Uniform estimates for particle filters

P. Del Moral

Workshop, Singapore, Sept 7th 2018

Synthesis joint works with : A. Bishop, A. Guionnet, A. Jasra, K. Kamatani,
A. Kurtzmann, L. Miclo, B. Rémillard, J. Tugaut.
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Filtering and smoothing problems

Xt Signal = Markov process on R"
Y: Observation (partial4+noisy) on R
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Filtering and smoothing problems

Xt Signal = Markov process on R"
Y: Observation (partial4+noisy) on R
Pb: Find/compute/sample/. .. sequentially

n, = Law(X; | Y¢) or the marginal n, = Law(X; | Y:)

with the historical processes

Xt = (Xs)sgt and Yt = (Ys)sgt

Some (consistent and sequential) solutions. ..
> Linear+Gauss model : Kalman filters & Ensemble Kalman filters

> Nonlinear and/or non Gaussian models : Particle filters
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In all cases ...

p(Xe| Ye) o p(Ye| Xe) p(Xe)
C Bayes, Kallianpur-Striebel, Feynman-Kac,. ..
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"«" = Nonlinear evolution equations (in the space of probab.)
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In all cases ...

p(Xe| Ye) o p(Ye| Xe) p(Xe)
C Bayes, Kallianpur-Striebel, Feynman-Kac,. ..

"«" = Nonlinear evolution equations (in the space of probab.)
> Kalman filters O Riccati equation

> In any case : Nonlinear filtering ~~ Nonlinear Markov processes

Nonlinear Markov process

Generator /transitions depending on the law of internal states

Mean field particle samplers
» Sample multiple (interacting) copies
> Use the empirical distribution when needed
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Important Observations & Questions

» Kalman/Riccati : Stable equations 4+ Can stabilize unstable signals!

Under appropriate observability and controllability conditions

L Review on Kalman-Bucy (+ Bishop - SIAM-17)
Floquet representation (+ Bishop - Arxiv-18)
Stability random linear systems (+ Bishop - Arxiv-18)

> Nonlinear filtering equation : ~~ Stable (forgets initial conditions)

When the signal is stable/mixing ~ Stabilize unstable signals/rates ?
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https://epubs.siam.org/doi/abs/10.1137/16M1102707?journalCode=sjcodc
https://arxiv.org/abs/1805.02127
https://arxiv.org/pdf/1804.09349.pdf
https://core.ac.uk/download/pdf/82297181.pdf
https://link.springer.com/article/10.1007/s00440-007-0089-7
http://www.dklevine.com/archive/refs4565.pdf
https://emis.math.unistra.fr/journals/EJP-ECP/article/download/1423/1753.pdf
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» Kalman/Riccati : Stable equations 4+ Can stabilize unstable signals!
Under appropriate observability and controllability conditions

L Review on Kalman-Bucy (+ Bishop - SIAM-17)
Floquet representation (+ Bishop - Arxiv-18)
Stability random linear systems (+ Bishop - Arxiv-18)

> Nonlinear filtering equation : ~~ Stable (forgets initial conditions)

When the signal is stable/mixing ~ Stabilize unstable signals/rates ?

L 3 Asymptotic results (x):

(discrete time [full obs./small noise + p(xo) =~ q(x0)])
Budhiraja-Ocone-99, Kleptsyna-Veretennikov-08,
Blackwell-Dubins-62 merging principle (Van Handel-08-09-10)
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https://arxiv.org/pdf/1804.09349.pdf
https://core.ac.uk/download/pdf/82297181.pdf
https://link.springer.com/article/10.1007/s00440-007-0089-7
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Mean field (approximate) particle samplers
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» (Nonlinear) Particle filters:

Uniform estimates (w.r.t. time) when the signal is stable/mixing.

