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State space models

Latent Markov chain

Xo ~ 1,
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Latent Markov chain

XO ~ thxt—l ~ ft(Xt—17 '); te [1 : T]
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State space models

Latent Markov chain
XO ~ W, Xt|Xt—1 ~ ﬂ.‘(Xt—la ')7 te [1 : T]
Observations

Yt|X0:T ~ gt(Xta ')7 te [0 . T]
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State space models

() %)

6o @ e

Latent Markov chain
XO ~ o, Xt’Xt—l ~ ﬂ,G(Xt—la ')7 te [1 . T]
Observations

Yt|XO:T ~ gt,G(Xt: ')7 te [0 : T]
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Neuroscience example

o Joint work with Demba Ba, Harvard School of Engineering
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Neuroscience example

o Joint work with Demba Ba, Harvard School of Engineering

o 3000 measurements y; € {0,...,50} collected from a
neuroscience experiment (Temereanca et al., 2008)

WMM [ MWWW

500 1000 1500 2000 2500 3000
t
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Neuroscience example

o Observation model

Y:|X: ~ Binomial (50, k(X:)), #(u) = (1 + exp(—u))™*
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Neuroscience example

o Observation model
Y:|X: ~ Binomial (50, k(X:)), #(u) = (1 + exp(—u))™*
o Latent Markov chain

Xo ~N(0,1),  X¢|Xee1 ~ N(aXe_1,02)
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Neuroscience example

o Observation model
Y:|X: ~ Binomial (50, k(X:)), #(u) = (1 + exp(—u))™*
o Latent Markov chain
Xo ~N(0,1),  X¢|Xee1 ~ N(aXe_1,02)
o Unknown parameters

0 = (a,0?) €[0,1] x (0,00)
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Objects of interest

o Online estimation: compute filtering distributions

p(xt|yo:e,0), t>0
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Objects of interest

o Online estimation: compute filtering distributions

p(thyO:tae)a t Z 0

o Offline estimation: compute smoothing distribution

p(xo.7|y0:7,6), T €N

or marginal likelihood

T T
p(yo.7|0) = /XT+1 o(x0) H fr.o(Xe—1, Xt) Hgt,ﬁ(xta}/t)dXO:T
t—1 =0
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Objects of interest

o Online estimation: compute filtering distributions

p(thyO:tae)a t Z 0

o Offline estimation: compute smoothing distribution

p(xo.7|y0:7,6), T €N

or marginal likelihood

T T
pOorif) = | imalo0) T feole-1.x0) [ ot )b
t=1 t=0

o Parameter inference

arg max p(vo:716),  p(Olyo:T) x p(0)p(yo.7|0)
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Sequential Monte Carlo

o Sequential Monte Carlo (SMC) aka bootstrap particle filter
(BPF) recursively simulates an interacting particle system of
size N

(XL,...,.xN), telo:T]

Del Moral (2004). Feynman-Kac formulae.
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Sequential Monte Carlo

o Sequential Monte Carlo (SMC) aka bootstrap particle filter
(BPF) recursively simulates an interacting particle system of
size N

(XL,...,.xN), telo:T]
o Unbiased and consistent marginal likelihood estimator

p(yo:710) = H{ tha tn7}/t)}

t=0

Del Moral (2004). Feynman-Kac formulae.
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Sequential Monte Carlo

o Sequential Monte Carlo (SMC) aka bootstrap particle filter
(BPF) recursively simulates an interacting particle system of
size N

(XL,...,.xN), telo:T]
o Unbiased and consistent marginal likelihood estimator

pyo|0) = H{ tha ”,yt)}

t=0

o Consistent approximation of smoothing distribution

N

1

N > e(Xgr) — /SD(XO:T)P(XO:TD/O:T’ 0)dxo: T
n=1

as N — oo
Del Moral (2004). Feynman-Kac formulae.
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Sequential Monte Carlo

® ®
)

