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Plan of the talk:

1. Singular Hermitian holomorphic line bundles

2. Exponential decay of the partial Bergman kernel near the zero locus

3. Bergman kernel of a singular metric with logarithmic poles

4. Estimates for the partial Bergman kernel
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1. Singular Hermitian holomorphic line bundles

Let (X , ω) be a compact Hermitian manifold of dimension n and L be a
holomorphic line bundle on X .

Then X =
⋃
Uα, such that there exist eα : Uα −→ L local holomorphic

frames, eβ = gαβeα, gαβ ∈ O∗(Uα ∩ Uβ) are the transition functions.

H0(X , L) denotes the space of global holomorphic sections S : X −→ L:
S |Uα = sαeα, sα ∈ O(Uα), sα = sβ gαβ on Uα ∩ Uβ.

Singular Hermitian metric h on L: collection {ϕα ∈ L1
loc(Uα, ω

n)}, with
h(eα, eα) = |eα|2h = e−2ϕα , ϕα = ϕβ + log |gαβ| on Uα ∩ Uβ.
If ϕα are locally bounded we say that h has locally bounded weights.

The curvature current c1(L, h) of h is defined by c1(L, h)|Uα = ddcϕα.
Note c1(L, h) ≥ 0 if and only if each ϕα is psh on Uα.
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Suppose that h, h̃ are singular Hermitian metrics on L such that
h has locally bounded weights. Set Lp := L⊗p, hp := h⊗p, h̃p := h̃⊗p.

Bergman spaces of L2-holomorphic sections:

H0
(2)(X , Lp, hp) =

{
S ∈ H0(X , Lp) : ‖S‖2

p :=

∫
X
|S |2hp

ωn

n!
<∞

}
,

H0
(2)(X , Lp, h̃p) ⊆ H0

(2)(X , Lp, hp) = H0(X , Lp).

Pp := (full) Bergman kernel function of H0(X , Lp) = H0
(2)(X , Lp, hp)

P̃p := Bergman kernel function of H0
(2)(X , Lp, h̃p)

Note that dp := dimH0(X , Lp) <∞, since X is compact.
If S1, . . . ,Sdp is an o.n. basis of H0(X , Lp) then Pp is defined by

Pp(x) =

dp∑
j=1

|Sj(x)|2hp , x ∈ X .
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2. Exponential decay of the partial Bergman kernel near the zero
locus

We consider the following setting:

(A) (X , ω) is a compact Hermitian manifold, dimX = n, Σ is a smooth
complex hypersurface of X , and t > 0 is a fixed real number.

(B) (L, h) is a singular Hermitian holomorphic line bundle on X such that
h has locally bounded weights.

Consider the subspace of holomorphic sections of Lp vanishing to order at
least btpc along Σ:

H0
0 (X , Lp) := H0

(
X , Lp ⊗O

(
− btpcΣ

))
6 H0(X , Lp),

d0,p := dimH0
0 (X , Lp) ≤ dp = dimH0(X , Lp).
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Fix an o.n. basis {Sp
j : 1 ≤ j ≤ dp} of H0(X , Lp) such that

{Sp
j : 1 ≤ j ≤ d0,p} is an o.n. basis of H0

0 (X , Lp).

The partial Bergman kernel function P0,p of H0
0 (X , Lp) is

P0,p(x) =

d0,p∑
j=1

|Sp
j (x)|2hp , x ∈ X .

Then P0,p(x) ≤ Pp(x) on X and

P0,p(x) = max
{
|S(x)|2hp : S ∈ H0

0 (X , Lp), ‖S‖2
p =

∫
X
|S |2hp

ωn

n!
= 1
}
.

Theorem 1

Assume that conditions (A)-(B) are fulfilled. Then there exist a
neighborhood Ut of Σ and a constant at ∈ (0, 1) such that

P0,p(x) ≤ apt , for x ∈ Ut and p > 2/t.
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Let SΣ ∈ H0(X ,O(Σ)) be a canonical section vanishing to first order on
Σ, and hΣ be a smooth Hermitian metric on O(Σ) such that

% := log
∣∣SΣ

∣∣
hΣ
< 0 on X .

