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Plan of the talk:

1. Singular Hermitian holomorphic line bundles
2. Exponential decay of the partial Bergman kernel near the zero locus
3. Bergman kernel of a singular metric with logarithmic poles

4. Estimates for the partial Bergman kernel
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1. Singular Hermitian holomorphic line bundles

Let (X,w) be a compact Hermitian manifold of dimension n and L be a
holomorphic line bundle on X.

Then X = |J Uy, such that there exist e, : Uy, — L local holomorphic
frames, eg = gop€n, 8ap € O*(Us N Ug) are the transition functions.

HO(X, L) denotes the space of global holomorphic sections S : X — L:
S|u, = Sa€a, Sa € O(Uy), Sa = 53 8ap on Uy N Up.

Singular Hermitian metric h on L: collection {¢q € L} (Us,w™)}, with
h(eq, en) = |ea]% = e, p, = g + log|gas| on Uy N Us.
If ¢, are locally bounded we say that h has locally bounded weights.

The curvature current c1(L, h) of h is defined by c1(L, h)|y, = ddp,.
Note c1(L, h) > 0 if and only if each ¢, is psh on U,.
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Suppose that h, h are singular Hermitian metrics on L such that _
h has locally bounded weights. Set LP := L®P, h, := h®P, h, := h®P,

Bergman spaces of L?-holomorphic sections:

Hp (X, L7uh) = {5 € HOL7) s IS5 = [ 15, ) < oo

HYy (X LP Bp) & HY) (X, LP, hp) = HO(X, LP).

P, := (full) Bergman kernel function of HO(X, LP) = (2)(X LP, hp)
Pp = Bergman kernel function of (2)(X LP. h )

Note that d, := dim H°(X, LP) < oo, since X is compact.
If S1,..., 54, is an o.n. basis of HO(X, LP) then P, is defined by

dp
_ ()12
Pp(x) = E ’SJ(X)lhp7 xeX
Jj=1
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2. Exponential decay of the partial Bergman kernel near the zero
locus

We consider the following setting:

(A) (X,w) is a compact Hermitian manifold, dim X = n, ¥ is a smooth
complex hypersurface of X, and t > 0 is a fixed real number.

(B) (L, h) is a singular Hermitian holomorphic line bundle on X such that
h has locally bounded weights.

Consider the subspace of holomorphic sections of LP vanishing to order at
least [tp| along X:

HY(X, LP) := HY(X,LP @ O( — |tp] X)) < H(X, LP),
do.p 1= dim HJ(X, LP) < d, = dim H°(X, LP).
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|
Fix an o.n. basis {Sf: 1 < j < dy} of H(X, LP) such that
{SJP :1<j<dyp}isan o.n. basis of HJ(X, LP).

The partial Bergman kernel function Py, of H3(X, LP) is

dO,p

Pop(x) =) IS (N5, . x € X
=1
Then Py p(x) < Pp(x) on X and

Poslx) = max{ISCa)F, S € HOX.12), ISI3 = [ 15, % =1}.

Theorem 1

Assume that conditions (A)-(B) are fulfilled. Then there exist a
neighborhood U; of ¥ and a constant a; € (0, 1) such that

Po p(x) < af, forx € Uy and p > 2/t.
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Let Sy € HO(X,O(X)) be a canonical section vanishing to first order on
Y, and hy be a smooth Hermitian metric on O(X) such that

0:= Iog’S}:’hz <0 on X.

Fix an open cover W = {W,}1<j<n of ¥ (compact), such that W; are
Stein contractible coordinate neighborhoods centered at y; € ¥, and

N
A"(y;,2) C W, TC W= UintA”(yj,l),
j=1
TNWj={zeWj:z=0},forj=1...,N.

Here z = (z1,. .., zn) are the coordinates on W; and
A(y,r)y={zeW,;:|zz—y| <r,£=1,...,n}

is the (closed) polydisk of radius r > 0 centered at y € W;.
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Since L[, is trivial, let ¢ be a holomorphic frame of L|y, and let
lejln = e~ %i. Set

loillo0,w; = sup {le;(w)] : w € A"(y;,2)},
[hlloe = [[hlloow = max {|[@jllcow; : 1 <j < N}.
Theorem 2
In the setting of Theorem 1, there exists A= A(p, W) > 1 such that
Pop(x) < (AePX))2Ltrlgtplibllee vy c W p > 1.