Xo

For time t = 0 and particle n € [1: N]
sample X' ~ g
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Sequential Monte Carlo

® ®
)

Xo

For time t = 0 and particle n € [1: N]
weight W' o< go.0(Xg', yo)
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Sequential Monte Carlo
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For time t = 0 and particle n € [1: N]

. Al
sample ancestor Aj ~ R <W01, e WON> ,resampled particle: X;°
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Sequential Monte Carlo
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For time t = 1 and particle n € [1: N]
n A
sample X{" ~ f19(X;°, ")
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Sequential Monte Carlo

For time t = 1 and particle n € [1: N]
weight W' o< g19(X{', 1)

Jeremy Heng Controlled sequential Monte Carlo 9/ 36



Sequential Monte Carlo

2.4
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X
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For time t = 1 and particle n € [1: N]

. AP
sample ancestor A ~ R <W11, e W1N> , resampled particle: X;*
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Sequential Monte Carlo

° Qo ©
o — @ (0)
(o) .n‘\ - 10)
1o} x @ @00 N @ e ‘\.
® o @ Do x @

Repeat for time t € [2: T].
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Sequential Monte Carlo

Repeat for time t € [2: T]. Note this is for a given 6!
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|deal Metropolis-Hastings

Cannot run Metropolis-Hastings algorithm to sample from

p(0lyo.7) < p(0)p(y0:710)
For iteration i >1

1. Sample 8* ~ q(8(~1) )
2. With probability

L POl r|0r)a(0%, 09 )
" p(

e(i_l))p(yO:T ’0(/—1))q(9(i—1), 0*)

set 00) = 0* otherwise set (1) = 9(i—1)
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Particle marginal Metropolis-Hastings (PMMH)

For iteration / > 1

1. Sample 6* ~ q(9(i_1), )

2. Compute p(yo.7|0*) with SMC
2. With probability

mind 1 P(a*)ﬁ(}’oﬂe*)qw*, e(iil))
’ P(Q(i_l))ﬁ(}’o:Tfe(i_l))qw(i_l)a ‘9*)

set () = 6* and ﬁ(yo;T\H(i)) = p(v0.710"), otherwise set
0() = 901 and p(yo.710D) = p(yo.7]00~1)

Andrieu, Doucet & Holenstein (2010). Journal of the Royal Statistical Society:
Series B.
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Particle marginal Metropolis-Hastings (PMMH)

o Exact approximation:

15 0 .
PR [ e@pt6l50)d0

as m— oo, forany N >1
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Particle marginal Metropolis-Hastings (PMMH)

o Exact approximation:

%gw(ew) = [ @pl007)a0

as m— oo, forany N >1

o Performance depends on the variance of p(yo.7(0)

Andrieu & Vihola (2015). The Annals of Applied Probability.
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Particle marginal Metropolis-Hastings (PMMH)

o Exact approximation:
LS g0
= p(0) = [ (0)p(blyo.T)db
it ©

as m— oo, forany N >1

o Performance depends on the variance of p(yo.7(0)

Andrieu & Vihola (2015). The Annals of Applied Probability.

o Account for computational cost to optimize efficiency

Sherlock, Thiery, Roberts, & Rosenthal (2015). The Annals of Statistics.
Doucet, Pitt, Deligiannidis & Kohn (2015). Biometrika.
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Particle marginal Metropolis-Hastings (PMMH)

o Exact approximation:

1 & ,
2360 [ 0Ol r)de
mia ©
as m— oo, forany N >1
o Performance depends on the variance of p(yo.7(0)

Andrieu & Vihola (2015). The Annals of Applied Probability.

o Account for computational cost to optimize efficiency

Sherlock, Thiery, Roberts, & Rosenthal (2015). The Annals of Statistics.
Doucet, Pitt, Deligiannidis & Kohn (2015). Biometrika.

