
On block algebras of Hecke algebras of classical type

Susumu Ariki

Osaka University

Representation Theory of

Symmetric Groups and Related Algebras

Institute for Mathematical Sciences, Singapore

December 20, 2017

Susumu Ariki Hecke algebras Singapore, Dec.20, 2017 1 / 29



Blocks of Hecke algebras

Hecke algebras

Let K be an algebraically closed field of odd characteristic p. We fix
1 ̸= q ∈ K× and consider the Hecke algebra HW (q) associated with an
irreducible Weyl group W . It is the K -algebra generated by {Ts | s ∈ S}
and the generators are subject to the braid relations and the quadratic
relations

(Ts − q)(Ts + 1) = 0 (s ∈ S)

Theorem 1.1 (Geck 2007)

Suppose further that p ̸= 2, 3 for W (E6,7), W (F4), W (G2), p ̸= 2, 3, 5 for
W (E8). Then HW (q) and its block algebras are cellular algebras.

In this talk, we focus on classical types A,B,D. For type B, we consider
the unequal parameter case as well. Let Q ∈ K× be another parameter
and replace the quadratic relation for the generator T0 corresponding to
the short simple root with (T0 − Q)(T0 + 1) = 0.
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Blocks of Hecke algebras

Parametrization of blocks in type A

Let e be the quantum characteristic, the multiplicative order of q ̸= 1.

Theorem 1.2 (James-Mathas 1997, based on Dipper-James 1987)

If W = W (An−1) = Sn, then blocks of HW (q) are labeled by

{e-core partition κ | wt(κ) := n − |κ|
e

∈ Z≥0}.

We may view this result as follows. Let g = g(A
(1)
e−1) be the Kac-Moody

Lie algebra of type A
(1)
e−1, P its weight lattice,

V (Λ0) = ⊕µ∈PV (Λ0)µ

the weight decomposition of the basic module. Here, the weight Λ0 is the
fundamental weight corresponding to the node 0 added the finite Dynkin
diagram to obtain the affine Dynkin diagram.
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Blocks of Hecke algebras

Parametrization of blocks in type A (cont’d)

Then, V (Λ0) is realized on the vector space with basis consisting of
e-restricted partitions and the labeling set may be interpreted as

{µ ∈ P | V (Λ0)µ ̸= 0, ht(Λ0 − µ) = n}.

Note that Λ0 − µ is a nonnegative integral linear combination of simple
roots and the height is the sum of the coefficients.

Remark 1.3

The set of e-core partitions in this interpretation is the affine Weyl group

orbit W (A
(1)
e−1)Λ0(⊆ P) through Λ0. If µ ∈ P satisfies V (Λ0)µ ̸= 0 then

there exists κ ∈ W (A
(1)
e−1)Λ0 such that

µ = κ− wt(κ)δ,

where δ is the null root, which is the sum of simple roots in type A
(1)
e−1.
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Blocks of Hecke algebras

Parametrization of blocks in type B

We denote the Hecke algebra in the unequal parameter case by Hn(q,Q).
It is generated by T0 and T1, . . . ,Tn−1, and the quadratic relations are

(T0 − Q)(T0 + 1) = 0, (Ti − q)(Ti + 1) = 0 (1 ≤ i ≤ n − 1).

The braid relations are (T0T1)
2 = (T1T0)

2, TiTi+1Ti = Ti+1TiTi+1, for
1 ≤ i ≤ n − 2, and TiTj = TjTi , for j ̸= i ± 1.

Theorem 1.4 (Dipper-James, 1992)

If −Q ̸∈ qZ, then Hn(q,Q) is Morita equivalent to

n⊕
k=0

HSk (q)⊠ HSn−k
(q).

