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Quantum hypothesis testing in the i.i.d. setting

Framework

w € {p, o} ( “:/ /

Preparation Test:
POVM (T, T, :==1—"T,}

@ Let H finite dimensional Hilbert space, p, o € Dy (H), set of states on H
p (null hypothesis) and o (alternative hypothesis).
@ Atestisa POVM {T,I—- T}, T e B(H), 0<T<I
@ Possible errors in inference with associated error probabilities:
a(T)=Tr(p(I—T)) typel error
B(T)=Tr(aT) type Il error

Trade-off between these two errors, various ways of optimizing them.

@ In the asymmetric case, minimize the type Il error while controlling the type | error:
= inf T T) < e}
B(e) =, inf {B(T)] o(T) < &}
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Quantum hypothesis testing in the i.i.d. setting

Size-dependent quantum hypothesis testing

@ For states p,, 0, € D+(7-t®"), define the type Il error exponent:
1 —nR,
Ry = _ZIOgﬁ(Tn)v = B(Tn) =e m,
as well as the type I threshold

en such that «(T,) < e,.

@ Example: the i.i.d. scenario:

/

Test:
POVM {T}}, T = 1—"Tj'}
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Quantum hypothesis testing in the i.i.d. setting

Quantum Stein’s lemma

Theorem (Hiai&Petz91, Ogawa&Nagaoka00)

max R, — D(p|lo), Vee€ (0,1),

a(Tph)<e n— oo

D(p|lo) = Tr(p(log p — log o)) Umegaki's quantum relative entropy.

€n

B(Ty) ~ e
a(Ty) <€

D(pllo) Rn



Quantum hypothesis testing in the i.i.d. setting

Small deviations and second order asymptotics

Theorem (Tomamichel&Hayashil3, Lil4 )

3 Ro=D(pllo) + %sl(e) ‘o ('°f”) L si(e) = /Vipllo)e (),

V(pllo) = Tr(p(log p — log 0)*) — D(p|lo)® quantum information variance , ® ~ N(0, 1).

€n

7

a(T,) <e
B(Ty) ~ e Fn
/ R = D(pllo) = <= V() =1 D)
DGllo) Ro



Quantum hypothesis testing in the i.i.d. setting

Large deviations and the Hoeffding bound

Theorem (Hayashi06, Nagaoka06,Mosonyi&Ogawal4)

1 -1
R<D(pllo): —=log{ min a(T,)b — sup “—=[R - Da(pllo)]
n B(Tp)<e—nR N0 gca<l

R > D(p|lo) : —% log {6(Tmax 1- a(Tn))} —  sup QT_I[R — D (pllo)]

n)ge—nR n—00 1<q

€n

/

R > D(pllo)
a(T,) ~ 1 — e " Hi(pllo)

B(Ty) ~ e

7 ;

Y bl Ro

R < D(pl|0)
a(T,) ~ e " Hr(pllo)




Quantum hypothesis testing in the i.i.d. setting

Moderate deviations

Theorem (Chubb&Tan& Tomamichell7, Chen&Hsieh17)

2
Moderate sequence {ap}nen: an — 0, v/na, — co; e, = e "n:

o Rn = D(pllo) — /2V(pllo)an + o(an),

€n

/

B(Ty) ~ e™n
a(Ty) < &,

=0
Rn = D(pllo)
D(pllo) Ry
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Quantum hypothesis testing in the i.i.d. setting

Finite sample size bounds

Asymptotic regime: Finite sample size:

(0", 0%"}, n = 0o {p%", 0%}, n < o0

Theorem (Audenaert&Mosonyi& Verstraetel2)

gle) f(e)
D(pllo Vi = e R, < D(pllo) + —= N
fe) o log(1 — €)%, g(e) o loge™t,



Quantum hypothesis testing in the i.i.d. setting

What is known

i.i.d. Beyond i.i.d.
o(T,) <e
Stein’s lemma B(Ty) ~ e—D(ello) Ve
a(T,) <e
Small deviations B(T,) ~ e "Plello) =V si(2) 2
Large deviations B(T,) <e ™
(R < D(pllo)) a(T,) ~ el -
a(T,) < e~
Moderate deviations | B(T,) ~ e~ "PPlo)+v2Virlia)anv 2
a(T,) <e
B(T,) < e~ D(pllo)+/ng(e) ?