+

Guionnet [CRAS-99, IHP-01] (xx)

Miclo [Sem. Probab., Springer Lecture Notes -00]
Feynman-Kac formulae [Springer -04],

Hu-Wu, Fondations & trends in Machine learning -11
Mean field simulation for Monte Carlo integration [CRC -13]

+

+

+ Jasra [SPA - 18]


http://people.bordeaux.inria.fr/pierre.delmoral/ihp.ps
http://people.bordeaux.inria.fr/pierre.delmoral/seminaire.ps
http://people.bordeaux.inria.fr/pierre.delmoral/gips.html
https://www.nowpublishers.com/article/Details/MAL-026
https://www.crcpress.com/Mean-Field-Simulation-for-Monte-Carlo-Integration/Del-Moral/p/book/9781466504059
http://www.sciencedirect.com/science/article/pii/S0304414917301217
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L Unstable signal ? ~~ no article based on the asympt. results (x)?
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Mean field (approximate) particle samplers
» (Nonlinear) Particle filters:
Uniform estimates (w.r.t. time) when the signal is stable/mixing.

+ Guionnet [CRAS-99, IHP-01] (%)

+ Miclo [Sem. Probab., Springer Lecture Notes -00]
Feynman-Kac formulae [Springer -04],

+ Hu-Wu, Fondations & trends in Machine learning -11
Mean field simulation for Monte Carlo integration [CRC -13]

+ Jasra [SPA - 18]

Main tool from (¥x):
Backward perturbation 4+ propagations of local perturbations

L Unstable signal ? ~~ no article based on the asympt. results (x)?

» Today : Ensemble Kalman filters:
Stable equations + Stabilize unstable signals + non asympt. rates !
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Kalman-Bucy filter

_ 1/2 ~
{ dX; A Xy dt + RY< dW,; = N (X, PY)

dY, = CX,dt + T2 4V,

with the conditional mean/covariance matrix:

)A(t =EX:|Y:) and P;:=E ((Xt — 561:) (Xt — )AG)/>
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Kalman-Bucy filter

_ 1/2 ~
{ dX; A Xy dt + RY< dW,; = N (X, PY)

dy; = CX.dt + /2 dV,
with the conditional mean/covariance matrix:
~ ~ N/
X, =E(X. | Y,) and P, :=E ((Xt — Xt> (Xt — Xt) >
Evolution equations

dX, AX, dt+ P, C's1 (dYt —CX. dt)
atPt = RiCC(Pt) = APt + PtA/ - PtSPt + R with S := C/ZC
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Nonlinear Kalman-Bucy diffusion

Nonlinear diffusions X; depending on the (conditional) distributions

ne := Law(X; | Y¢)
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Nonlinear Kalman-Bucy diffusion

Nonlinear diffusions X; depending on the (conditional) distributions

ne := Law(X; | Y¢)

Interaction with

ne(e) and Py, =mne[(e —me(e))(e —ne(e))] with e(x):=x

Consistency property
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A couple of of McKean-Vlasov type diffusions
1) ”Vanilla EnKF” (~~ discrete time - Evensen 94)

dX: = AXdt + RV dW+P,, C'T 7 [dY; - (C Xodt + T2 dV )|
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dX: = AXdt + RV dW+P,, C'T 7 [dY; - (C Xodt + T2 dV )|

2) " deterministic EnKF” (~- discrete time - Sakov-Oke 08)

_ — — X
dX; = AX.dt + RY? dW,+P,,C'T? {dyt - C (’-‘JFT’“(G)) dt}

3) Pure transport equation (Reich-Cotter 13) [pb. "inversion” 7]

dX; = A X.dt

(R =Py, SPy)P,. (Xt — ne(e)) dt + P, C’E" [dYe — Cre(e)dt]

+
N -
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A couple of of McKean-Vlasov type diffusions
1) ”Vanilla EnKF” (~~ discrete time - Evensen 94)

dX: = AXdt + RV dW+P,, C'T 7 [dY; - (C Xodt + T2 dV )|

2) " deterministic EnKF” (~- discrete time - Sakov-Oke 08)

_ - _ X
dX:=AX.dt + RY? dW,+P, C'x? [dYt -C ("‘Jr;t(e)) dt}

3) Pure transport equation (Reich-Cotter 13) [pb. "inversion” 7]

dyt — A Ytdt
1 —
+ 5 (R= Py PP, (X = mi(e)) dt 4Py, C'E 7 [dYe — Ce(e)dt]