In particular, blocks of Hn(q,Q) are labeled by pairs of e-cores or

{(µ, ν) ∈ P ⊕ P | V (Λ0)µ ̸= 0,V (Λ0)ν ̸= 0, ht(Λ0 − µ) + ht(Λ0 − ν) = n}.
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Blocks of Hecke algebras

Parametrization of blocks in type B (cnt’d) and type D

Theorem 1.5 (Lyle-Mathas, 2007)

If −Q = qs , for 0 ≤ s ≤ e − 1, then blocks of Hn(q,Q) are labeled by

{µ ∈ P | V (Λ0 + Λs)µ ̸= 0,ht(Λ0 + Λs − µ) = n}.

For W = W (Dn), we consider Hn(q, 1) and the commuting involutions

σ :T0 7→ −T0, Ti 7→ Ti (i ̸= 0),

τ :T1 7→ T0T1T0, Ti 7→ Ti (i ̸= 1).

Then, HW (q) = Hn(q, 1)
σ and, for a block B of Hn(q, 1), we have either

(i) Bσ is a single block b of HW (q), or

(ii) Bσ is the direct sum of two blocks b′ and b′′ of HW (q).

We have τ(b) = b in case (i) and τ swaps b′ and b′′ in case (ii). We say
that B covers b, b′ and b′′.
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Representation type

Representation type

Representation type is a concept to tell the possibility of classifying
indecomposable objects. Let A be a finite dimensional algebra over an
algebraically closed field K .

If there are finitely many indecomposable A-modules, we say that
A is finite. Otherwise, A has infinite representation type.

Suppose that A has infinite representation type. If there are finitely
many (A,K [T ])-modules Md ,1,Md ,2, . . . ,Md ,nd which are free of
finite rank over K [T ], for each d ∈ N, such that all d-dimensional
indecomposable A-modules but finitely many exceptions are of the
form Md ,i ⊗ K [T ]/(T − λ), we say that A is (infinite-)tame.

If there is an (A,K ⟨X ,Y ⟩)-module which is free of finite rank over
K ⟨X ,Y ⟩ such that the exact functor M ⊗K⟨X ,Y ⟩ − respects
indecomposability and isomorphism classes, we say that A is wild.

Susumu Ariki Hecke algebras Singapore, Dec.20, 2017 7 / 29



Representation type

Trichotomy theorem

The following is the famous trichotomy theorem.

Theorem 2.1 (Drozd, 1979, Crawley-Bowvey, 1988)

Over an algebraically closed field, every finite dimensional algebra has
finite, (infinite-)tame or wild representation type, and these types are
mutually exclusive.

Example 2.2

Let A = KQ be the path algebra of an acyclic quiver Q.

If Q = An,Dn,E6,7,8 then A is finite.

If Q = A
(1)
n ,D

(1)
n ,E

(1)
6,7,8 then A is tame.

Example 2.3

For a block algebra of KG , for a finite group G , the representation type is
determined by its defect group.
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Representation type

Brauer tree algebras

Let G = (V ,E ) be a finite graph, where V is the set of vertices and E is
the set of undirected edges. We assume that there are no loops and no
multiple edges. It is called a tree if |V | = |E |+ 1. A Brauer tree is a tree
with the following additional data:

(i) For each v ∈ V , a cyclic ordering is given on the set

{e ∈ E | v is an endpoint of e}.

(ii) There is at most one vertex which is assigned an integer m ≥ 2.

The vertex from (ii) is called the exceptional vertex and the integer m is
called its multiplicity. Each Brauer graph gives rise a Morita equivalence
class of symmetric algebras, where simple modules are labeled by E and
the data (i) and (ii) determine the radical series of indecomposable
projective modules.
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Representation type

Main result (corollary)

Let T be a Brauer tree without exceptional vertex. If the underlying tree is
the straight line with n edges, the corresponding Brauer tree algebra has n
simple modules S1, . . . , Sn, say. Let Pi be the projective cover of Si . Then,
the following shape of Pi , for 1 ≤ i ≤ n, characterizes the algebra.

(a) Rad(P1)/Soc(P1) = 0 if n = 1.