Finite sample size

1Bjelakovic&Siegmund—SchuItzeO4, Bjelakovic&Deuschel&Krueger&Seiler&Siegmund-Schultze&Szkola08,
Hiai&Mosonyi&Ogawa08, Mosonyi&Hiai&Ogawa&Fannes08, Brandao&Pleniol0,

Jaksic&Ogata&Pillet&Seiringerl2, etc.

2Datta&Pautrat&R16

3Mosonyi&Hiai&Ogawa&FannesOS, Jaksic&Ogata&Pillet&Seiringer12
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Quantum hypothesis testing in the i.i.d. setting

A tighter lower bound on the error exponent for finite sample size

Theorem (Audenaert&Mosonyi& Verstraetel2)

g(e) -1
D — < .
(pllo) Jn a(r?f));s Rn, g(€) x loge
Rates
2
1 — g
€
02 0.4 0.6 0.8 1.0
— —f(€)
-1
-2
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Quantum hypothesis testing in the i.i.d. setting

Theorem (R&Dattal6)

D(p|lo) — infw(*) < max R, h(e) o< /loge—1.

Vn a(Tp)<e
Rates
2
1 — g(¢)
h(e)
€
0.2 0.4 0.6 038 1.0
— (o)
-1
-2
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Quantum hypothesis testing in the i.i.d. setting

Theorem (R&Dattal6)

D(pno)—%%(s)s mac Ri, G(c) o ioge 1.

a(Th)<

Rates
2k
15 — 9@
§ - o
02 04 5o 08 10 € $1(6
— ~f(e)
1k .
_oF

1 logn
L Ry =Dlolo) + () + 0 (5T
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Quantum hypothesis testing in the i.i.d. setting

Key tool 1: martingale concentration inequalities

@ Concentration inequalities provide upper bounds on tail probabilities of the type

@ Different methods exist to derive concentration inequalities (martingales, logarithmic Sobolev
inequalities, transportation cost, Talagrand’s induction method, etc...)

@ A martingale is a sequence {X,}necn of integrable random variables for which:

E[Xpt1|X1, ..., Xn] = X, almost surely.

@ Example: sum of independent integrable centered random variables S, := >} _; Yi:

E[Sp41| Y1, .., Yol = D E[YA| Vi, .
k=1

n+1

B(X — E[X]| > r).

= Vi +E[Youl =S, +0= S,

@ Azuma-Hoeffding's martingale concentration inequality: if Vk € {1, ..., n},

) .

‘Xk — kal‘ < d, then:

k=1

n
LY = Z]E[Yk\yl, vy Yol + E[Yaga| Yi, o0y Vil
k=1

P(X, — Xo > r) < exp (—

2

2nd?
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Quantum hypothesis testing in the i.i.d. setting

Key tool 2: the relative modular operator

Do B(H) = B(H), A pAc~ .

@ Noncommutative generalization of the Radon Nikodym derivative between two measures.
@ A, is a positive operator, admits a spectral decomposition: given

p = Z )\P,\(p), o= Z )U'PI,L(U)7

AEspp HESp T

log Ayjo = D xMk(log Ayyr),  Mi(logAyp,) = > Lp, ()R, (o)
xXEX AeEsp(p),nEsp(o),log(A/pu)=x
where X denotes the set of real numbers log (A\/p), La(B) = AB, Ra(B) = BA.

@ The spectral theorem allows us to go from the quantum setting to classical probability
theory: given a Hilbert space V, a pure state W € V and a self adjoint operator

0 =3 ewo)XMxonV,

P(X € A):= (W, Ma(O)W), Ma:= > M,
xEACsp(0)

defines a random variable on sp(0), so that Vf : sp(0O) — R:
E[f(X)] = (v, f(O)W)

15
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Quantum hypothesis testing in the i.i.d. setting

From error exponents to concentration

Lemma (Lil4, Datta&Pautrat&R16)

For all L > 0O there exists a test T such that
Tr(p®"(1 = 7)) < (p¥")%, Moo 105 (108 B o o 0n) (p27)/2)) and Te(@®"T) < L7
(1)
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Quantum hypothesis testing in the i.i.d. setting