@ co many others, adding O, P, (X, —n:(e)) dt for any Q) = -0, .
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The Ensemble Kalman-Bucy filter
(Case 1) Mean field interpretation ~~ N + 1 interacting diffusions

dei = A €ldt + RV2dW, + p,C'T [dYt - (Cg;’dt ¥l dV’;)]

with the rescaled particle covariance matrices

1 :
Pt <1+ )PN—N Z ft—mt ;—mt)/

1<i<N+1
and the empirical measures
nN = Lt Z ds and the sample mean m; := 1 &l
FTON41, - & TN v
1<i<N+1 1<i<N+1
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The Ensemble Kalman-Bucy filter
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(Case 1) Mean field interpretation ~» N + 1 interacting diffusions

dei = A €idt + RV2dW. + p,C'E [dYt - (Cg;’dt + 312 dV’;)]

with the rescaled particle covariance matrices

1 :
Pt <1+ )PN—N Z ft—mt ;—mt)/

1<i<N+1
and the empirical measures
N 1 1 i
Ny = E d¢i  and the sample mean my = —— &
N+1_ - t N+1_ -
1<i<N+1 1<i<N+1

Where are the Kalman & Riccati equations ?



Th: EnKF eq. [+ Tugaut (Arxiv-16/AAP-18)]

The EnKF (state estimate) equation

dM;

1
dm; = A mydt + pr C'E7Y (dY; — Cmy dt) +
t t Pt ( t t ) \//ﬁﬂgqigi

with an r-martingale M, = (M,(k)) with angle brackets

1<k<r
(M| @ [M)r = U+ p: Vps.
With

1) (U,V)=(R,S) and 2) (U,V)=(R,0) and 3) (U,V)=/(0,0)

Nb.:
(U, V) = (0,0) = direct consequence of contraction Kalman-Bucy filter

L Review on Kalman-Bucy (+ Bishop - SIAM-17)
Floquet representation (+ Bishop - Arxiv-18)
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https://arxiv.org/pdf/1605.09329v2.pdf
https://epubs.siam.org/doi/abs/10.1137/16M1102707?journalCode=sjcodc
https://arxiv.org/abs/1805.02127

The particle/ensemble Riccati equation
dp: = Rice(p:) dt + 1 am
Pt Pt \/N t

Symmetric matrix-valued martingale M, = (M.(k, /1)), <,
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The particle/ensemble Riccati equation

. 1
dpt = RlCC(pt) dt + ﬁ th

Symmetric matrix-valued martingale M, = (M.(k, /1)), <,

Angle brackets = Wick-type formula ((« ® .)*:= entrywise)

0 (M| @ | M): = py @sym (U + pt Vipe)
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The particle/ensemble Riccati equation

. 1
dpt = RlCC(pt) dt + ﬁ th

Symmetric matrix-valued martingale M, = (M.(k, /1)), <,

Angle brackets = Wick-type formula ((« ® .)*:= entrywise)
af <M| ® | M>§ = pt ®sym (U + PtVPt)
Orthogonality property

Vi< kI <r  (M(k 1), M), =0.

Nb.:
(U, V) = (0,0) = direct consequence of contraction Riccati eq.

L Review on Kalman-Bucy (+ Bishop - SIAM-17)
Floquet representation (+ Bishop - Arxiv-18)
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https://epubs.siam.org/doi/abs/10.1137/16M1102707?journalCode=sjcodc
https://arxiv.org/abs/1805.02127

In terms of random matrices with ¢ ‘= -~

VN
Wi = We(i,j))1<ij<r independent Brownian motions
1
dpe 2 [Ape + peA' + R — peSpy] dt + (p,}/ 2dW, (U + py th)1/2>

sym

» S =0=V ~» Wishart process
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In terms of random matrices with ¢ ‘= -~

VN
Wi = We(i,j))1<ij<r independent Brownian motions

1
dp: 2 [Apy + p:A' + R — p.Spe] dt + e ( (AW (U + pe th)1/2>

sym

» S =0=V ~» Wishart process
> (AR, S)=(al,B 1,y 1)and (U,V)=(/,0)
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In terms of random matrices with ¢ ‘= -~