(b) Rad(P1)/Soc(P1) = S2 and Rad(Pn)/Soc(Pn) = Sn−1 if n ≥ 2.

(c) Rad(Pi )/Soc(Pi ) = Si−1 ⊕ Si+1, for 2 ≤ i ≤ n − 1, if n ≥ 3.

Theorem 2.4 (A, 2017)

Let B be a block of a Hecke algebra of classical type over an algebraically
closed field of odd characteristic. If B is finite then it is a Brauer tree
algebra whose Brauer tree is a straight line without exceptional vertex.

The proof starts with determining representation type of Hecke algebras of
classical type blockwise, which I am going to explain.
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Representation type

Representation type in type A and D

Theorem 2.5 (Erdmann-Nakano, 2002)

Suppose that W = Sn and let Bκ be the block labeled by an e-core κ.
Then, Bκ is

(i) simple if and only if wt(κ) = 0.

(ii) not semisimple and finite if and only if wt(κ) = 1.

(iv) (infinite-)tame if and only if e = 2 and wt(κ) = 2.

(v) wild otherwise.

Further, if Bκ has finite type then it is a Brauer tree algebra whose tree is
a straight line without exceptional vertex. For type D, we may reduce the
question to type B.

Proposition 2.6

Suppose that W = W (Dn) and b is a block of HW (q). If b is covered by
a block B of Hn(q, 1), then b and B have the same representation type.
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Representation type

Representation type in type B

It is easy to show the following proposition.

Proposition 2.7

Suppose that −Q ̸∈ qZ and let Bκ,ρ be the block labeled by a pair of
e-cores κ and ρ. Then, Bκ,ρ is

(i) simple if and only if wt(κ) = 0 and wt(ρ) = 0.

(ii) not semisimple and finite if and only if {wt(κ),wt(ρ)} = {0, 1}.
(iv) (infinite-)tame if and only if e = 2 and wt(κ) = 1, wt(ρ) = 1.

(v) wild otherwise.

The crucial case is the remaining case that −Q = qs , for 0 ≤ s ≤ e − 1.
Let B(β) be the block of Hn(q,Q) labeled by µ = Λ0 +Λs − β ∈ P. Here,
β is a sum of n simple roots.
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Representation type

Theorems of Rickard and Krause

As the blocks of Hn(q,Q) are symmetric algebras, the theorems below
reduce the problem of determining the representation type to that for
representatives of derived equivalence classes of blocks.

Theorem 2.8 (Rickard, 1989)

Let A and B be two finite dimensional selfinjective algebras over K. If
they are derived equivalent then they are stably equivalent.

Theorem 2.9 (Krause, 1997)

Let A and B be two finite dimensional algebras over K. If they are stably
equivalent then they have the same representation type.

These general results may be applied to Hecke algebras by the sl2
categorification theorem by Chuang and Rouquier.
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Representation type

Theorem by Chuang and Rouquier

Chuang and Rouquier proved the sl2 categorification theorem, and applied
it to cyclotomic Hecke algebras. In particular, it gives derived equivalence
among blocks of Hn(q,Q), if −Q ∈ qZ.

Let −Q = qs and Λ = Λ0 + Λs as before, and we denote by B(β) the
block of Hn(q,Q) labeled by Λ− β ∈ P.

Theorem 2.10 (Chuang-Rouquier, 2008)

Let W = ⟨s0, s1, . . . , se−1⟩ be the affine symmetric group. If

Λ− γ = w(Λ− β),

for some w ∈ W, then B(β) and B(γ) are derived equivalent.

Hence we look at representatives of W -orbits on the set of weights of
V (Λ), which is a combinatorial problem.
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Representation type

Derived equivalence representatives

Let Λ = Λ0 + Λs as before. We set λs0 = 0 and define

λsi =
s∑

k=0

iαk +
i−1∑
k=1

(i − k)αs+k +
i−1∑
k=1

kαℓ−i+1+k ,

µsi =
i−1∑
k=0

(i − k)αk +
i−1∑
k=1

kαs−i+k +
ℓ−s+1∑
k=1

iαs−1+k .