From error exponents to concentration

Lemma (Lil4, Datta&Pautrat&R16)

For all L > 0 there exists a test T such that
Tr(p®"(1 = T)) < ((p®")%, N oo tog (108 By y0a)((p")/?)) and  Tr(@®"T) < L7V
))
@ Via spectral theorem, define the random variable X, of law (2, = 7-1/2)
P(Xy = x) 1= (Q,@n, Nx(log A j@n| ,0n)(2,@n))

ie Vf: sp(log(Ap®n‘a®n)) - R

(2,00, F(log A @0 ,00)(Q,en)) = D F(x)(Q,@n, Mx(log A g ,21)(Q,en)) = E[F(X,)].
xeEX
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Quantum hypothesis testing in the i.i.d. setting

From error exponents to concentration

Lemma (Lil4, Datta&Pautrat&R16)

For all L > 0 there exists a test T such that
Tr(p®"(1 = T)) < {(p®) %, (oo tog 1108 B 1, 20) (P57)2)  and Te(o®"T) < L7
1)
@ Via spectral theorem, define the random variable X, of law (Q, = 7-1/2)
P(Xy = x) 1= (Q,@n, Nx(log A j@n| ,0n)(2,@n))
i.e. Vf :sp(log(A, on ,0n)) = R

(2,00, F(log A @0 ,00)(Q,en)) = D F(x)(Q,@n, Mx(log A g ,21)(Q,en)) = E[F(X,)].
xeEX

@ X, has characteristic function

n

B[] = (@00, ¢ " 0170 (Q ) = [[(Qp, " 2010 () = B [ Thaa K]
k=1

where (X) i.i.d. random variables so that E[X,] = D(p| o).
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Quantum hypothesis testing in the i.i.d. setting

From error exponents to concentration

Lemma (Lil4, Datta&Pautrat&R16)

For all L > 0 there exists a test T such that
Tr(p®"(1 = T)) < {(p®) %, (oo tog 1108 B 1, 20) (P57)2)  and Te(o®"T) < L7
1)
@ Via spectral theorem, define the random variable X, of law (Q, = 7-1/2)
P(Xy = x) 1= (Q,@n, Nx(log A j@n| ,0n)(2,@n))
i.e. Vf :sp(log(A, on ,0n)) = R

(@@ FI08 A @y @n)(Q,0)) = D FONQ, 0, M08 A 0, 0n)(,0n)) = EIF(X,)].
xeX

@ X, has characteristic function
X, iulog A - it log A WS %
E [e7] = (@ @0, e 081007 (@ 00)) = [[(Qp, "0 2017 (0,)) = E [¢¥ =k %] |
k=1

where (X) i.i.d. random variables so that E[X,] = D(p| o).
@ {Xk — kD(p||o)}1<k<n is a centered martingale, hence by Azuma-Hoeffding inequality:

2

(2, @0 (oo, (108 B yny s @n — nD(pllo) id)(2,@0)) = B(Xs — nD(pll) < —r) < & 202 ,
d = ||log Ay — D(pllo) id || cc-
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o Quantum hypothesis testing in the i.i.d. setting

e Quantum hypothesis testing beyond i.i.d.

o Application to the determination of the capacity of classical-quantum channels
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Quantum hypothesis testing beyond i.i.d.

Example 1: quantum Gibbs states on spin chains

-4 -3 -2 -1 0 1 2 3 4

© Hy:=HO" Hx = Riexcz M
@ Translation invariant interaction:
D:Z DX dx € Bsy(Hx).
@ Finite range: 3R > 0: |[X| > R= &x =0.
@
<M
_BH®
Tr(e BH[n])

Local Gibbs state: H[',’;] =y Py pni=

@ Such states satisfy the factorization property: 3 R > 0 such that (Hiai&Mosonyi&Ogawa08):
Pn <R pn—1 ® p1 upper factorization,

Pn > Rflp,,_l ® p1 lower factorization.
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Quantum hypothesis testing beyond i.i.d.

Example 2: finitely correlated states

Defined by Fannes&Nachtergaele&Werner92

£ B(K) = B(H) ® B(K) CPTP map
p full-rank state on B(K) such that Try E(p) = p.

pn = Tric(id3 (5, ®E) o ... o (idp(y) ®E) 0 E(p) € D (HE).