12/27

VN

Wi = We(i,j))1<ij<r independent Brownian motions
1
dpt légv [Apt + PtA/ + R — pt5pt] dt +e€ ( 1/2th (U + Pt th)1/2>

sym
» S =0=V ~» Wishart process
> (AR,S)=(al,B 1,7 1) and (U,V)=(I,0)
pr ~ non colliding eigenvalues A\, (t) < ... < Aa(t) < Ai(t)
satisfying the Dyson equation

d)\,'(t) =

2aMi(t) + 5 — )\(t)27+— Z M dt + e /Ai(t) dWi



The 1d case ~~ Closed form Riccati semigroups

Deterministic Riccati P; on R;: Ricc(ws) = 0 for
Sw_=A—-)N/2<0< Swy :=A+)/2

with
A=2v/A2+ RS

(8
Vt>v>0

[IPt—W+| \/exP(z/ot[A_ P55]d5>] < ¢y exp(—At)
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Stochastic Riccati flow p; € R, with ¢ = 2/v/N:

dp; law Rice(pr)dt + € v/ pe(U + p: Vp:) dW;

with €U <2R = origin repellent
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Stochastic Riccati flow p; € R, with ¢ = 2/v/N:

dp; faw Ricc(pt)dt +€ Pt(U + Pt VPt) dW;

with €U <2R = origin repellent

Reversible measures 7 (dx) on R :

> UAV >0 ~» Heavy tails

X XE%%A ex iiA tan~ 1 [ x Z
U+ v 2 (68) 0 | VoV Vo

dx.
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Stochastic Riccati flow p; € R, with ¢ = 2/v/N:

dp; faw Ricc(pt)dt +€ Pt(U + Pt VPt) dW;

with €U <2R = origin repellent

Reversible measures 7 (dx) on R :

> UAV >0 ~» Heavy tails
2 R_1q
X kil ex i i tan ! | x Z
U+ v 2 (68) 0 | VoV Vo

» U >V =0 ~» Gaussian-type tails

2
o« xz0-1 exp l_USz <x—2 é) ] dx.
€

o



Stability Markov transition semigroup P¢ (of p;)

Th [+ Bishop, Kamatani, Rémillard Arxiv-17] VA,RAS >0

e 3(, g > 0 and some Wasserstein distance D s.t. for any 0 < e < ¢

D(p1 P, 12Ps) < exp (=X (1 = €¢) t) D(pa, 1)
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eVn>13(,,ep,>0forany0<e<e¢,
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Stability Markov transition semigroup P (of p;)

Th [+ Bishop, Kamatani, Rémillard Arxiv-17] VA,RAS >0

e 3(, g > 0 and some Wasserstein distance D s.t. for any 0 < e < ¢

D(p1Ps, poPs) < exp (A (1= €%¢) t) D(pa, o)
eVn>13(,,ep,>0forany0<e<e¢,
t 1/n
E [exp [n/ (A— pSS)dsH <cq exp (= (1—€¢) t)
0

Some extensions
Case 2: Poincaré inequalities (and Ly(7.)-contractions), . ..

Consequences
Uniform estimates for state estimates + particle Riccati diffusions,. ..
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http://arxiv.org/abs/1711.10065

Multivariate KB : Observability + Controllability

d(X: — X,)

=(A—P:S) (X; — X.)dt — RY2 dW, + P,C’'E~1/2 dV,
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Multivariate KB : Observability + Controllability

d(X: — X,)

=(A—P:S) (X; — X.)dt — RY2 dW, + P,C’'E~1/2 dV,

Steady state: 3P, > 0 s.t. Ricc(P) = 0 and spectral abscissa

(A —PS) :=max{Re(A) : X &€ Spec(A— PxS)} <0
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Multivariate KB : Observability + Controllability

d(X: — X,)

=(A—P:S) (X; — X.)dt — RY2 dW, + P,C’'E~1/2 dV,

Steady state: 3P, > 0 s.t. Ricc(P) = 0 and spectral abscissa

(A —PS) :=max{Re(A) : X &€ Spec(A— PxS)} <0

I
STABLE EVEN WHEN A is unstable.

