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Moran model

Moran model with 2-types

Haploid population of fixed size N

Types: 0 ('fit') and 1 ('unfit’)

Individuals of type 1 reproduce at rate 1

Individuals of type O reproduce at rate 1 +s, s> 0

Single offspring inherits parent’s type and replaces uniformly
chosen individual

Parent-independent mutation at rate u > 0

Resulting type: 0 with probability 1p; 1 with probability 1
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Graphical representation of 2-type Moran model
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Moran model

Deterministic limit of the Moran model
- vV

proportion of type 1 is Markov process on [0, 1]
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Moran model

Deterministic limit of the Moran model
- vV
m y(t,yo) solution of IVP

proportion of type 1 is Markov process on [0, 1]

%(t) = —sy(t)(1 —y(t)) —uroy(t) + wi (1 —y(t)) (t=0)

y(0) =yo  for yo € [0,1]
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Moran model

Deterministic limit of the Moran model

| Yt(N) proportion of type 1 is Markov process on [0, 1]
m y(t,yo) solution of IVP

dy

70 = —sy(O)(L —y(t)) — wroy(t) +un(l —y(t)) (t=0)

y(0)=yo  foryo € [0,1]
m If limy o0 ) = 50, then Ve, T > 0,

hm P(sup\Y —y(t,yo)| > 5) =0

N—o0 t<T
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70 = —sy(O)(L —y(t)) — wroy(t) +un(l —y(t)) (t=0)

y(0)=yo  foryo € [0,1]
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Moran model

Deterministic limit of the Moran model
Yt(N) proportion of type 1 is Markov process on [0, 1]
y(t,yo) solution of IVP

%(t) = —sy(t)(1 —y(t)) —uroy(t) + wi (1 —y(t)) (t=0)

y(0)=yo  foryo € [0,1]
m If limy o0 ) = 50, then Ve, T > 0,

hm P(sup\Y —y(t,yo)| > 5) =0

N—o0 t<T

Convergence carries over to the stationary state (¢t — 00)

Neither time nor parameters are rescaled

Mutation, selection, and ancestry in the

deterministic limit of the Moran model Sebastian Hummel Bielefeld University 08.08.2017 11 /39



Moran model

Properties of the deterministic limit y(t; yo)

m If s = 0: unique equilibrium § = v; = stable
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Moran model

Properties of the deterministic limit y(t; yo)

m If s = 0: unique equilibrium § = v; = stable

m If s > 0, two equilibria

1 2
2(1+“—\/(1—“> +4“u0) € [0,1]
S S S
1 2
y* 2(1+z+\/<1—z> +4Zu0) >1
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1 2
2(1+“—\/(1—“> +4“u0) € [0,1]
S S S
1 2
y* 2(1+z+\/<1—z> +4Zu0) >1

mIf vy >0,
y € [0,1) — stable; y* > 1 — unstable
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Moran model

Properties of the deterministic limit y(t; yo)

m If s = 0: unique equilibrium § = v; = stable

m If s > 0, two equilibria

mIf vy >0,
y € [0,1) — stable; y* > 1 — unstable

mIf vy =0,
y =min {%,1} — stable; y* = max {1, %} — unstable
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Moran model

The equilibrium frequency

Mutatio

------
L
.

00 0.2 0.4 0.6 0.8 1 12 14

u/s
Black line: stable. Grey line: unstable.

- error threshold -
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Moran model

Properties of the deterministic limit y(¢; yo)

If y € (0,1) and yo € (0,1), then
m if yo <y = y(t;yo) monotonically increases to 4 as t — o
m if yo >y = y(t;yo) monotonically decreases to y as t — o0

- Yo=1

Y¥%=0.5
- Y0=0.9

- Yo=Y

500 1000 1500 2000

e — L - 1 = _1 —1— L
Parameters: s = 155, ¥ = 3555 Y0 = Tog0> Y1 = 1 — 1000
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Ancestries

Mutation, selection, and ancestry in the deterministic limit

of the Moran model

Ancestries in the Moran model and in the deterministic limit
m Ancestral selection graph
m Killed ancestral selection graph
m Pruned lookdown ancestral selection graph
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Ancestries

Ancestral selection graph (ASG)

Introduced by Krone and Neuhauser [1997]
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Ancestries

Ancestral selection graph (ASG)

Introduced by Krone and Neuhauser [1997]
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Ancestries