]
@ Generalizes the notion of a Markov chain to the quantum regime.
°
°

w state whose restriction to each H®" is p, is a finitely correlated state.
Ex: ground state of AKLT Hamiltonian on spin 1 chain (Affleck&Kennedy&Lieb& Tasaki87).
Finitely correlated states satisfy the upper factorization property (Hiai&Mosonyi&Ogawa08)

AR>1: pp <R py—1® p1.
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Quantum hypothesis testing beyond i.i.d.

Finite sample size bounds beyond i.i.d.: correlated states

Definition (upper factorization)

{pn}nen satisfies the upper factorization property if 3R > 0 such that Vn > 1,

Pn < R ph—1 ® p1 upper factorization,

Theorem (R&Dattal7)

If {pn}nen and {on}nen satisfy the upper factorization property, with R > 1, for any 0 < e <1,

[210g(Rre—1 2
Diprllor) — ey 2BEETD s grene?/2
max R, > g

a(T)<e 1
D(p1llor) — /2 — = log(R"e %) else,
n

where ¢ := [[log A, |5, — D(p1llo1)id [|oo-

@ The proof consists of an adaptation of the proof of Azuma-Hoeffding's inequality.
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Quantum hypothesis testing beyond i.i.d.

Moderate deviations beyond i.i.d.: correlated states

Definition (factorization property)

3R > 0 such that

b
s
N

<R pn—1®p1 (upper factorization),

Pn > R~! Pn—1® p1 (lower factorization).

Theorem (R&Dattal?7)

Let pp, on € Do (H®") satisfying the upper factorization property with
0 < logR < (4 —e)(e° — 1)*V(p1|on)/(6¢7),

2
where ¢ := ||log A, |5, — D(p1llo1)id||ec < log4. Let {an}nen moderate, e, := e~ ""n. Then,
for n large enough:

3 0\ 172
R, > D —1\/2V log R
% Re 2 Dlpalon) = 2V(arllan) (= (g R + )

If {pn}nen and {on}nen satisfy the lower factorization property with R > 1, then
e Rn < D(p1llo1) — /2V(p1llo1)an + o(an).

@ The proof can be rearranged to get back the results of Chubb et al and Chen et al in the
i.i.d. scenario.
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° Application to the determination of the capacity of classical-quantum channels
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Application to the determination of the capacity of classical-quantum channels

Information transmission via memoryless c-q channels

@ Assume Alice wants to communicate with Bob using a c-q channel:

W: X — D(H)

@ Alice encodes message k € M := {1, ..., M} into codeword x, € X, into state W/(x).

@ Bob performs a measurement modeled by a POVM T = {Ty, ..., Ty }.

we) [

ke{l,..M \
Alice { } € i w Bob
Ty s Tt
@ The average probability of success is given by
1M
P(success|\W, T) = — Tr(W(xk) Tk).
( w. T =4 ; (W(xi) Tie)

@ The one-shot e-error capacity of W is given by
C(W, €) := log M* (W, ¢),
M*(W, ) := max{M € N| 3 POVM T : P(success|W, T)>1—¢}.
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Application to the determination of the capacity of classical-quantum channels

Finite sample size analysis of memoryless c-q channels

@ n independent uses of WW: Alice encodes message k € {1, ..., Mo} — (Xk,1, ..., Xk,n) € X".

W) ® - OW(een) [

Alice ke{l,.., M} c Xiy o Xin | W QW Bob
Ty oo Ty
@ Holevo-Schumacher-Westmoreland theorem: for all 0 < & < 1,
covene) .
= S X"(W) =sup Y px(x)D D7 px ()W)

PX xex yeX

@ Second order & moderate deviation: Tan&Tomamichell5, Chubb& Tan& Tomamichell7,
Cheng&Hsieh17, using Wang&Rennerl2 to relate c-q capacity to type Il error exponent.