The null root is δ = α0 + · · ·+ αe−1. Then we have the following.

Lemma 2.11

Representatives under the Chuang-Rouquier derived equivalence are B(β)
such that β are of the following form.

λsi + kδ (0 ≤ i ≤ e − s

2
, k ≥ 0), µsi + kδ (1 ≤ i ≤ s

2
, k ≥ 0).
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Representation type

λs
i + kδ is enough

Lemma 2.12

We have the following isomorphism of algebras

B(µsi + kδ) ≃ B(λℓ−s+1
i + kδ), for 1 ≤ i ≤ s

2
and k ∈ Z≥0.

For the proof, we switch to cyclotomic quiver Hecke algebras. Recall that

the Cartan matrix of Lie type A
(1)
e−1 is

A = (aij)i ,j∈I =


2 −1 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 −1 2
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Representation type

Cyclotomic quiver Hecke algebras

The cyclotomic quiver Hecke algebras RΛ(β) are defined by generators

e(ν), for ν = (ν1, . . . , νn) ∈ I n with
∑n

k=1 ανk = β

x1, . . . , xn, ψ1, . . . , ψn−1

and the following relations, where skν = (ν1, . . . , νk+1, νk , . . . , νn).

e(ν)e(ν ′) = δν,ν′e(ν),
∑
ν∈I n

e(ν) = 1

xke(ν) = e(ν)xk , xkxl = xlxk

ψle(ν) = e(sl(ν))ψl , ψkψl = ψlψk if |k − l | > 1

(ψkxl − xsk (l)ψk)e(ν) =


−e(ν) if l = k and νk = νk+1

e(ν) if l = k + 1 and νk = νk+1

0 otherwise

x
⟨α∨

ν1
,Λ⟩

1 e(ν) = 0

Susumu Ariki Hecke algebras Singapore, Dec.20, 2017 17 / 29



Representation type

Cyclotomic quiver Hecke algebras (cont’d)

and if we define Qii (u, v) = 0, and if i ̸= j we define

Qij(u, v) = rij(u − v)−aij , where rij = ±1 with rji = rij(−1)aij ,

for the Cartan matrix A of type A
(1)
e−1, then the remaining relations are

ψ2
ke(ν) = Qνkνk+1

(xk , xk+1)e(ν)

and (ψk+1ψkψk+1 − ψkψk+1ψk)e(ν) is equal to
Qνkνk+1

(xk , xk+1)− Qνkνk+1
(xk+2, xk+1)

xk − xk+2
e(ν) if νk = νk+2

0 otherwise
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Representation type

The Brundan-Kleshchev isomorphism theorem

Theorem 2.13 (Brundan-Kleshchev, 2009)

We have an isomorphism of algebras B(β) ≃ RΛ(β).

One advantage of RΛ(β) is that it has many natural idempotents e(ν):
if we find an appropriate ν such that we prove e(ν)RΛ(β)e(ν) is wild,
then RΛ(β) is wild. Another result we use is the following.

Proposition 2.14 (Erdmann-Nakano, 2002)

Let A and B be finite dimensional K-algebras. If there exist a constant
C > 0 and functors F : A-mod → B-mod, E : B-mod → A-mod such
that, for any A-module M,

(i) M is a direct summand of EF (M) as an A-module,

(ii) dimF (M) ≤ C dimM.

Then, the wildness of A implies the wildness of B.
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Representation type

The cyclotomic categorification theorem

To apply the proposition to our setting, we use the induction and
restriction functors for cyclotomic quiver Hecke algebras:

Fi : RΛ(β)-mod → RΛ(β + αi )-mod,

Ei : RΛ(β)-mod → RΛ(β − αi )-mod.