Ancestral selection graph (ASG)

Introduced by Krone and Neuhauser [1997]
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Ancestries

Pecking order

D=Descendant C=Continuing I=Incoming

C D C D

1 1 0 0
I |

1 1
C D C D

1 0 0 0
I |

0 0
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Ancestries

Pecking order

D=Descendant C=Continuing I=Incoming

C D C D

1 1 0 0
I |

1 1
C D C D

1 0 0 0
I |

0 0

Descendant is of type 1 < all potential ancestors are of type 1
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ASG in the deterministic limit

No coalescence events, no collisions
Branching at rate s per existing line

Mutation to type 0 at rate uvy per existing line

Mutation to type 1 at rate uv; per existing line

and ancestry in the

of the Moran model Hummel Bielefel



Type of uniformly chosen individual at time ¢

m Forward picture

y(t;yo)

0 't

m Backward picture?
T 0
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Ancestries

The killed ASG

m Type of uniformly chosen individual?

m Count potential ancestors of a single individual
m Stop ASG if type is determined
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Ancestries

The killed ASG

m Type of uniformly chosen individual?

m Count potential ancestors of a single individual
m Stop ASG if type is determined

Rk k+1) = ks
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Ancestries

The killed ASG

m Type of uniformly chosen individual?

m Count potential ancestors of a single individual
m Stop ASG if type is determined

QR<k7 k+ 1) = ks
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Ancestries

The killed ASG

m Type of uniformly chosen individual?

m Count potential ancestors of a single individual
m Stop ASG if type is determined

QR<k7 k+ 1) = ks

qr(k,k —1) = kuy
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Ancestries

The killed ASG

m Type of uniformly chosen individual?

m Count potential ancestors of a single individual
m Stop ASG if type is determined

qp(k,k+1) = ks i
qr(k,k —1) = kuy
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Ancestries

The killed ASG

m Type of uniformly chosen individual?

m Count potential ancestors of a single individual
m Stop ASG if type is determined

qp(k,k+1) = ks i
qr(k,k —1) = kuy
qr(k, A) = kuvy
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Ancestries

The killed ASG

m Type of uniformly chosen individual?

m Count potential ancestors of a single individual
m Stop ASG if type is determined

qp(k,k+1) = ks i
qr(k,k —1) = kuy
qr(k, A) = kuvy

— (R;)r>0 counts potential ancestors until type is known
Absorption states: 0 and A
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Ancestries

Fort >0,

y(t,yo)" =By |Ro=n]  V¥neNoU{A}, 5o €0,1],

where y» =0
y(t,yo): proportion of type 1
Ry: number of potential ancestors until descendant’s type is known
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Ancestries

Theorem
Fort >0,

y(t,yo)" =By |Ro=n]  V¥neNoU{A}, 5o €0,1],

where y» =0
y(t,yo): proportion of type 1
Ry: number of potential ancestors until descendant’s type is known
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Ancestries

Absorption probabilities of R,

m wy, = P(lim,_,oc R, =0 | Ry =n)
mwyg=1and wa =0
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Ancestries

Absorption probabilities of R,

m wy, = P(lim,_,oc R, =0 | Ry =n)

mwyg=1and wa =0

m First-step analysis = wy = Wht1 + o u+5 Wk—1
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Ancestries

Absorption probabilities of R,

m wy, = P(lim,_,oc R, =0 | Ry =n)

mwyg=1and wa =0

m First-step analysis = wy = W41 + —

m Independence of ancestries = wy = wf

u+s Wr—1
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Ancestries

Absorption probabilities of R,

m wy, = P(lim,_,oc R, =0 | Ry =n)
mwyg=1and wa =0
m First-step analysis = wy = W41 + — u+s Wi—1
m Independence of ancestries = wj, = w¥
m Hence,
o (142 Ja-2)2+4ty) ifs>0

141 s=0
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Ancestries

Absorption probabilities of R,

m wy, = P(lim,_,oc R, =0 | Ry =n)
mwyg=1and wa =0
m First-step analysis = wy = W41 + — u+s Wi—1
m Independence of ancestries = wj, = w¥
m Hence,
1 2 .
o (142 Ja-2)2+4ty) ifs>0
141 s=0
m Duality = w; = proportion of 1 at stationarity =
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The equilibrium frequency and absorption probability

------
L
.