o Proposed method lowers variance of p(yp.7]0) at fixed cost

Jeremy Heng Controlled sequential Monte Carlo 12/ 36



Neuroscience example: SMC performance

Relative variance of log-marginal likelihood estimator

|Og ﬁ(yO:T|(av 02))
log p(yo.7|(cx, 02))

02|—>Va,r[ ] fix a = 0.99

with N = 1024

55¢ ——N = 1024

log;o(RVAR

0.05 0.1 0.15 0.2

0.2
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Neuroscience example: SMC performance

Relative variance of log-marginal likelihood estimator

log ﬁ(yO:T|(a7 0-2)):| fix @« = 0.99

o? s Var [

log p(yo.7|(cx, 02))

with N = 2048

5.5

—— N =1024
—— N = 2048

].Oglo (RVAR)

0.05 0.1 0.15 0.2

0.2

Jeremy Heng Controlled sequential Monte Carlo 13/ 36



Neuroscience example: SMC performance

Relative variance of log-marginal likelihood estimator

[ a ) 2
0,2 s Var |: og p(yO.T|(0l,0'2)):| ’ fix o = 0.99
log p(yo.7(cx, 02))
with N = 5529
éj:\_
=
-85+
9
95 . | . )
0.05 0.1 0.15 0.2
0.2
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Neuroscience example: SMC performance

Relative variance of log-marginal likelihood estimator
[ a ) 2
> p(yo'T|(a’U2))] . fixa =099
log p(yo.7[(cv, 02))
with N = 5529 vs. controlled SMC

o? s Var [

].Oglo (RVAR)

0.05 0.1 0.15 0.2

0.2
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Mismatch between dynamics and observations

SMC weights samples from model dynamics
Xe| Xe—1 ~ N(aXi-1, 02)

without taking observations into account
—— Transition
121

0.8F
061
0.4r

02F
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Mismatch between dynamics and observations

SMC weights samples from model dynamics
Xe| Xe—1 ~ N(aXi-1, 02)

without taking observations into account

14r-
o X
12+ * X
—— Transition

1k
0.8F
06F
0.4r
02F

. o0 . . . ,
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Mismatch between dynamics and observations

SMC weights samples from model dynamics
Xt|Xt—1 ~ N(aXt—la 02)

without taking observations into account

o X

121 o X

—— Transition
—— Observation
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Mismatch between dynamics and observations

SMC weights samples from model dynamics
Xt|Xt—1 ~ N(aXt—la 02)

without taking observations into account

4
o X
35 o X
—— Transition

3 —— Observation
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Optimal dynamics

o Fix 6 and suppress notational dependency
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Optimal dynamics

o Fix 6 and suppress notational dependency

o Sampling from smoothing distribution p(xo.7|y0.T)

Xo ~ P(X0|y0:T), Xt|Xt—1 ~ p(Xt|Xt—17yt:T)a te [1 : T]
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Optimal dynamics

o Fix 6 and suppress notational dependency
o Sampling from smoothing distribution p(xo.7|y0.T)

Xo ~ P(X0|}’0:T), Xt|Xt—1 ~ p(Xt|Xt—17}/t:T)a te [1 : T]

o Define backward information filter ¢} (x¢) = p(ye.7|x¢),
then

~ u(x0)¥s(x0)
p(xolyo.T) = )

with u(¥§) = [ 1§ (x0)p(x0)dxo, and

f B *
(e yer) = t()f;t(izl;(t)zﬁtl())(t)

with f(07)(xe—1) = [ V¥ (xe) fe(xe—1, X ) dxe
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Controlled state space model

o Given a policy

d}: (¢07"'7¢T)

i.e. positive and bounded functions
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Controlled state space model

o Given a policy

Y = (Yo,...,9¥T)

i.e. positive and bounded functions
o Construct -controlled dynamics

Xo~p?, XelXeo1 ~ RP(Xeq,”), te[l:T]

where

fe(Xe—1, x¢ ) e (xt)
fe(Ye)(xe-1)