Fix an open cover W = {Wj}1≤j≤N of Σ (compact), such that Wj are
Stein contractible coordinate neighborhoods centered at yj ∈ Σ, and

∆n(yj , 2) ⊂Wj , Σ ⊂W :=
N⋃
j=1

int ∆n(yj , 1),

Σ ∩Wj =
{
z ∈Wj : z1 = 0

}
, for j = 1 . . . ,N.

Here z = (z1, . . . , zn) are the coordinates on Wj and

∆n(y , r) := {z ∈Wj : |z` − y`| ≤ r , ` = 1, . . . , n}

is the (closed) polydisk of radius r > 0 centered at y ∈Wj .
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Since L|Wj
is trivial, let ej be a holomorphic frame of L|Wj

and let
|ej |h = e−ϕj . Set

‖ϕj‖∞,Wj
= sup

{
|ϕj(w)| : w ∈ ∆n(yj , 2)

}
,

‖h‖∞ = ‖h‖∞,W := max
{
‖ϕj‖∞,Wj

: 1 ≤ j ≤ N
}
.

Theorem 2

In the setting of Theorem 1, there exists A = A(ρ,W) ≥ 1 such that

P0,p(x) ≤ (Aeρ(x))2btpce4p‖h‖∞ , ∀ x ∈W , p ≥ 1.

In particular, if Ut :=
{
x ∈W : (Aeρ(x))t e4‖h‖∞ < 1

}
then

P0,p(x) ≤
[
(Aeρ(x))t e4‖h‖∞]p , ∀ x ∈ Ut , p > 2/t.
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Lemma 3

If k ≥ 0 and f ∈ O(∆(0, 2)), where ∆(0, 2) ⊂ C is the closed disk
centered at 0 and of radius 2, then∫

∆(0,2)
|f (ζ)|2 dm(ζ) ≤ k + 1

22k

∫
∆(0,2)

|ζ|2k |f (ζ)|2 dm(ζ) .

Proof. Let f (ζ) =
∑∞

j=0 ajζ
j in ∆(0, 2), so ζk f (ζ) =

∑∞
j=0 ajζ

j+k . Then∫
∆(0,2)

|f (ζ)|2 dm(ζ) = 2π
∞∑
j=0

|aj |2
∫ 2

0
r2j+1 dr = 2π

∞∑
j=0

22j+2

2j + 2
|aj |2 ,

∫
∆(0,2)

|ζ|2k |f (ζ)|2 dm(ζ) = 2π
∞∑
j=0

22j+2+2k

2j + 2 + 2k
|aj |2

≥ 22k

k + 1
2π

∞∑
j=0

22j+2

2j + 2
|aj |2 =

22k

k + 1

∫
∆(0,2)

|f (ζ)|2 dm(ζ) . �
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Proof of Theorem 2. Let x ∈ int ∆n(yj , 1) ⊂W , for some j ∈ {1, . . . ,N}.

If S ∈ H0
0 (X , Lp) we write S = se⊗pj , so s(z) = z

btpc
1 s̃(z), with s̃ ∈ O(Wj).

Then by the sub-averaging inequality

|S(x)|2hp = |x1|2btpc|s̃(x)|2e−2pϕj (x)

≤ |x1|2btpce−2pϕj (x) 1

πn

∫
∆n(x ,1)

|s̃(z)|2 dm(z)

≤ |x1|2btpce−2pϕj (x)

∫
∆n(0,2)

|s̃(z)|2 dm(z) .

We estimate ∫
∆n(0,2)

|s̃(z)|2 dm(z)

by using Fubini’s theorem for the splitting z = (z1, z
′) and Lemma 3 for

the variable z1.
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∫
∆n(0,2)

|s̃(z)|2 dm(z) =

∫
∆n−1(0,2)

∫
∆(0,2)

|s̃(z1, z
′)|2 dm(z1)dm(z ′)

≤ btpc+ 1

22btpc

∫
∆n(0,2)

|z1|2btpc|s̃(z)|2 dm(z)

≤ C exp

(
2p sup

∆n(0,2)
ϕj

)∫
∆n(0,2)

|s(z)|2e−2pϕj (z) ω
n

n!
,

where C = C (W) ≥ 1 is such that dm(z) ≤ Cωn/n! on each ∆n(yj , 2).