00 0.2 0.4 0.6 0.8 1 12 14

u/s
Black line: stable. Grey line: unstable.

- error threshold -
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Ancestries

Representative ancestral type

Definition

The representative ancestral (RA) type at backward time r,
denoted by I, € {0, 1}, is the type of the ancestor at backward
time 7 of an individual uniformly chosen at time 0.

Yo
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Ancestries

Representative ancestral type

Definition

The representative ancestral (RA) type at backward time r,
denoted by I, € {0, 1}, is the type of the ancestor at backward
time 7 of an individual uniformly chosen at time 0.

Quantities of interest
u 9(3/0’7’) = Pyo(Ir =1)

B goo(¥0) = limy—00 g(¥0,7)
— conditional RA type distribution

un goo(g) O
— RA type distribution in %
equilibrium
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Ancestries

Pruned lookdown ASG (p-LD-ASG)

m In the diffusion case: Common ancestor type distribution
Fearnhead [2002] and Taylor [2007] = analytic argument
p-LD-ASG introduced by Lenz et al. [2015] = probabilistic
argument

m Translation of p-LD-ASG to deterministic limit by Cordero
[2017]
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Ancestries

Pruned lookdown ASG (p-LD-ASG)

m In the diffusion case: Common ancestor type distribution
Fearnhead [2002] and Taylor [2007] = analytic argument
p-LD-ASG introduced by Lenz et al. [2015] = probabilistic
argument

m Translation of p-LD-ASG to deterministic limit by Cordero
[2017]

Idea of p-LD-ASG:
m Count potential ancestors of a single individual
m Arrange potential ancestors in hierarchy

m Mutations rule out some potential ancestors
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p-LD-ASG in deterministic limit

QL(k7 k+ 1) = ks
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Ancestries

p-LD-ASG in deterministic limit

QL(k7k + 1) ks
qr(k,k—1)=(k  )uny

A

-

ol
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Ancestries

p-LD-ASG in deterministic limit

QL(k7k + 1) ks
qr(k,k—1)=(k  )uny
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p-LD-ASG in deterministic limit

QL(k7k + 1) ks
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Ancestries

p-LD-ASG in deterministic limit

QL(k7k + 1) ks
qr(k,k—1) = (k— 1)uy
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Ancestries

p-LD-ASG in deterministic limit

QL(k7 k+ 1) = ks
qL(k:, k — 1) = (k — 1)UV1 + ]l{k>1}u1/0
qr(k, 1) =ury where le{l,....,k—2}

]

|
vV

v__1 |
v__|

O........ cmmmma-
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Ancestries

p-LD-ASG in deterministic limit

QL(k7 k+ 1) = ks
qL(k:, k — 1) = (k — 1)U,V1 + ]l{k>1}u1/0
qr(k, 1) =ury where le{l,....,k—2}

]

e

A

v

)

)

= (L;)r>0 line-counting process, no absorbing states
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Ancestries

p-LD-ASG in deterministic limit

QL(k7 k+ 1) = ks
qL(k:, k — 1) = (k — 1)UV1 + ]l{k>1}u1/0
qr(k, 1) =ury where le{l,....,k—2}

]

e

A

v

)

I\\
Ll
= (L;)r>0 line-counting process, no absorbing states
=- ancestor of type 1 < all potential ancestors in p-LD-ASG of type 1
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p-LD-ASG - exploiting the hierarchy

= g(yo,m) = Elyy" | Lo = 1]

=1—(1—-yo) > P(Lr>n|Ly=1)y
n>0
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p-LD-ASG - exploiting the hierarchy

= g(yo,m) = Elyy" | Lo = 1]

=1—(1—-yo) > P(Lr>n|Ly=1)y
n>0

B Goo(yo) := limy 00 g(yo, ) 77
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Moran model Ancestries

p-LD-ASG - exploiting the hierarchy

= g(yo,r) = Blyd" | Lo = 1]

=1—(1—-yo) > P(Lr>n|Ly=1)y
n>0

B Goo(yo) := limy 00 g(yo, ) 77

If s =0, L, absorbs in 1 almost surely

Ifu<sandvy=0, L, is transient, so L, — oo a.s. (r — o0)
Ifu=s and vy = 0, L, is null recurrent

If u > s orvg >0, L, is positive recurrent and the stationary
distribution is geometric with parameter 1 — p, where