by = HO0)Yo(x0) Ly
H ( 0) - M(’l/}o) ) ft ( t—1, t)
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Controlled state space model

o Given a policy

Y = (Yo,...,9¥T)

i.e. positive and bounded functions
o Construct y-controlled dynamics

Xor~p¥, XelXeer ~ £/(Xeor,), tel:T]
where

p () = OO0 gy s vl

(o) fe(¥e) (xe—1)

o Introducing 1-controlled observation model

YelXo.r ~ 8l (Xe,)), te0:T]

gives a Y-controlled state space model
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Controlled state space model

o Define controlled observation densities (gé/’, e ,g$) so
that

pw(XO:leO:T) = p(XO:T‘yO:T)7 Pw()’o:T) = p(yO:T)
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Controlled state space model

o Define controlled observation densities (géb, . ,g?) so
that
7’0( w(YO:T) = p(yo:7)

p Xo;T\}/o:T):P(Xo;T\YO;T), p

o Achieved with
1(1h0)&o(x0, o)1 (1) (x0)

1) _
8o (XO’yO) - ¢0(X0) ’
t\ Aty Vit ft t t
gtq‘p(xh.yt): g(X y)wt—zii,;[) +1)(X)7 te [1 : T_]-]v

" _gr(xT,y7)
gT(XTa}’T) = W
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Controlled state space model

o Define controlled observation densities (géb, . ,g?) so
that
7’0( w(YO:T) = p(yo:7)

p XO:T‘YO:T):P(XO:T‘YO:T)v p

o Achieved with
(o) go(x0, yo)fi(11)(x0)

P _
8o (X07y0) - ¢0(X0) ’
t ty VYt ft t t
gl (xe, ye) = g,y )w:zigb +1)( )7 tel: T-1],
" gr(xT,yT1)

gTixryT) = Y1(x7)

o Requirements on policy ¥
— Evaluating g;p tractable
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Controlled state space model

o Define controlled observation densities (géb, . ,g?) so
that
7’0( w(YO:T) = p(yo:7)

p XO:T‘YO:T):P(XO:T‘YO:T)v p

o Achieved with
(o) go(x0, yo)fi(11)(x0)

P _
8o (X07y0) - ¢0(X0) ’
t ty VYt ft t t
gl (xe, ye) = g,y )w:zigb +1)( )7 tel: T-1],
" gr(xT,yT1)

gTixryT) = Y1(x7)

o Requirements on policy ¥
— Evaluating g;p tractable
— Sampling 1% and f,_fb feasible
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Neuroscience example

o Gaussian policy for neuroscience example

Ve(xt) = exp (—atXt2 — bext — Ct) , (ae, bt ce) € R?

Jeremy Heng Controlled sequential Monte Carlo 18/ 36



Neuroscience example

o Gaussian policy for neuroscience example
Ve(xe) = exp (—apx? — bexe — ), (ae, b, ) € R?
o Both requirements satisfied since
1 = N(—kobo, ko), £ (xe-1,-) = N(ke{ao2xe—1 — b}, ke)

with kg = (1 +2ag)~! and k; = (072 + 2a,) 7!
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Controlled SMC

o Construct 1-controlled SMC as SMC applied to -controlled
state space model

XO ~ :U‘wv Xt|Xf—1 ~ ftw(Xf—h ')7 te [1 : T]
Yel Xo.r ~ g7 (Xe,-), te[0:T]
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Controlled SMC

o Construct 1-controlled SMC as SMC applied to -controlled
state space model

Xo~p¥, XelXeor ~ Y (Xeo1,), te[1:T]
Yt|XO:T ~ g;p(Xta ')a tc [0 : T]
o Unbiased and consistent marginal likelihood estimator

