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Pretty good measures in QIT
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Motivation
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Which state was prepared
by Alice?->What is x?
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Setup

Alice Bob

PX(1) ᅗ1

ᅗn

:
: 

ᅗ2
POVM

✓

✗

Not easy to find...

PX(2)

PX(n)
ᅗx
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Pretty good (pg) measurement

Bob

POVM

with
Choose

with

How good is this choice of measurement?

Raban Iten

[1]: Belavkin, 1975
[2]: Hausladen and Wootters, 1994
[3]: Barnum and Knill, 2002

[1,2]

[3]

Remark:
Recently improved
by Joseph Renes
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Structure of today’s talk
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Structure of today’s talk

Reverse Araki-Lieb-Thirring (ALT) inequality 

New relations between the Petz and the minimal 
divergence and between conditional Rényi entropies
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Pretty good measures in QIT

”Pure”
Math

Physics

 Introduction of the pretty good fidelity
 Bounds and optimality conditions for the pretty 

good measurement and singlet fraction
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Reverse ALT inequality
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ALT and reverse ALT inequality (for 
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[4]: Lieb and Thirring, 1976
[5]: Araki, 1990

Schatten norms
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Proof of reverse ALT inequality
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Proof of reverse ALT inequality
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[6]: Bhatia, Matrix Analysis, Exercise IV.2.7
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Proof of reverse ALT inequality
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Relations between the Petz and the
minimal divergence



||

Families of quantum Rényi divergences
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[7]: Petz, 1986
[8]: Müller-Lennert et al., 2013

[7]

[8,9]

[9]: Wilde, Winter and Yang, 2014
[10]: Marco Tomamichel, Quantum Rényi divergences Raban Iten

Minimal quantum Rényi divergence

Petz quantum Rényi divergence

Is indeed minimal 
(see e.g. [10] for
an overview)
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Reversed relation between the Petz and the
minimal divergence
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? ALT inequality

?
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Reversed relation between the Petz and the
minimal divergence
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Reverse ALT inequality

ߙ	ݎ݂  1
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Reverse bound between the Petz and the 
minimal divergence
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Proof of the reverse bound between the Petz
and the minimal divergence
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Proof of the first inequality (for ࢻ ൌ /): By definition

Reverse ALT

Choose ܽ ൌ 4, ܾ ൌ 4

Set ܣ ൌ ,ߩ ܤ ൌ ߪ
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Relations between conditional
Rényi entropies
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Families of quantum conditional Rényi
entropies
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Duality relations for conditional entropies
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[13]: Tomamichel, Colbeck and Renner, 2009
[14]: Tomamichel, Berta and Hayashi, 2014
[15]: Beigi, 2013
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[8]: Müller-Lennert et al., 2013
[16]: König, Renner and Schaffner, 2009
[17]: Berta, Diplom Thesis, 2008
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Relations between conditional entropies
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[via entropy duality]

Max-like entropies:

Min-like entropies:

ߙ ∈ ሺ0,1ሻ

ߙ ∈ ሺ1,∞ሻ
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Pretty good measures in QIT
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Pretty good fidelity
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Fidelity

Pretty good fidelity
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Bounds for pretty good measures
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The pretty good fidelity is indeed pretty good

Pretty good measurement [3] Pretty good singlet fraction [18] 

Measure for the largest achievable overlap
with the maximally entangled state one can
obtain from by	ߩ applying a quantum
channel on system .ܤ

(via entropy duality)

[3]: Barnum and Knill, 2002
[18]: Dupuis, Fawzi and Wehner, 2013
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Derivation of the bound for the pretty good 
measurement
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[16]: König, Renner and Schaffner, 2009
[19]: Buhrman et al., 2008

[19][16]

Classical quantum
state

ߙ ൌ 2

Raban Iten
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Optimality conditions for pretty good
measures
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Equality condition for max-like entropies
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Proof [Sketch]:

Optimizer is known [20]:

[20]: Tomamichel, Berta, and Hayashi, 2014 

ALT inequality

Necessary condition [21]:

[21]: F. Hiai, 1994

Cf. our arXiv version ...
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Optimality conditions for the pretty good 
measurement
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[16]: König, Renner and Schaffner, 2009
[19]: Buhrman et al., 2008

[19][16]
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Generalized Gram matrix
[cf. our arXiv version for the definition]
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Conclusion
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Mathematical results
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 Reverse Araki-Lieb-Thirring (ALT) inequality 

 Introducing a reverse relation between the Petz and the minimal 
divergence:

 Inequalities and equality conditions  between conditional entropies

ߙ	ݎ݂  1
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Unified picture for pretty good measures in QIT

24.07.2017Raban Iten 31

 Introducing a pretty good fidelity

 Showing that the pretty good fidelity is indeed pretty good

 Bounds between the fidelity and the pretty good fidelity lead to 
known bounds for pretty good measures via duality of quantum 
entropies 

 Introducing necessary and sufficient optimality conditions for the 
pretty good measurement and singlet fraction
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Thanks for your attention!

arXiv:1608.08229
(published in IEEE TIT)


