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Setup

Which state was prepared

P.(1)/ P1 by Alice?->What is x?

X(2) p2 POVM . pA (X|B)

[\ guess /

Alice x(n) \ ‘ {Aw} Bob /

0] \
/ 4 X

1 - pé\uess<X|B)
pxB = D, Px(z)|x)Xz|x ® (pz)B

pé\uess(X‘B) = D Px(T)tr Ay, e— Doyess (X | B) := mj\a“xpé\uess(X‘B>

~

Not easy to find...
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How good is this choice of measurement?
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Pretty good (pg) measurement

Belavkin, 1975
Hausladen and Wootters, 1994
Barnum and Knill, 2002

[1]
[2]
[3]



Structure of today'’s talk




Structure of today’s talk

"Pure”
Math ‘ Reverse Araki-Lieb-Thirring (ALT) inequality

New relations between the Petz and the minimal
divergence and between conditional Rényi entropies

Pretty good measures in QIT

= Introduction of the pretty good fidelity

= Bounds and optimality conditions for the pretty

Physics good measurement and singlet fraction
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Reverse ALT inequality




ALT and reverse ALT inequality (for r € [0,1])
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Proof of reverse ALT inequality
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Proof of reverse ALT inequality
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d Holder inequality [6]). Let s, si,...,s; be positive real

Theorem (Generalize

a for some

1

1

— |

— |

a,b € (0, 0] with

— |

Choose s = 1, and s; = b, s9 = 2, and s3

h

1
2

tr(

Proof (for r = %)
AB

| 10

| 24.07.2017

Raban lten

IV.2.7

Ise

Bhatia, Matrix Analysis, Exerci
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Proof of reverse ALT inequality
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Relations between the Petz and the

minimal divergence




Families of quantum Rényi divergences

Let € (0,1) U (1,00), and p, o be density matrices. We define:

Petz quantum Rényi divergence

B ! a__l—a
O] — - log trp®o 7]
Minimal quantum Rényi divergence /
~ ]_ 11—« 1—a \ &
Da(pllo) := —— logtr (0 %0 po 2o ) [8,9]
[7]: Petz, 1986 [9]: Wilde, Winter and Yang, 2014

[8]: MUller-Lennert et al., 2013 [10]: Marco Tomamichel, Quantum Rényi divergences Raban lten | 24.07.2017 | 13



Reversed relation between the Petz and the
minimal divergence

ALT inequality

0:6 } 111% — Dq(pll0)
.t 1 ? — Dq(pllo)
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Reversed relation between the Petz and the
minimal divergence

fora<1

) 4—
0.8

— — Dq(pll0)
0.67 .

/ — Da(pllo)
0.4 — a-Dq(pl|0)
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Reverse bound between the Petz and the

minimal divergence
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Proof of the reverse bound between the Petz

lvergence
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Proof of the first inequality (for a = 1/2)
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Relations between conditional

Rényi entropies



Families of quantum conditional Renyi
entropies

Let p4p be a density matrix on the system A ® B, i.e. pap € D(A® B), and
a € (0,1) U (1,0). We define the following quantum conditional Rényi entropies

of A given B as

H}(A|B), := —Da(paglida ® pB) .

HI(A|B),:= sup —Da(paplida®os),
O'BED(B)

HY(A|B), := —Da(paslida ® pp) and

Hl(A|B), = sup —Da(paglida®ocp) .

UBED(B)
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Duality relations for conditional entropies

Lemma (Duality relations [13,14,15,8,16,17]). Let papc be a pure state on A ®
B®C. Then

Heca By f[é(A|O)p =0 when a+p=2fora,fe[0,2] and
ﬁg(A|B)p + ﬁg(mC’)p =0 when é + % =2 fora,B € [%, 0]

Hl(A|B), + ﬁé(A|C)p — N heniibo 5 =11l oo, B [ eo]

and

where we use the convention that % =0andoo-0=1.
[13]: Tomamichel, Colbeck and Renner, 2009 [8]: MUller-Lennert et al., 2013
[14]: Tomamichel, Berta and Hayashi, 2014 [16]: Konig, Renner and Schaffner, 2009
[15]: Beigi, 2013 [17]: Berta, Diplom Thesis, 2008
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Relations between conditional entropies

/ Max-like entropies: a € (0,1)

Lemma. For a € [0, 1] and pap € D(A® B), we have that

H}(A|B),

167

(A|B), < aHL(A|B), + (1 — a)log|A] and
(A1B), < aBL(AIB), + (1 - a)log|A].