T

pY (vo.1) = H{ th X",yt)}

t=0
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Controlled SMC

o Construct 1-controlled SMC as SMC applied to -controlled
state space model

Xo~p¥, XelXeor ~ Y (Xeo1,), te[1:T]
Yt|XO:T ~ ggp(Xta ')a tc [0 : T]
o Unbiased and consistent marginal likelihood estimator

T

P’ (voT) = H{ th Xnv}’t)}

t=0
o Consistent approximation of smoothing distribution

N

1

N > e(Xgr) = /‘P(XO:T)p(XO:T|YO:T)dXO:T
n=1

as N — oo
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Optimal policy

o Policy ¥ (x¢) = p(ye:T|xt) is optimal since ¢*-controlled SMC
gives
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Optimal policy

o Policy 97 (xt) = p(ye.T|x¢) is optimal since ¢*-controlled SMC
gives

o *-controlled SMC gives independent samples from
smoothing distribution

Xo1 ~ p(x0:T|y0:7), ne[l:N],

and zero variance estimator of marginal likelihood for any
N>1

Y (vo:7) = P(¥o:T)
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Optimal policy

o Policy 97 (xt) = p(ye.T|x¢) is optimal since ¢*-controlled SMC
gives

o *-controlled SMC gives independent samples from
smoothing distribution

Xo1 ~ p(x0:T|y0:7), ne[l:N],

and zero variance estimator of marginal likelihood for any
N>1

P (vo:T) = p(yo:7)
o (Proposition 1) Optimal policy satisfies backward recursion

Vr(xT) = gr(x7, ¥7),
Vi (xe) = ge(xe, ye) fer1(Vig1)(xe), t€[T —1:0]
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Optimal policy

o Policy 97 (xt) = p(ye.T|x¢) is optimal since ¢*-controlled SMC
gives
o *-controlled SMC gives independent samples from
smoothing distribution
Xoor ~ p(x0:Tly0:T), ne[l:N],
and zero variance estimator of marginal likelihood for any
N>1
P (vo.T) = p(yo:7)

o (Proposition 1) Optimal policy satisfies backward recursion

Y1(x7) = gT(XT, ¥7),
Ui (xe) = ge(xe, ye) fera (1) (xe), te€[T—1:0]
o Backward recursion typically intractable but can be
approximated
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Connection to optimal control

o VI = —logf are the optimal value functions of
Kullback-Leibler control problem

inf KL ( p”(xo:
Jnf, (p (x0:7)

p(xo: T|)/0:T))
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Connection to optimal control

o VI = —logf are the optimal value functions of
Kullback-Leibler control problem

p(xo: T|}/0:T))

inf KL ( p* (.
Jnf, (p (x0:7)
o Connection useful for methodology and analysis

Bertsekas & Tsitsiklis (1996). Neuro-dynamic programming.
Tsitsiklis & Van Roy (2001). /EEE Transactions on Neural Networks.

Jeremy Heng Controlled sequential Monte Carlo 21/ 36



Connection to optimal control

o VI = —logf are the optimal value functions of
Kullback-Leibler control problem

p(xo: T|}/0:T))

inf KL ( p* (.
Jnf, (p (x0:7)
o Connection useful for methodology and analysis

Bertsekas & Tsitsiklis (1996). Neuro-dynamic programming.
Tsitsiklis & Van Roy (2001). /EEE Transactions on Neural Networks.

o Methods to approximate backward recursion are known as

approximate dynamic programming (ADP) for finite
horizon control problems
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Approximate dynamic programming

e First run standard SMC to get (Xg,...,X%),n€ [1: N]
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Approximate dynamic programming

e First run standard SMC to get (Xg,...,X%),n€ [1: N]
o For time T, approximate

V7(xT) = gr(x7,¥7)

by least squares

N
dr =argmin}_ {log¢(X}) — loggr(X, yr)}’
n=1
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Approximate dynamic programming

e First run standard SMC to get (Xg,...,X%),n€ [1: N]
o For time T, approximate

V7(xT) = gr(x7,¥7)

by least squares

N
dr =argmin}_ {log¢(X}) — loggr(X, yr)}’
n=1

o Fort € [T —1:0], approximate
Vi (xt) = gt(bet)ﬁerl(’(ﬁ:—i—l)(Xt)

by least squares and 17, ; ~ ?zt+1
N
N . 2
— arg mi log £(X7) — log g (X", y;) — log f X" }
Yt arggneljg;:l { og&(X{) — log ge(X{', yt) — log fey1(e41)(X{)

