(ﬁ)

where U ~ U is obtained using a simple
model.

Incomplete sensitivity can be improved by:

dJ 8J(U)+8J(U)8q+8J(U)8(~]8qg
dx ox 0q Ox OU 0Oq oxU

U never used, only 80U /0q.

Free choice for low-complexity models. Wall
functions are natural U(y1) candidates.



Example of a low-complexity model
Suppose U = log(1 + z) and J = U?
J'=20U"=2log(1 4+ z)/(1 4+ x)
~2log(l+2)(1 —z+22..)
Consider U = x valid around z =0
J' ~ 200" = 2log(1 + z)

On the other hand, after normalizing
J ~200"(U/0)
= 2109(1 + z)(log(1 + z)/x)

~2log(14+2)(1 —z/2 4+ 22/3...)

which is a better approximation of the
gradient.



Wall functions as low-complexity models

In lift and drag sensitivity, we need pressure
and friction sensitivity w.r.t shape

pin1 — pono = p1(n1 — ng) + (p1 — Po)no
rmqg: I.S. : ~pg(ny —ng) (=0 if ng = ng)
rmq: we recover 9p/on =0
Also, for the friction

by definition u2 = ug—Z|w = (v + Vt)%zlg (y
normal to the wall)

with I.S. do not use deformation
parameterization normal to the wall

use p1 = po + Vpgo.(xox1) (idem for u but
linearizing wall fct.)



Efficiency improvement for a blade
n= T

constraint on ¢ (inflow rate), w, Ap (between
in and outlet).

But Ap not in the validity domain of IS.
Momentum eq. [ru(u.n)do + [ Tndo = 0,
Suppose n;/, = (£1,0,0), neglecting viscous
terms on in and outlet boundaries and using
periodicity:

2 2
frip+% = Irop+% = Jr, P+ riE =Cq

If outlet far enough s.t. upo > 0, from V.u =0
we have:

Ap =Cy
already linearized with wall functions.

reduce torque @ given drag.



Efficiency improvement for a blade n = Z,%vf
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Unsteady configurations

([ dw  Pw _
ot ox2
w(e, t) = w(l,t) =0

| w(z,0) = sin(ri=

N\

J = e (e),

w(z,t) = exp(—(75)%t) sin(r{=s)

Error between exact and incomplete
sensitivity (Je] << 1)
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Shape optimization for unsteady flows
Application to aerodynamic noise reduction
reducing lift and drag fluctuations using IS for
C; and Cy:

J(z) =3 [§(C) — Ce$)2 4 (8:C))?

VJ =[5 (C; = Cf)VCy 4+ (8:Ca (V)

where V(] is the instantaneous incomplete
sensitivity (same for Cy)
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Application to active control using
Hadamard b.c.

u.n(t) = —u(t)on(t) + 0x(t)/dt.n(t)
dx(t) = —pVJ(t)

OAT15A profile:
Ma = 0.736, Re/m = 4.3610°,a = 4°

Buffeting control: location of actuators,
control frequency

Instantaneous pressure coefficients without
and after the control is turned on.

T IR SRS S AR S S A A A |
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x/c




Concluding remarks

Global and compatible wall functions if
turbulence models valid.

Introduce extra physics through wall functions
or update turbulence models (real gas
k—e— kt — 8t).

Impact on meshing and solution (aim explicit
time integration).

Low complexity optimization algorithm with
incomplete sensitivity updated by wall based
models sensitivity.

Current effort: wall functions for external
flow calculation with LES using IS and
control theory. Difficulty: incompatibility
between RANS and LES.