~» SIAM Control & Opt.-17 & Arxiv-18 (+ Bishop )
Review on the stability of Kalman-Bucy filters and Riccati matrix
semigroups @ Floquet representation of exponential semigroups
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Floquet representations

P: = ¢+(Py) flow of the Riccati equation 0;P; = Rice(P;)
!
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Floquet representations

P: = ¢+(Py) flow of the Riccati equation 0;P; = Rice(P;)
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Exponential semigroups/Fundamental matrices:

Eu(P) = (A= 6u(P)S) du
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Floquet representations

P: = ¢+(Py) flow of the Riccati equation 0;P; = Rice(P;)
1

Exponential semigroups/Fundamental matrices:

Eu(P) = (A= 6u(P)S) du

in the sense that (with E; (P) = Id)

OtEs t(P) = (A—¢(P)S)Es +(P) and 0sEs +(P) = —Es (P)(A—¢s(P)S)
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Floquet representations

P: = ¢+(Py) flow of the Riccati equation 0;P; = Rice(P;)
1

Exponential semigroups/Fundamental matrices:
t
EwslP) = exp § (A~ 6u(P)S) du
in the sense that (with E; (P) = Id)
OtEs t(P) = (A—¢(P)S)Es +(P) and 0sEs +(P) = —Es (P)(A—¢s(P)S)

Nb.:

P =Py = E.;(Py) = ™) A=P=5 with A—P,S stable
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Floquet representations 2/2

Theo.:(+ Bishop - Arxiv-18)
t
E(P) = expf (A — 6(P)S) ds = e"A=P=5) C,(P)~!
0

with
sup [|[Ce(P) ! < ¢ (1 + (@)
>0

Cor.:

16¢(P1) = ¢e(P2)ll < [|e®A=F=) || (14 | PL|® + (| P2|?) 1Py — Pl

@ same type of estimates for the time varying linear process

~

d( Xy — X¢)

=(A—PS) (X, — X,) dt — RY/2 dW, + P,C'S~1/2 dV,
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Multivariate : EnKF
(my, X¢, pr) = (sample mean, true signal, sample covariance)
U

M
d(me—X;) = (A—p:S) (m—Xy) dt—RY2dW, + p, C'E71/2 th+d -

VN
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Multivariate : EnKF
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U
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Observations:

» Time varying @ stochastic type Ornstein-Uhlenbeck diffusion
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(my, X¢, pr) = (sample mean, true signal, sample covariance)

U
dM
d(me—X:) = (A=peS) (me—X:) dt—RY2dW, + p, C'E~Y? dV,+ \/Nt

Observations:

» Time varying @ stochastic type Ornstein-Uhlenbeck diffusion
DRIVEN BY A STOCH. MATRIX-RICCATI DIFFUSION p;
> The matrix (A — pS) may be ill-conditioned in the sense that

Ip  Amax((A— pS)sym) > 0 even if A stable in dimension > 2
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Multivariate : EnKF

(my, X¢, pr) = (sample mean, true signal, sample covariance)

U
dM
d(me—X:) = (A=peS) (me—X:) dt—RY2dW, + p, C'E~Y? dV,+ \/Nt

Observations:

» Time varying @ stochastic type Ornstein-Uhlenbeck diffusion
DRIVEN BY A STOCH. MATRIX-RICCATI DIFFUSION p;
> The matrix (A — pS) may be ill-conditioned in the sense that

Ip  Amax((A— pS)sym) > 0 even if A stable in dimension > 2

» Always under-biased

YVt >0 0<p:r but 0<E(p) < Py
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When A stable and S > 0

Theo [+ Tugaut (Arxiv-16/AAP-18)]1 Vn>13dN,>1:VN > N,

50p |E ([lpe = PelI™)" VE(|me = X|")/7] < e/ VN
t=>

for any matrix norm (ex.: the spectral of the Frobenius norm).
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https://arxiv.org/pdf/1605.09329v2.pdf

Under only : Observability + Controllability

Uniform moments + Uniform Riccati estimates + stability and invariant
measures Riccati diffusions + non asymptotic CLT rates+ Bias-Taylor
type expansions + Robustness and Perturbations analysis (inflation,
masking, shrinkage, projections),. ..