Guarniero, Johansen & Lee (2017). The iterated auxiliary particle filter.
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Approximate dynamic programming

e (Proposition 3) Error bounds

T
E”@[)At - 7/’:” < Z Ct—l,s—le_év

s=t

where C; s are stability constants and e,{V are least squares
errors
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Approximate dynamic programming

e (Proposition 3) Error bounds

T
E”@[)At — il < Z Ct—l,s—le_cl,v

s=t

where C; s are stability constants and e{V are least squares
errors

o (Theorem 1) As N — 0o, 1) converges to idealized ADP

&T =arg ér:gl]r-lE [{Iogf(XT) - |OggT(XT>YT)}2] )

~ ~ 2
Yr = arg gnei]rgE [{log §(Xt) — log g+(Xt, yt) — log ft+1(¢t+1)(Xt)} ]
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Neuroscience example: controlled SMC

Marginal likelihood estimates of -controlled SMC with N = 128
(a=0.99,02 = 0.11)
Variance reduction = 22 times

N
=
3105 | ==
‘ S
I
3110 + |
s e ‘
&
=}
> -3115
~—
‘R
o0 :
S 3120} }
I
I
-3125 - |
I
-
Iteration 0 Iteration 1
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Neuroscience example: controlled SMC

Marginal likelihood estimates of zz—controlled SMC with N =128
(a=0.99,02 = 0.11)
Variance reduction = 22 times

N
=
3105 | ==
‘ S
I
3110 + |
s e ‘
&
=}
> -3115
~—
‘R
o0 :
S 3120} }
I
I
-3125 - |
I
-
Iteration 0 Iteration 1

We can do better!
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Policy refinement

o Current policy 1/3 defines the dynamics

Xo~p¥, XelXeo1~ £7(Xe_1,), te[l:T]
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Policy refinement

 Current policy ¢ defines the dynamics
Xo~p¥, XelXeer ~ £/(Xeor,), tel:T]

o Further control these dynamics with policy ¢ = (¢o,...¢T)

Xo ~ (u¢)¢, Xe| Xeo1 ~ (ﬁz)d’(xt_l,-), tell:T]

Jeremy Heng Controlled sequential Monte Carlo 25/ 36



Policy refinement

 Current policy ¢ defines the dynamics
Xo~p¥, XelXeer ~ £/(Xeor,), tel:T]

o Further control these dynamics with policy ¢ = (¢o,...¢T)

¢ i\ @
Xor (7)) XlXea~ (£7) (Xew), tet:T]
o Equivalent to controlling model dynamics p and f; with policy

b= (Yo bo,.... 0T bT)
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Policy refinement

o (Proposition 1) Optimal refinement of ¢* current policy 1)

or(xr) = gﬁ(XT,}/T),
Pr(xe) = g;p(xtvyt)f;qﬁ-l(¢t+1)(xt), te[T—-1:0]
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Policy refinement

o (Proposition 1) Optimal refinement of ¢* current policy 1)

or(xr) = gﬁ(XT,}/T),
Pr(xe) = ggb(xt»)’t)f‘tqﬁ.l(¢t+1)(xt), te[T—-1:0]

 Optimal policy ¢* = 9 - ¢*
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Policy refinement

o (Proposition 1) Optimal refinement of ¢* current policy 0
67 (x7) = g7 (x7, y7);
91 (0x) = & (e ) (611) ). tE [T —1:0]