We state the following result by Kang and Kashiwara in ungraded form.
Note that if li > 0 then the conditions (i) and (ii) are satisfied.

Theorem 2.15 (Kang-Kashiwara, 2012)

Set li = ⟨α∨
i ,Λ− β⟩, for i ∈ I . Then one of the following isomorphisms of

endofuctors on the category of finitely generated RΛ(β)-modules holds.

1 If li ≥ 0, then FiEi ⊕ |li |id
∼−→ EiFi .

2 If li ≤ 0, then FiEi
∼−→ EiFi ⊕ |li |id.
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Representation type

Minimal wild block algebras

We start with finding the border line of the area of wild RΛ(β)’s in
(i , k)-coordinates. (Recall that we consider β = λsi + kδ.)
To prove that they are wild, we show that e(ν)RΛ(β)e(ν) is wild for an
appropriate ν. For this, we may utilize the fact that RΛ(β) is graded:

deg(e(ν)) = 0, deg(xke(ν)) = (ανk |ανk )

deg(ψle(ν)) = −(ανl |ανl+1
)

Lemma 2.16

If e = e1 + e2 with e21 = e1 ̸= 0, e22 = e2 ̸= 0, e1e2 = e2e1 = 0 and

dimq eiR
Λ(β)ej − δij − cijq

2 ∈ q3Z≥0[q],

for i , j = 1, 2, then the quiver of eRΛ(β)e has two vertices 1 and 2, cii
loops on the vertex i , for i = 1, 2, and there are at least c12 arrows and c21
reverse arrows between 1 and 2.
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Representation type

Graded dimension formula

The lemma may be used in the following way.

If there are at least two loops on one vertex and it is connected
to the other vertex, then e(ν)RΛ(β)e(ν) is wild.

Remark 2.17

We may compute the graded dimensions in the lemma by the following
graded dimension formula.

dimq e(ν
′)RΛ(β)e(ν) =

∑
λ⊢n

Kq(λ, ν
′)Kq(λ, ν),

where Kq(λ, ν) is the sum of qdeg(T ) over T ∈ ST(λ) with res(T ) = ν. In
particular, the formula tells us when e(ν) is nonzero.
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Representation type

Strategy to determine representation type

Now we state the strategy to determine representation type.

Recall that it is enough to consider β = λsi + kδ.

We find minimal wild RΛ(β)’s and show that they are wild
by using the previous lemma or an explicit computation of
e(ν)RΛ(β)e(ν) for an appropriate ν.

We show that all the other wild RΛ(β)’s are indeed wild by
using the induction and restriction functors in the proposition.
This reduces to simple calculation of scalar products of roots
li = ⟨α∨

i ,Λ− β⟩ to check that they are positive.

We analyze the remaining small number of RΛ(β)’s, and
determine whether they are finite or tame.
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Representation type

Representation type for blocks of Hn(q,−qs)

We state the representation type for blocks of Hn(q,−qs) when s ̸= 0.

Theorem 2.18 (A, 2017)

Let Λ = Λ0 + Λs , for 1 ≤ s ≤ ℓ, and β = λsi + kδ, for 0 ≤ i ≤ ℓ−s+1
2 and

k ∈ Z≥0. Then RΛ(β) is

(i) simple if i = 0 and k = 0.

(ii) of finite representation type if i = 1 and k = 0.

(iii) of tame representation type if i = 0, k = 1 and ℓ = 1.

(iv) of wild representation type otherwise.

If RΛ(β) is finite, we may compute the radical series of indecomposable
projective modules by utilizing the grading. For s = 0, my student Kakei
has computed the representation type in his master thesis.
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Representation type

Remark on the generic degree

Finite type appears when i = 1 and k = 0. In this case, the labels of the
ordinary irreducible characters in the block are (s + 1−m, 1m), for
0 ≤ m ≤ n = s + 1. Their Lusztig symbols are

ϕ =

(
λ1, . . . , λm+1

µ1, . . . , µm

)
=

(
0, 1, . . . ,m − 1, s + 1

1, 2, . . . ,m

)
.