Since |x1| ≤ A′eρ(x) on W , with A′ = A′(ρ,W ) > 1, we conclude that

|S(x)|2hp ≤ C |x1|2btpc exp

(
2p sup

∆n(0,2)
ϕj − 2pϕj(x)

)
‖S‖2

p

≤ (Aeρ(x))2btpce4p‖h‖∞‖S‖2
p ,

where A := A′C = A(ρ,W ) > 1.
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Since Aeρ(x) < 1 for x ∈ Ut , and 2btpc > 2tp− 2 > tp for p > 2/t, we get

|S(x)|2hp ≤
[
(Aeρ(x))te4‖h‖∞]p‖S‖2

p . �

A version of Theorem 2 in the case when X is not compact:

Theorem 4

Let (X , ω) be a Hermitian manifold of dimension n, Σ be a smooth
complex hypersurface of X , t > 0 a fixed real number, and (L, h) a
singular Hermitian holomorphic line bundle on X such that h has locally
bounded weights. Then for any compact set E ⊂ X there exists a
neighborhood W of Σ ∩ E and a constant A = A(ρ,W ) ≥ 1, where
% := log

∣∣SΣ

∣∣
hΣ
< 0 on E , such that

P0,p(x) ≤ (Aeρ(x))2btpce4p‖h‖∞ , ∀ x ∈W , p ≥ 1.
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3. Bergman kernel of a singular metric with logarithmic poles

Recall that % := log
∣∣SΣ

∣∣
hΣ
< 0 on X , and t > 0 is a fixed real number.

Suppose ξ : X → R ∪ {−∞} is smooth on X \ Σ and ξ = tρ in a
neighborhood of Σ. Let dist(· , ·) be the distance on X induced by ω.

Theorem 5

Let (X , ω), (L, h),Σ be as in (A)-(B), and assume ω is Kähler and h is
smooth. Consider the singular metric h̃ = he−2ξ on L and assume that
c1(L, h̃) ≥ εω for some constant ε > 0. Let P̃p be the Bergman kernel

function of H0
(2)(X , Lp, h̃p). Then there exists a constant C > 1 such that

for every x ∈ X \ Σ and every p ∈ N with p dist(x ,Σ)8/3 > C we have

(1)

∣∣∣∣∣ P̃p(x)

pn
ωn
x

c1(L, h̃)nx
− 1

∣∣∣∣∣ ≤ Cp−1/8 .

Dan Coman Partial Bergman kernels IMS, NUS, May 2017 13 / 24



In the case of a positive line bundle (L, h) (i.e. h is smooth and c1(L, h) is
a Kähler form) on a compact Kähler manifold (X , ω), dimX = n, the first
order asymptotics of the Bergman kernel Pp of H0(X , Lp, hp, ω

n/n!),∥∥∥∥ 1

pn
Pp −

c1(L, h)n

ωn

∥∥∥∥
C 2(X )

≤ C

p
,

was first proved by Tian (1990).

Later generalizations by Catlin (1999), Zelditch (1998), Dai-Liu-Ma
(2004), Ma-Marinescu (2004), ...
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Interpretation of Theorem 5:

1. If x ∈ K , where K ⊂ X \ Σ is compact, we have a concrete bound
p0 = C dist(K ,Σ)−8/3 such that for p > p0 the estimate (1) holds.
By Hsiao-Marinescu (2014) P̃p has an asymptotic expansion

P̃p(x) =
∞∑
r=0

br (x)pn−r + O(p−∞) , locally uniformly on X \ Σ.

In particular, there exist p0(K ) ∈ N and CK such that for p > p0(K ),∣∣∣∣∣ P̃p(x)

pn
ωn
x

c1(L, h̃)nx
− 1

∣∣∣∣∣ ≤ CKp
−1 on K .