 Optimal policy ¢* = 9 - ¢*

o Approximate backward recursion to obtain qAS ~ ¢*
— using particles from 1-controlled SMC
— same function class F
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Policy refinement

(Proposition 1) Optimal refinement of ¢* current policy 0

07 (xr) = g7 (xr.y7),
Pr(xe) = gf(xt,yt)ﬂﬁl(cbiﬂ)(xt), te[T—-1:0]
o Optimal policy ¢* = 1) - ¢*

o Approximate backward recursion to obtain <;AS ~ ¢*
— using particles from 1-controlled SMC
— same function class F
Run controlled SMC with refined policy 9 - ¢
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Neuroscience example: controlled SMC

Marginal likelihood estimates of controlled SMC iteration 2 with
N =128 (@ = 0.99,02 = 0.11)
Further variance reduction ~ 24 times
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Neuroscience example: controlled SMC

Marginal likelihood estimates of controlled SMC iteration 3 with
N =128 (@ = 0.99,02 = 0.11)
Further variance reduction ~ 1.3 times
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Neuroscience example: controlled SMC

Coefficients (af, b) of Gaussian approximation estimated at
iteration 1 > 1

« Iteration 1

* leration 2 + lteration 2

: +_lteration 3 % R +_lteration 3
] TRTHTNT

13 ¥ ‘

B

h 0 500 1000 1500 2000 2500 3000 h 0 500 1000 1500 2000 2500 3000
t
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Effect of policy refinement

o Residual from ADP when fitting ¥

et(xe) = log () — log g(xe, ) — log for1 (V1) (xe)
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Effect of policy refinement

o Residual from ADP when fitting ¥
ee(x) = log te(xe) — log g (xc, ve) — log frs1(Pe41) ()

o Performance of t)-controlled SMC related to |||
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Effect of policy refinement

o Residual from ADP when fitting ¥
ee(x) = log P (x:) — log g, ¥r) — 108 fer1(Ve+1) (%)

o Performance of ¢-controlled SMC related to ||e;||
o Next ADP refinement re-fits residual (like L?-boosting)

qB:argmmZ{logs(X)—st(X") 08 £ 1 (o)X}

Bithimann & Yu (2003). Journal of the American Statistical Association.
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Effect of policy refinement

o Residual from ADP when fitting ¥
ee(x) = log P (x:) — log g, ¥r) — 108 fer1(Ve+1) (%)

o Performance of ¢-controlled SMC related to ||e;||
o Next ADP refinement re-fits residual (like L?-boosting)

qB:argmmZ{logs(X)—st(X") 08 £ 1 (o)X}

Bithimann & Yu (2003). Journal of the American Statistical Association.
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Effect of policy refinement

o Residual from ADP when fitting ¥
ee(x) = log P (x:) — log g, ¥r) — 108 fer1(Ve+1) (%)

o Performance of ¢-controlled SMC related to ||e;||
o Next ADP refinement re-fits residual (like L?-boosting)

e = arg min Z {log €(X7) — e(X?) — log £, (dee) (XD}
Bithimann & Yu (2003). Journal of the American Statistical Association.

This explains previous plots!
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Effect of policy refinement

Coefficients of policy at time 0 over 30 iterations
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Effect of policy refinement

Coefficients of policy at time 0 over 30 iterations
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Iterations Iterations

(Theorem 2) Under regularity conditions

o Policy refinement generates a Markov chain on policy space
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Effect of policy refinement

Coefficients of policy at time 0 over 30 iterations

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Iterations Iterations

(Theorem 2) Under regularity conditions
o Policy refinement generates a Markov chain on policy space

o Converges to unique stationary distribution
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Effect of policy refinement

Coefficients of policy at time 0 over 30 iterations

—~—N-s
——N =1024

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Iterations Iterations

(Theorem 2) Under regularity conditions
o Policy refinement generates a Markov chain on policy space
o Converges to unique stationary distribution

o Characterization of stationary distribution as N — oo
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Outline

