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Texture Mapping



Inter-Surface Mapping



Mesh Parameterization



Φ

Mesh Parameterization

Φ 𝑥 ቚ
Δ𝑗
= 𝑨𝒋𝑥 + 𝑡𝑗



Computation
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det 𝐴𝑗 > 0

Orientation

Preservation

cond 𝐴𝑗 < 𝐾

Bounded

Conformal Distortion

𝐴𝑗 𝐹

2

Dirichlet

𝑑 𝐴𝑗 , 𝑂 𝑛

Isometric

Distortion

𝑑 𝐴𝑗 , ℝ𝑂 𝑛

Conformal

Distortion



Computation

Φ = argmin
𝐴𝑗

෍

𝑗

𝐸 𝐴𝑗

• Need efficient optimization!

• Why…?



~1M Triangles



>1M Tetrahedra











argmin 𝑓(𝑥)



argmin 𝑓𝑘𝑙(𝑥)



Learning Mappings

Φ𝑘𝑙 = argmin 𝑓𝑘𝑙(𝑥)



𝜽 parameterizes the 

energy itself

Learning Mappings

Φ𝑘𝑙
𝜽 = argmin 𝑓𝑘𝑙(𝑥; 𝜽)



Learning Mappings

Φ𝑘𝑙
𝜽 = argmin 𝑓𝑘𝑙(𝑥; 𝜽)

We want to

Learn 𝜽

such that

Φ𝑘𝑙
𝜽 are consistent



Learning Mappings

argmin
𝜽

𝐿𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦 Φ𝑘𝑙
𝜽

where

Φ𝑘𝑙
𝜽 ≔ argmin 𝑓𝑘𝑙(𝑥; 𝜽)

requires efficient optimization

Majorization



Majorization Minimization (MM)

Def. 𝑓 𝑥; 𝑥0 is a convex majorizer of 𝑓 at 𝑥0 if

• 𝑓 𝑥0; 𝑥0 = 𝑓 𝑥0

• 𝑓 𝑥; 𝑥0 ≥ 𝑓(𝑥)

Fig. from [A. Bronstein, Course of Numerical Geometry Of Non-Rigid Shapes]

𝑓 𝑥; 𝑥0𝑓(𝑥)

𝑥0𝑥∗



Majorization Minimization (MM)

Def. 𝑓 𝑥; 𝑥0 is a convex majorizer of 𝑓 at 𝑥0 if

• 𝑓 𝑥0; 𝑥0 = 𝑓 𝑥0

• 𝑓 𝑥; 𝑥0 ≥ 𝑓(𝑥)

𝑓 𝑥; 𝑥0 = ?



The Convex-Concave (CC) Procedure

𝑓 = 𝑓+ + 𝑓−

• 𝑓+ is convex

• 𝑓− is concave

Define a majorizer:

𝑓 𝑥; 𝑥0 = 𝑓+ 𝑥 + 𝑓− 𝑥0 + 𝛻𝑓− 𝑥0
𝑇 𝑥 − 𝑥0

[Yuille and Rangarajan 2000]



Closest Rotation Convex Concave

Examples

As-Rigid-As-Possible (ARAP) Energy
[Sorkine and Alexa 2007, Liu et al. 2008]
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The Convex-Concave (CC) Procedure

𝑓 = 𝑓+ + 𝑓−

• Always* exists

𝑓 𝑥 = 𝑓 𝑥 + 𝜆𝑥𝑇𝑥 − 𝜆𝑥𝑇𝑥

• Large 𝜆 ⇒ 𝛻2𝑓+ ≈ 𝜆𝐼

convex-concave decomposition
is often unavailable…



CC-inspired quadratic proxy

• Use an approximate/local majorizer

• Take a Newton step



CC-inspired quadratic proxy

• Iterate:

• Locally replace 𝑓 at 𝑥𝑛 with 𝑓

• Determine Newton’s descent direction

𝑝𝑛 = − 𝛻2𝑓 𝑥𝑛
−1

𝛻𝑓 𝑥𝑛

• Update

𝑥𝑛+1 = 𝑥𝑛 + 𝑡𝑛𝑝𝑛



Laplacian

(cotangent)