In particular, if Uy := {x € W (Aer())t efllhllo < 1} then

Pop(x) < [(AerCN)t tlbll<]P =y x € Uy, p > 2/t

Dan Coman Partial Bergman kernels IMS, NUS, May 2017 8 /24



Lemma 3

If k >0 and f € O(A(0,2)), where A(0,2) C C is the closed disk
centered at 0 and of radius 2, then

k+1
FQ)Pd — KIF(Q)1? dm(Q) -
[ OO < 58 [ PHIFQR am(o

)

Proof. Let f(¢) = Y72y a;¢ in A(0,2), so ¢KF(¢) = Y72y a;¢/ . Then

02j+2

00 2 00
(O dm(¢) = 2n a-z/r2j+1dr:27r — a4,
JRUGIRA 3 1af | S5l

2k 2 o 2%tk 2
RG] Q) =23 5

22k 0 92j+2

22k
= k+1 2m 2j+2
+ j=0 S+

= FOPd .0
P A(0’2)| Q)| dm(¢)

|aj]* =
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Proof of Theorem 2. Let x € int A"(y;,1) C W, for some j € {1,...,N}.

If S € HJ(X, LP) we write S = sej®p, so s(z) = zlttpj'sv(z), with s € O(W).
Then by the sub-averaging inequality

IS(x)I3, = |x |2l [5(x) | 2e~2P4i)

< |X1|2|_tPJe—2P§0j(X)% /An( ) |§(Z)|2 dm(z)

< |X1|2LtPJ e—2P§0j(X) /An(o ) |§(Z)|2 dm(z) )

We estimate

/ 3(2)P dm(2)
A"(0,2)

by using Fubini’s theorem for the splitting z = (z1,z’) and Lemma 3 for
the variable z.
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2
/A"(0,2)| () dmtz /A" 102) / A(0,2) S(z1. 2 dm(z1)dm(2")

[tp] +1 21tp] 1=( 2\ [2
PN WS OELD

< C exp <2p sup cpj> / |s(z)|2e_2”“’f(z) cu_"
An(0,2) An(0,2) n

where C = C(W) > 1 is such that dm(z) < Cw"/n! on each A"(y;,2).

Since |x1| < A'e?™ on W, with A’ = A’(p, W) > 1, we conclude that

S(x)[, < C Pl exp <2pASI(10p2) o) — 2psoj(><)> IS113

where A:= A'C = A(p, W) > 1.
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Since Ae?¥) < 1 for x € U, and 2|tp] > 2tp—2 > tp for p > 2/t, we get

IS(X)ﬁ,p < [(Aep(x))te"“hum]p||5||,2,. 0

A version of Theorem 2 in the case when X is not compact:

Theorem 4

Let (X,w) be a Hermitian manifold of dimension n, ¥ be a smooth
complex hypersurface of X, t > 0 a fixed real number, and (L, h) a
singular Hermitian holomorphic line bundle on X such that h has locally
bounded weights. Then for any compact set E C X there exists a
neighborhood W of ¥ N E and a constant A= A(p, W) > 1, where
0:=log ‘Sz‘hz < 0 on E, such that

Pop(x) < (AeP)2Ltpl gteliblloe v x e W p > 1.
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3. Bergman kernel of a singular metric with logarithmic poles

Recall that o := log ‘Sz < 0on X, and t > 0 is a fixed real number.

I
Suppose £ : X — RU {—o0} is smooth on X\ X and { = tpin a
neighborhood of X. Let dist(-,-) be the distance on X induced by w.