~~ more details in the talk by A.N. Bishop this conference & workshop

Some refs:
> SPA-17 (+ Bishop, Pathiraja):
Uniform robustness properties : inflation and localisation techniques.
» Arxiv-17 (+ Bishop, Niclas):

Exact propagation of chaos expansions matrix Riccati diffusions, non
asymptotic bias + CLT.

»> Arxiv-18 (+ Bishop):
Stability of stochastic Ornstein-Uhlenbeck diffusions

» Arxiv-18 (+ Bishop):
Stability of Matrix Riccati equations.
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https://arxiv.org/abs/1701.05978
https://arxiv.org/abs/1709.05071
https://arxiv.org/abs/1804.09349
https://arxiv.org/abs/1808.00235

Nonlinear models

Extended Kalman-Bucy-filters
dX, = A(X;) dt + P,C' £ [dyt — CX, dt
with the "stochastic” Riccati equation:

9Py = OAX;)P: + P; OA(X,) + R — P,SP,
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Nonlinear models

Extended Kalman-Bucy-filters

dX. = A(X;) dt + P.C' £ [dyt ~ CX, dt
with the "stochastic” Riccati equation:

8:P: = OA(X:)P: + Py OA(X:)' + R — PSP
McKean-Vlasov interpretation

dX. = A(Xymne(e)) dt+ RY? dW,
P C'RY [dYe = (CX, e+ T2 dV, )|

with the drift function

A(x, m) := Alm] 4+ 0A[m] (x — m).
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Extended Ensemble Kalman-Bucy-filters

En-EKF = Mean field particle model
del = A(me) dt + RY2dW,
4pClE [dYt - (cg;; dt + ¥/ dVi)}
with the sample means m; and covariance matrices p; and the drift

A&l me) == Almy] + OA[m,] (& — me)

Repulsion /Attraction w.r.t. m;

23/27



Some illustrations

Langevin type signal processes
R=0%Id and (A, JA)=(-0V,—0?V)

Non quadratic potential (g € R", 91, Q> > 0)

1 1
V(x) = 5 (Qux,x) +(q,%) + 3 (o, x)3/?

Interacting diffusion gradient flows

V()= Y )+ D Uh(x,x)

1<i<r 1<i#j<r

for some convex confining potential U; : R’ + [0, oo
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Regularity conditions

Full observation S = s Id and

—XoAa = SUPeprr Amax(0A(X) + 0A(x)") < 0
[0A(x) —0A) < koa lIx =yl

Examples: Langevin signal-diffusion
(oas o) = B (27 Amn(Q1), 203/2(Q2)) -

more generally 9V > v Id @ Lipschitz condition
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Stability theorem

(Xt, Z+) := McKean-Vlasov starting at  (Xo, Zo)

26/27


https://arxiv.org/abs/1606.08256 

Stability theorem

(Xt, Z+) := McKean-Vlasov starting at  (Xo, Zo)

4

Theo [+Kurtzmann-Tugaut]

When Ay, is sufficiently large we have

W, (Law(X¢), Law(Z:)) < ¢ exp[—~t A] for some X > 0.

3 more explicit description in terms of (R, S, kaa).
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https://arxiv.org/abs/1606.08256 

Propagation of chaos

PN .= Law(m, p;) P, := Law(?t, P:)

and
QN := Law(¢l) Q; := Law(X)
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https://arxiv.org/abs/1606.08256 

Propagation of chaos

IP’?’ := Law(mq, pt) P, := Law(?t, P:)

and
QN := Law(¢l) Q; := Law(X)

Theo [+Kurtzmann-Tugaut]
When Apa is sufficiently large, 38 €]0,1/2] s.t.

sup W, (P, P,) Vsup W, (QF, Q:) < ¢ N7
t>0 t>0

as soon as tr(Py) is not too large and N large enough...
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