[with Meirav Galun and Yaron Lipman; 2016]

• Often

𝑓 𝑥 = 𝑥𝑇𝐿𝑥 + 𝑔 𝑥

Observation I



= 𝑥𝑇𝐿𝑥

Examples

As-Rigid-As-Possible (ARAP) Energy
[Sorkine and Alexa 2007, Liu et al. 2008]
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= 𝑥𝑇𝐿𝑥

Examples

Symmetric Dirichlet Energy
[Smith and Schaefer 2015]
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“Laplacian-Dominant” Objective

𝑓 𝑥 = 𝑥𝑇𝐿𝑥 + 𝑔 𝑥

• Our approach reduces to

𝑝𝑛 = −𝐿−1𝛻𝑓 𝑥𝑛

• Laplacian-preconditioned gradient descent

• Efficient + Effective!

• Super simple 

• + accelerated & L-BFGS variants









𝐸(𝐴𝑗)



[with Anna Shtengel, Roi Poranne, Olga Sorkine-Hornung and Yaron Lipman]

• Often

𝑓 = ℎ ∘ 𝒈 = ℎ

𝑔1
⋮
𝑔𝑚

• ℎ = ℎ+ + ℎ−

• 𝑔𝑖 = 𝑔𝑖
+ + 𝑔𝑖

−

admit simpler decompositions

Observation II



Example

Symmetric Dirichlet Energy
[Smith and Schaefer 2015]

𝐴 𝐹
2 + 𝐴−1 𝐹

2

For 𝐴 ∈ ℝ2×2:

Σ2 + 𝜎2 +
1

Σ2
+

1

𝜎2

Σ2 = 𝐴 2
2

𝜎2 = 𝐴 𝐹
2 − 𝐴 2

2
= 𝑔1

+

= 𝑔2
+ + 𝑔2

−

= ℎ
𝑔1
𝑔2



Mise en place

𝑓 = ℎ ∘ 𝒈 = ℎ

𝑔1
⋮
𝑔𝑚

• Construct

ℎ, 𝑔𝑖 , 𝑔𝑖



Mise en place

𝑟 = 𝑟+ + 𝑟−

𝑟 𝑥; 𝑥0 = 𝑟+ 𝑥 + 𝑟− 𝑥0 + 𝛻𝑟− 𝑥0
𝑇 𝑥 − 𝑥0

𝑟 𝑥; 𝑥0 = −(−𝑟) 𝑥; 𝑥0



Mise en place

𝑓 = ℎ ∘ 𝒈 = ℎ

𝑔1
⋮
𝑔𝑚

• Construct

ℎ, 𝑔𝑖 , 𝑔𝑖



Mise en place

𝑓 = ℎ ∘ 𝒈 = ℎ

𝑔1
⋮
𝑔𝑚

• Construct

ℎ, 𝑔𝑖 , 𝑔𝑖

• Define

𝑔𝑖 =

𝑔𝑖
𝜕ℎ

𝜕𝑔𝑖
≥ 0

𝑔𝑖
𝜕ℎ

𝜕𝑔𝑖
< 0



Local Majorization

𝒈 =

𝑔1 or 𝑔𝑖

⋮
𝑔𝑚 or 𝑔𝑚

accord. to sign
𝜕ℎ

𝜕𝑔𝑖

• Define

𝑓 = ℎ ∘ 𝒈

Proposition:

𝑓 is a convex majorizer of 𝑓 over a path-connected 

set Ω 𝑥0 of consistent signature pattern.



Why Majorize?

Q. Why not use Newton’s method directly?

A. 𝛻2𝑓 is generally indefinite

However, 𝑓 is a local convex majorizer of 𝑓

𝑝𝑛 = − 𝛻2𝑓
−1
𝛻𝑓

is a decent direction
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Scalability



Deformation



Limitations

Rely on

𝑓 = ℎ ∘ 𝒈
ℎ = ℎ+ + ℎ−

𝒈 = 𝒈+ + 𝒈−

• Not unique

• Not canonical

• Differ in performance



What’s next

Learn mappings via geometric optimization:

Learn 𝜽 s.t. Φ𝑘𝑙
𝜽 are consistent



Thank you!