The generic degree Dϕ is given by the following formula.

q
m+(m2)∏n

i=1(q
i−1)(qi−1Q+1)

∏
i<j (q

λj−qλi )
∏

i<j (q
µj−qµi )

∏
i,j (q

λi−1Q+q
µj )

q(
2m−1

2 )+(2m−3
2 )+···

Q(
m
2)(q+Q)m

∏m+1
i=1

∏λi
k=1(q

k−1)(qk−1Q+1)
∏m

j=1

∏µj
k=1(q

k−1)(qk+1Q−1+1)

Suppose that e ≥ 4 is even and consider the equal parameter case. Then,
we must set Q = q in Dϕ but choose −Q = qs=

e
2
−1 in order that the

number of times Φe(q) divides PW /Dϕ, where PW =
∑

w∈W (Bn)
qℓ(w), is

constant on this block. Then, this block becomes a Φe-defect one block.
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Representation type

Representation type for blocks of Hn(q,−qs) (cont’d)

Theorem 2.19 (Kakei, 2016)

Let Λ = 2Λ0 and β = λ0i + kδ, for 0 ≤ i ≤ e
2 and k ∈ Z≥0. Then RΛ(β) is

(i) simple if i = 0 and k = 0.

(ii) of finite representation type if i = 1 and k = 0.

(iii) of tame representation type if ℓ = 1, i = 0, k = 1 or
ℓ ≥ 2, i = 0, k = 1, λ ̸= (−1)ℓ+1, or ℓ ≥ 3, i = 2, k = 0, charK ̸= 2.

(iv) of wild representation type otherwise.

Corollary 2.20

Let Λ = Λ0 +Λs , for 0 ≤ s ≤ e − 1, and β = λsi + kδ, for 0 ≤ i ≤ e−s
2 and

k ∈ Z≥0. If R
Λ(β) is finite then it is a Brauer tree algebra whose Brauer

tree is a straight line without exceptional vertex.
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Representation type

Cellularity and Ohmatsu’s theorem

We have proved that the representatives of blocks of finite type under
Chuang-Rouquier derived equivalence are Brauer tree algebras whose
Brauer tree are straight lines without exceptional vertex.

Theorem 2.21 (Ohmatsu, 2014)

A symmetric cellular algebra of finite type is a Brauer tree algebra whose
Brauer tree is a straight line.

For the proof, we recall a result by Riedmann and Waschbusch that
symmetric algebras of finite type are Morita equivalent to one of

(i) the trivial extension algebras of tilted algebras of Dynkin type,

(ii) Brauer tree algebras,

(iii) modified Brauer tree algebras.

Recall that we assume that the characteristic of the base field is odd.
Thus, cellularity is preserved under Morita equivalence.
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Representation type

Rickard’s star theorem and the end of the proof

As blocks of Hecke algebras are symmetric cellular algebras, we may apply
Ohmatsu’s theorem. Therefore, the blocks of finite type are Brauer tree
algebras, and they are derived equivalent to Brauer tree algebras without
exceptional vertex. Now we appeal to the Rickard star theorem.

Theorem 2.22 (Rickard, 1989)

Any Brauer tree algebra is derived equivalent to a Brauer tree algebra of
star shape such that only the center of the star can be an exceptional
vertex. The number of edges and the multiplicity of the exceptional vertex
determine the derived equivalence classes of Brauer tree algebras.

Thus, if a block of Hn(q,−qs) is of finite type then it is a Brauer tree
algebra whose Brauer tree is a straight line without exceptional vertex.
Then, blocks of HW (q) for W = W (Dn) are of the same kind by the
Clifford theory. As we know the result for type A, the proof is complete.
Note that derived equivalence becomes Morita equivalence here.
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Thank you for your attention.
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