2. Theorem 5 gives a uniform estimate in p for P̃p (C is independent of
K ) on compact sets whose distance to Σ decreases as p−3/8. Indeed, the
estimate (1) holds on Kp := {x ∈ X : dist(x ,Σ) ≥ (C/p)3/8}, for every p.
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About the proof of Theorem 5. We use ideas of Berndtsson (2003) who
gave a simple proof for the first order asymptotics of the Bergman kernel
function in the case of powers of a positive line bundle.

Fix x ∈ X \ Σ, 0 < rp < c dist(x ,Σ), such that

r2
p → 0 , pr3

p → 0 , rp
√
p →∞.

If S ∈ H0
(2)(X , Lp, h̃p) by using the sub-averaging inequality one shows that

|S(x)|2
h̃p
≤ pnc1(L, h̃)nx

ωn
x

(
1 + Cr2

p

)(
1 + Cpr3

p

)(
1 + Ce−2εpr2

p
)
‖S‖2

p.

So
P̃p(x)

pn
ωn
x

c1(L, h̃)nx
≤
(
1 + Cr2

p

)(
1 + Cpr3

p

)(
1 + Ce−2εpr2

p
)
.
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By solving ∂ one constructs a section S ∈ H0
(2)(X , Lp, h̃p) such that

|S(x)|2
h̃p
≥ 1− C

rp
√
p
,

‖S‖2
p ≤ ωn

x

pnc1(L, h̃)nx

(
1 + Cr2

p

)(
1 + Cpr3

p

)(
1 +

C

rp
√
p

)
.

So
P̃p(x)

pn
ωn
x

c1(L, h̃)nx
≥
(
1− Cr2

p

)(
1− Cpr3

p

)(
1− C

rp
√
p

)
.

Choosing rp = p−3/8 we have pr3
p =

1

rp
√
p

= p−1/8, r2
p = p−3/4, so

1− Cp−1/8 ≤ P̃p(x)

pn
ωn
x

c1(L, h̃)nx
≤ 1 + Cp−1/8,

provided that p−3/8 < c dist(x ,Σ). �
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4. Estimates for the partial Bergman kernel

Let (X , ω), (L, h),Σ be as in (A)-(B), and assume ω is Kähler, h is
smooth, and c1(L, h) ≥ εω for some constant ε > 0.

Recall that Pp denotes the (full) Bergman kernel function of H0(X , Lp).

Given a compact set K ⊂ X \ Σ we let

t0(K ) := sup
{
t > 0 : ∃ η ∈ C∞(X , [0, 1]), supp η ⊂ X \ K , η = 1 near Σ,

c1(L, h) + t ddc(η%) is a Kähler current on X
}
,

where % := log
∣∣SΣ

∣∣
hΣ
< 0 on X . Note ρ is a qpsh function.

We fix now a compact set K ⊂ X \ Σ and let t ∈ (0, t0(K )).

Using Theorems 1 and 5 we show the following asymptotics of P0,p:
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Theorem 6

In the above setting, there exist constants C > 1, M > 1 and a
neighborhood Ut of Σ, all depending on t, such that:

Met%(x) < 1 and P0,p(x) ≤ (Met%(x))p, for x ∈ Ut and p > 2/t,(2)

P0,p(x) ≥ pn

C
e2tp%(x), for x ∈ Ut and p dist(x ,Σ)8/3 > C ,(3)

P0,p(x) = Pp(x) + O(p−∞), as p →∞, in any C ` topology on K .(4)

In particular, P0,p(x) = b0(x)pn + b1(x)pn−1 + O(pn−2), as p →∞,
uniformly on K , where

b0 =
c1(L, h)n

ωn
, b1 =

b0

8π
(rX − 2∆ log b0),

and rX , ∆ , are the scalar curvature, respectively the Laplacian, of the
Riemannian metric associated to c1(L, h).
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Recall that P0,p(x) = Pp(x) + O(p−∞) means that for every `,N ∈ N
there exists C`,N > 0 such that ‖P0,p − Pp‖C `(K) ≤ C`,Np

−N for all p ≥ 1.

Remarks about Theorem 6 :

(2) and (3) show that on Ut the exponential decay estimate for P0,p is
sharp. By (4) P0,p has the same asymptotics on K as the full Bergman
kernel Pp. However, in Theorem 6 we do not obtain a partition of X in
two sets with different regimes since Ut ∪ K 6= X .