Proposition (Finite sample size analysis, R&Dattal7)

For any € € (0,1), any px achieving the Holevo capacity, and any &’ € (0, ¢):

cCW® ¢) . 2loge’—1 1 4e
——— 2 x W)\ ————cy — —log—,
n n n E — €

where ¢, = || log Ay, opa — D(ppy llopy ) id || oo, with
= Px() (Xl @ WI(X), 0y = D Px(X)X)(X] @ D px (¥)W(y)
x€X x€X y

24/
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Application to the determination of the capacity of classical-quantum channels

c-q channels with memory

@ A sequence of c-q channels W, : X" — D(’H®") satisfies the channel upper factorization
property if 3R > 0:

V(X1y ooy Xn) € X" 0 Whlxty ooy xn) < R Wo1(X1, -y Xn—1) @ Wi (xa)-

@ Assume the following communication scheme:

,, .

Wn (xk,lv rxk,n) / Bob

Ty Ty,

ke{l,.., M, Xp 1 oo X]
pice KEQrMad | | g i w.

Proposition (Finite sample size analysis)

If R > 1, then for any € € (0, 1), any px achieving x*(W1), and any €’ € (0, €):

. 2log(R"e’—1) 1 4e n —nc2_ /2 ,
Wi) — ¢ — —lo for R'e Px'" < e <eg,
C(Wh, €) > X' W1 = G V n n e _e -

n - 2
n_/—1 4e

c 1
W) — 22— ZlogR"%' ! —Io
x"W) — —= — log R —

else.

@ Similarly, a moderate deviation analysis can be carried out.
@ Open question: find a c-q channel with memory satisfying the factorization property.
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Application to the determination of the capacity of classical-quantum channels

Summary

@ Martingale concentration inequalities can be used to find a finite sample size lower bound for
the optimal type Il error exponent in the i.i.d. case and beyond. In the i.i.d. case, this bound
is tighter than the previous bound of Audenaert&Mosonyi&Verstraetel2.

@ Similar techniques can be used to derive moderate deviation bounds for sequences of states
satisfying a factorization property.

@ The one-shot bound of Wang&Renner12 can be applied to find finite sample size and
moderate deviation results for c-q channels.

@ An example of a quantum channel with memory satisfying the channel upper factorization
property is lacking at the moment.

26
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@ Thank you for your attention!
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Proof (1)

@ Define V,_1 : B(H®")(po—1% ® p11/?) = B(H®")p,'/? by

Vo1(Xalpa1 2 @ p11/%) = RTV2X0p0 2, VX, € BH®™).
@ V,_1 is a contraction (upper factorization property). Moreover,
Va1Bopipn Va1 S Doy 180110, 1801 = Boy_11pp_1 @ Boylpr-

(a2, 8, (0 2)) = R (02 @ p1*?), Vi AL Vo 1(pn1'? @ pi/?))

<R ((pl/2 ® pll/Z) (V"*_lAUn“)n V,,_l) ( 1/2 ® p11/2)> operator Jensen
<SRG @0 By 1o,y @ Do) (0 @ 01%) t€[0.1] x i x'
=R (pn 1 A;n—llpn—l(on711/2)> (p1 /2 A;llpl(p11/2)) operator monotone
< RMe—"Ple1llon) <Qpl’et<|Og(Aal‘pl)JrD(pl“Ul))(Qpl))" iteration.
@ By convexity of the exponential function, with ¢ = || log A,,|,, + D(p1llo1) id [loo:
e < i (etc—efrc)s+% (etc+e7tc) —c<s<ec.

<Q/11: Atal|pl(Qp1)>
_ 1 1 _
< el [;( ) (g 108 Aoy 1y (2,)) + Dlprllon)) + 5 (e +e “)}

1 2.2 1 2
_ e*tD(leUﬂE ( t+e f) < e~ tDprllon e /2. using 5(eu +eTY) < e /2.
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Proof (2)

@ By functional calculus, the following Markov-type inequality holds:
t — At At
n[>\v°°)(|0g(A0n\Pn)) = n[eAt,oo)(Adn\Pn) S € A"’n\l’n'
@ Therefore
Q. .n log A Q < Rnef()\JrnD(plHol))tenr2c2/2
pno HX,00)\I08 Ba 0,y ) (32pp)) = ’
@ Optimizing over t,
R~ #nPlerllon)?/@re®) ey < _ p(pylon))
<Q/Jn) n[%,OO)(l()g Adn\pn)(Qpn» < -

_ 2
Rhe—O+nD(orllo+nc? /2 oo
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