. {uilg, ifv1 >0,

S ; —
s fri=0.
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Ancestries

Intuition behind the geometric law
m Let ay, := P(Lo > n)

’—n+2
n+1—\_ n+1 — n+1 —
L]
L] n
L]
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Ancestries

Intuition behind the geometric law

m Let ay, := P(Lo > n)
n+2 I
n+1—\_ n+14/_’— n+1 j‘—é

m Then,

T (%4
Qn—1 An+41
U+ S U+ S +

Ay —
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Ancestries

Intuition behind the geometric law

m Let ay, := P(Lo > n)
n+2 I
n+1—\_ n+14/_’— n+1 j‘—é

m Then,

T (%4
Qn—1 An+41
U+ S U+ S +

m = lack of memory property

Ay —
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Ancestries

Recursion as FSA for absorption probabilities

Let D; be the continuous-time Markov chain on N U {A} with
transition rates
(d—1)s, fj=d—1,
gp(d,j) =< (d—1Nury, ifj=d+1,
(d—Dury, ifj=A.

Mutation, selection, and ancestry in the

deterministic limit of the Moran model Sebastian Hummel Bielefeld University 08.08.2017 29 /



Ancestries

Recursion as FSA for absorption probabilities

Let D; be the continuous-time Markov chain on N U {A} with
transition rates
(d—1)s, fj=d—1,
gp(d,j) =< (d—1Nury, ifj=d+1,
(d—Dury, ifj=A.

Proposition

Ly and Dy are Siegmund dual, i.e. fort >0,

Pm<Li|Ly=n)=P(D;<n|Dy=m), VnéeN, meNU{A}.
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Ancestries

Consequences of Siegmund duality

P(Doo=1|Dg=n+1)= ,,lggopl(LT >n).
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Ancestries

Consequences of Siegmund duality

P(Doo=1|Dg=n+1)= TILHC}OPl(LT >n).

Corollary (null recurrent case)

Ifu=s and vy = 0,

TIHQOP(LT>H|L0:1):1'

Mutation, selection, and ancestry in the

deterministic limit of the Moran model Sebastian Hummel Bielefeld University 08.08.2017 30/ 39



Ancestries

Conditional RA type distribution

If s =0, g5 (yo) = yo for all yo € [0, 1].
0, ifyy € [0, 1),
1, ifyy=1.

Ifu<sandvy =0, goo(yo)Z{

If s> 0 and (u>sorvy>0), g,(v0) = ll—;ioyo'
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Ancestries

RA type distribution in equilibrium

17 __________
0.8
= 06f _ 1
\—é N " VO _ m
SO — =0
0.2
-------- T"'----- I
O 05 i 15 2
u/s
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Properties of RA type distribution

Jim (¢ yo)
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Ancestries

RA type at backward time r

m By means of non-absorbing (L;),>0

]

)

—

v
v_|

A
m Killed process? Absorption probability?

y(t; 90)

o 't
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Ancestries

Piecewise-deterministic Markov process
m Inspired by Taylor [2007]

m Y piecewise-deterministic Markov process on [0, 1] with
generator

Ay f(y) = [-sy(1 —y) — yurp + urr (1 — y)]gg

LY [1(0) — ()]

- uvp [f(1) — f(y)] +

-y
with lim Ay fy) = limy Ay f(y) = 0.

m Absorbs in either 0 or 1
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Ancestries

Piecewise-deterministic Markov process
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Ancestries

Theorem

The piecewise-deterministic Markov processes Y; and the
line-counting process of p-LD-ASG L; are dual with respect to
duality function y™, and hence for t > 0,

E[(Y/t)n|};0:y0:|:E[yélt|LO:n} VQOE[()?l]v n € N.
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Ancestries

Theorem

The piecewise-deterministic Markov processes Y; and the
line-counting process of p-LD-ASG L, are dual with respect to
duality function y™, and hence for t > 0,

E[(ﬁ)”ﬁ):yg}:E[yétlLozn} Vyo € [0,1], n € N.

—
v | |
v__|

/ i
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Ancestries

Theorem

The piecewise-deterministic Markov processes Y; and the
line-counting process of p-LD-ASG L; are dual with respect to
duality function y™, and hence for t > 0,

E[(7)" |Yo=w] =E[uf* | Lo=n] Vpel01], neN,

Corollary

9oo(y0) = E [yg‘” | Lo = 1} = P(f/} absorbs in 1 | Y, = Yo0)
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