Such a partition (a neighborhood U(Σ) of Σ such that P0,p = O(p−∞) on
U(Σ) and P0,p(x) = Pp(x) + O(p−∞) on X \ U(Σ)) was exhibited under
further hypotheses by: Berman (2007), Pokorny-Singer (2014) for a toric
variety X and a toric Σ, Ross-Singer (2013) and Zelditch-Zhou (2016)
under the assumption that Σ is invariant under an S1-action. Moreover
they study the asymptotics of the partial Bergman kernel on the interface
region ∂U(Σ) as well.
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Proof of Theorem 6. There exist η ∈ C∞(X , [0, 1]) and δ > 0 such that
η = 0 near K , η = 1 near Σ, c1(L, h) + tddc(η%) ≥ δω. Define

h̃t = h exp(−2tη%) , h̃t,p = h̃⊗pt .

Thus: h̃t = h in a neighborhood of K , h̃t ≥ h on X , c1(L, h̃t) ≥ δω.

As Σ is smooth, H0
0 (X , Lp) = H0

(2)(X , Lp, h̃t,p). Norm on H0
(2)(X , Lp, h̃t,p):

‖S‖2
t,p =

∫
X
|S |2

h̃t,p

ωn

n!
=

∫
X
|S |2hp exp(−2tpη%)

ωn

n!
≥ ‖S‖2

p , since % < 0.

P̃t,p := Bergman kernel function of H0
(2)(X , Lp, h̃t,p).

P0,p ≤ Pp = Bergman kernel function of H0(X , Lp) > H0
0 (X , Lp).
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If S ∈ H0
0 (X , Lp) and ‖S‖2

t,p ≤ 1, then ‖S‖2
p ≤ 1, so

|S |2
h̃t,p

= |S |2hp exp(−2tpη%) ≤ P0,p exp(−2tpη%) ,

P̃t,p ≤ P0,p exp(−2tpη%) .

Consequently we have shown:

P̃t,p exp(2tpη%) ≤ P0,p ≤ Pp on X , P̃t,p ≤ P0,p ≤ Pp near K .

By Theorem 2, if Ut :=
{
x ∈W : (Aeρ(x))t e4‖h‖∞ < 1

}
then

P0,p(x) ≤
[
(Aeρ(x))t e4‖h‖∞]p , ∀ x ∈ Ut , p > 2/t.

Setting M := e4‖h‖∞At we obtain that

Met%(x) < 1 , P0,p(x) ≤ (Met%(x))p , ∀ x ∈ Ut , p > 2/t.
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Shrinking Ut we can assume that η = 1 on Ut . By Theorem 5,

P̃t,p(x) ≥ (1− Cp−1/8)pn
c1(L, h̃t)

n
x

ωn
x

, if p ∈ N, p dist(x ,Σ)8/3 > C .

Note that c1(L, h̃t) is smooth on X \ Σ, so
c1(L, h̃t)

n

ωn
≥ δn. Hence

P0,p(x) ≥ P̃t,p(x) e2tpη(x)%(x) ≥ pn

C
e2tp%(x),

for x ∈ Ut and p > C dist(x ,Σ)−8/3.

Since h̃t = h near K we have by the localization Theorem 7 which follows
that P̃t,p − Pp = O(p−∞) as p →∞, in any C ` topology on K .

As P̃t,p ≤ P0,p ≤ Pp near K we conclude that

P0,p(x) = Pp(x) + O(p−∞), as p →∞, in any C ` topology on K . �
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Theorem 7 (Hsiao-Marinescu)

Let (X , ω) be a compact Hermitian manifold and L be a holomorphic line
bundle on X . Let h1 and h2 be singular Hermitian metrics on L which are
smooth outside an analytic set Σ ⊂ X and such that c1(L, h1), c1(L, h2)
are Kähler currents. Assume that h1 = h2 on an open set U b X \ Σ. If

P
(j)
p is the Bergman kernel function of H0(X , Lp, h⊗pj , ωn/n!), j = 1, 2,

then P
(1)
p − P

(2)
p = O(p−∞) on U in any C `-topology, ` ∈ N, as p →∞.
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