U [via entropy duality]

Lemma. For a € [1,2]| and pap € D(A® B), we have that

HI(A|B),

gl

6%

g

(6% (87

HY(A|B), <aH' (A|B),+ (a—1)log|ld| and
2 0

= 1 A
HY(AIB), < 5 (HL (A|B), + (a—1)log |A|) |
. 2—a

Min-like entropies: a € (1, o) Raban ten | 24072017 | 21



Pretty good measures in QIT




Pretty good fidelity

Fidelity =
, 1 D1 (plo) = —2log F(p, 0)

F(p,0) = tr(y/po./p) /2 = 2

1.01

0.8

067/ — ?amna)

| / — Da(pllo)

0.4/ — a-Dq(pl0)

0.2

0.2 O‘.4 0‘.6 0‘.8 1.0 1‘.2 a

Pretty good fidelity

Foe(p, 0) 1= try/p/o
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D1(pllo) = —2log Fyge(p, ) —
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Bounds for pretty good measures

The pretty good fidelity is indeed pretty good

= L

{/ (via entropy duality) “

Pretty good singlet fraction [18]
Rye(A|B), < R(A|B), < 4/ Rpe(A|B),

Measure for the largest achievable overlap
with the maximally entangled state one can
obtain from p,5 by applying a quantum

[3]: Barnum and Knill, 2002 channel on system B.
[18]: Dupuis, Fawzi and Wehner, 2013 Rabanlten | 24.07.2017 | 24

Pretty good measurement [3]
£ X[B) S Pt X|B) = 4 phi X B

guess




Derivation of the bound for the pretty good
measurement

ﬁgo(X|B)p = —1og puess(X|B) [16] N%(X|B)p = —log pP8.. (X|B) [19]

Ny 74

guess

Pyuess(X | B)

Lemma. Let o € [1,2] and px p be a cq state on X®B, i.e., pxp = Y, Pz|z)X{z|x®

(pz) B where (pg) B are density operators and p, € [0, 1], such that Y, p, = 1.
Then

EC G MEZ%H(XIB)F»

' ntum
Lemma. For a € [1,2] and pap € D(A ® B), we have that (;Itaaizlcal qua tu

2o

HYAIB), < 5 (Bl (A1B), + (2= D1oglal).

[16]: Konig, Renner and Schaffner, 2009
[19]: Buhrman et al., 2008 Raban Iten | 24.07.2017 | 25



Optimality conditions for pretty good

measures




Equality condition for max-like entropies
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Optimality conditions for the pretty good
measurement

HL(X|B), = — log puess(X|B) [16] ﬁfg(X|B)p—-1ogpguess(XlB) [19]

Let 7x o be a purification of px . Then, the duality relations for Rényi entropies
imply

4

Lemma (Optimality condition for the pretty good measurement). The pretty good

measurement is optimal for distinguishing states in the ensemble {p., p,} if and
only if |Gx'p/, 6%/ p/] = 0.

\

Generalized Gram matrix Gxip =) X
[cf. our arXiv version for the definition] =

A /GX./B/ ‘ZC>X,

T 0o

[16]: Konig, Renner and Schaffner, 2009
[19]: Buhrman et al.,

Raban lten 24.07.2017 28
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Conclusion



Mathematical results

= Reverse Araki-Lieb-Thirring (ALT) inequality

= |ntroducing a reverse relation between the Petz and the minimal
divergence:

aDa(plo) < Dalplo) < Dalpllo)  fora<1

= |nequalities and equality conditions between conditional entropies
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Unified picture for pretty good measures in QIT

= [ntroducing a pretty good fidelity
= Showing that the pretty good fidelity is indeed pretty good

= Bounds between the fidelity and the pretty good fidelity lead to
known bounds for pretty good measures via duality of quantum
entropies

= |ntroducing necessary and sufficient optimality conditions for the
pretty good measurement and singlet fraction
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Thanks for your attention!
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(published in IEEE TIT)