Theorem 5

Let (X,w), (L, h),X be as in (A)-(B), and assume w is Kahler and h is
smooth. Consider the singular metric h= he:zf on L and assume that
ci(L, h) > ew for some constant € > 0. Let P, be the Bergman kernel
function of H(Oz)(X , LP, Fp). Then there exists a constant C > 1 such that

for every x € X \ ¥ and every p € N with pdist(x, )83 > C we have

X9

7 - < Cpfl/S.
pn Cl(L, h)Q o

(1)

v
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In the case of a positive line bundle (L, h) (i.e. h is smooth and ci(L, h) is
a Kahler form) on a compact Kahler manifold (X, w), dim X = n, the first
order asymptotics of the Bergman kernel P, of H°(X, LP, hy,w"/n!),

C
< =

¢2(x)y P

9

-2

was first proved by Tian (1990).

Later generalizations by Catlin (1999), Zelditch (1998), Dai-Liu-Ma
(2004), Ma-Marinescu (2004), ...
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Interpretation of Theorem 5:

1. If x € K, where K C X \ X is compact, we have a concrete bound
po = Cdist(K,X)~8/3 such that for p > po the estimate (1) holds.
By Hsiao-Marinescu (2014) P, has an asymptotic expansion

5p(x) = Z b,(x)p""+ O(p~™), locally uniformly on X \ .
r=0

In particular, there exist po(K) € N and Ck such that for p > po(K),

Pp(x)  wi

— —1
pn C]_(L, h)g

< Ckp~ ! on K.

2. Theorem 5 gives a uniform estimate in p for ﬁp (C is independent of
K) on compact sets whose distance to ¥ decreases as p—3/8. Indeed, the
estimate (1) holds on K, := {x € X : dist(x, X) > (C/p)3/8}, for every p.
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About the proof of Theorem 5. We use ideas of Berndtsson (2003) who
gave a simple proof for the first order asymptotics of the Bergman kernel
function in the case of powers of a positive line bundle.

Fix x € X\ X, 0 < rp, < ¢ dist(x, X), such that
rg — 0, prg — 0, rpy/p — 0.
If S e H?Z)(X, LP, Ep) by using the sub-averaging inequality one shows that

n L ‘I; n
SK2 < Prallhi (14 ¢2)(1+ Cord) (1 + Ce 23 S|P

So

X < (14 CA) (1 + Cord) (1 + Ce=2P).
pn C1(L,h)Q_( rp)( prp)( € p)
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By solving 0 one constructs a section S € H 2)(X LP, hp) such that

C
2
2 > 1
SR, = 1
C
SI2 < —“ (14 21+ Cprd (1+ >
II < g, (L G (L o) (1
So B
Pp(x)  wy 2 3 ( ¢ )
—X— > (1-Cr3)(1— Cpr, 1-— :
pn C]_(L,h))fz _( P)( pP) rp\/ﬁ
1
: _ ,—-3/8 3 _ _ -1/8 ,2 _ -3/4
Choosing r, = p we have pr, /P p Iy =P , SO
1— Cp—1/8 < Pp(x) L S Cp—1/8
pn Cl(L )

provided that p=3/8 < ¢ dist(x,¥). O
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4. Estimates for the partial Bergman kernel

Let (X,w), (L, h),X be as in (A)-(B), and assume w is Kahler, h is
smooth, and ¢1(L, h) > ew for some constant £ > 0.

Recall that P, denotes the (full) Bergman kernel function of HO(X, LP).

Given a compact set K C X \ ¥ we let

to(K) = sup{t> 0: 3neé>(X,[0,1]), suppn C X\ K, n =1 near &,

ci(L, h) + t dd“(ne) is a Kahler current on X},

where o := log ‘52 < 0 on X. Note p is a gpsh function.

e
We fix now a compact set K C X \ X and let t € (0, to(K)).

Using Theorems 1 and 5 we show the following asymptotics of P p:
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|
Theorem 6

In the above setting, there exist constants C > 1, M > 1 and a
neighborhood U; of X, all depending on t, such that:

(2) Mete™) <1 and PO,p(X) < (Metg(x))P7 for x € Uy and p > 2/t,
(3) Pop(x) > % e2tPe)  for x € U, and p dist(x, 2)8/3 > C,
(4)  Pop(x) = Py(x) + O(p~), as p — oo, in any €"* topology on K.

In particular, Py ,(x) = bo(x)p™ + b1(x)p" "1 + O(p"2), as p — o0,
uniformly on K, where
ca(L, h)" bo . x
by = o b; = 8 (r* — 2Alog bo),
and rX, A\, are the scalar curvature, respectively the Laplacian, of the
Riemannian metric associated to c1(L, h).

v
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Recall that Py p(x) = Pp(x) + O(p~>°) means that for every {, N € N
there exists Coy > 0 such that [|[Pop — Ppllgek) < Conp N forall p> 1.

Remarks about Theorem 6:

(2) and (3) show that on U; the exponential decay estimate for Py, is
sharp. By (4) Po,p has the same asymptotics on K as the full Bergman
kernel P,. However, in Theorem 6 we do not obtain a partition of X in
two sets with different regimes since U U K # X.

Such a partition (a neighborhood U(X) of ¥ such that Py, = O(p~>°) on
U(X) and Py p(x) = Pp(x) + O(p~>) on X \ U(X)) was exhibited under
further hypotheses by: Berman (2007), Pokorny-Singer (2014) for a toric
variety X and a toric X, Ross-Singer (2013) and Zelditch-Zhou (2016)
under the assumption that X is invariant under an S'-action. Moreover
they study the asymptotics of the partial Bergman kernel on the interface
region OU(X) as well.
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Proof of Theorem 6. There exist n € €°°(X,[0,1]) and § > 0 such that
n =0 near K, n =1 near &, c1(L, h) + tdd°(no) > dw. Define

he = hexp(—2tno), Et,p = KPP
Thus:  hy = h in a neighborhood of K, h; > hon X, ¢ (L,Et) > dw.

As ¥ is smooth, HJ(X, LP) = HY\ (X, LP, he ). Norm on HOy (X, LP, e p):

1512, = [ 152 = [ 1SR exp(—2tpno) <= > [|S|2, since o < 0
t.,p — « hep - x hp P pTo nl = p> 0 .

nl

P:., := Bergman kernel function of (2)(X, LP, bt p).
Po.p < P, = Bergman kernel function of HO(X, LP) > HJ(X, LP).

Dan Coman Partial Bergman kernels IMS, NUS, May 2017 21 /24



If S € HJ(X,LP) and [|S||2, <1, then [|S]2 <1, so

IS = IS[5, exp(~2tpno) < Po,y exp(~2tpno)

Pt p < Popexp(—2tpno) .
Consequently we have shown:
'Etyp exp(2tpno) < Pyp < Ppon X, 5t,p < Pyp < Py near K.
By Theorem 2, if Uy := {x € W (Aert))t dllbllo 1} then
Pop(x) < [(AertN)t tlibll=]P " v x € Uy, p>2/t.

Setting M := e*llll= At e obtain that

t t
Met?™) < 1, Py ,(x) < (Met™)P vxe U, p>2/t.
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______________________________
Shrinking U; we can assume that n = 1 on U;. By Theorem 5,

L, hs)?
P )2 (1= G (u;nf)x’ if pe N, pdist(x,X)%3 > C.

X

(L, he)"
n

Note that ¢;(L, ht) is smooth on X \ ¥, so > 0". Hence

PO’p(X) Z ﬁtvp(x) eztpn( ) (X) > C 2tpg(X)7

for x € Uy and p > Cdist(x, X)~8/3.

Sinceﬁt = h near K we have by the localization Theorem 7 which follows
that Py, — P, = O(p~>°) as p — o0, in any €* topology on K.

As 5t,p < Pop < P, near K we conclude that
Po p(x) = Pp(x) + O(p~), as p — oo, in any €* topology on K. [J
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Theorem 7 (Hsiao-Marinescu)

Let (X,w) be a compact Hermitian manifold and L be a holomorphic line
bundle on X. Let hy and hy be singular Hermitian metrics on L which are
smooth outside an analytic set ¥ C X and such that ci(L, h1), c1(L, h2)
are Kahler currents. Assume that hy = hy on an open set U € X \ . If
P;(,J) is the Bergman kernel function of HO(X, LP, h?p,w”/n!), j=1,2,

then P,(,l) — P,(,2) = O(p~) on U in any €*-topology, { € N, as p — oo.

V.
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