@ Bayesian parameter inference
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Neuroscience example: PMMH performance

Trace plots of particle marginal Metropolis-Hastings chain

1 014
0.999
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0.996 041
3 0.99%5 o
0994 o1
0993 0.09
0.992
0.08
0991
0.99 0.07
200 400 600 800 1000 0 200 400 600 800 1000
Iterations Iterations

cSMC: N = 128, 3 refinements
Each iteration takes 2-3 seconds
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Neuroscience example: PMMH

Autocorrelation function of particle marginal Metropolis-Hastings

chain
Parameter a Parameter o°
1 1
< BPF . < BPF
0.8 . 08| *
0.7 0.7 )
0.6 06
O o5 Q o5
0.4 . 04 x*‘x
0.3 ", 03 x‘n!x
02 { 02 m xxxxxx
ot [T, e, ot [T T
0 hhhn ....... T s . HHHHHWW
0 10 20 30 40 50 0 10 20 30 40 50
Lags Lags

100,000 iterations with BPF (3 days)
~ 20,000 iterations with cSMC (1/2 day)
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Neuroscience example: PMMH

Autocorrelation function of particle marginal Metropolis-Hastings

chain
Parameter o Parameter o
1 1
~ BPF . = BPF
o8l 08|
07ppx orf|]”
0.6 x .
& . =
Q osHt 7, QO os )
0.4 . 04 x*‘x
03 ‘ T, 03 ‘ *nx‘x
02 T oot [[|[I[[l1. T,
ot [T, e, ot (I Tt T
0 hhﬁm ....... T . HHHHHWTTTWW
0 10 20 30 40 50 0 10 20 30 40 50
Lags Lags

100,000 iterations with BPF (3 days)
~ 20,000 iterations with cSMC (1/2 day)

~ 2,000 iterations with cSMC + parallel computation (1.5 hours)
Middleton, Deligiannidis, Doucet & Jacob (2018). Unbiased Markov chain

Monte Carlo for intractable target distributions.
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Outline

© Extensions and future work
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Static models

o Extension to static models

m(0) o p(0)p(y|0)™

where 0 = g < --- < AT =1
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Static models

o Extension to static models

m(0) o p(0)p(y|0)™

where 0 = g < --- < AT =1
o SMC samplers introduces potential
7Tt(9t)Lt—1(9t,9t—1)
7Tt—l(et—l)’\/lt(et—l, 9t)
Del Moral, Doucet & Jasra (2006). JRSSB.

Gt(et—laet) =
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Static models

o Extension to static models

m(0) o p(0)p(y|0)™

where 0 = g < --- < AT =1

o SMC samplers introduces potential
7Tt(9t)Lt—1(9t79t—1)

7Tt—1(91r—1)’\/’t(6’t—17 9t)
Del Moral, Doucet & Jasra (2006). JRSSB.

o Annealed importance sampling

Gt(et—laet) =

Tt

M; is me-invariant, L1 is reversal of My = G¢(6:-1) = (6:-1)

Tt—1
Jarzynski (1997); Neal (2001); Chopin (2004).
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Static models

o Extension to static models

m(0) o p(0)p(y|0)™

where 0 = g < --- < AT =1

o SMC samplers introduces potential
ﬂ't(et)Lt—l(etﬂgt—l)

7Tt—1(9t—1)Mt(0t—17 9t)
Del Moral, Doucet & Jasra (2006). JRSSB.

o Annealed importance sampling

Gt(et—laet) =

Tt

M; is me-invariant, L1 is reversal of My = G¢(6:-1) = (6:-1)

Tt—1
Jarzynski (1997); Neal (2001); Chopin (2004).
o We consider M; as unadjusted Langevin algorithm (ULA) and
Lt—l(etaet—l) = Mt(et,‘gt—l)
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Static models

o Optimally controlled SMC gives independent samples from
p(f]y) and a zero variance estimator of p(y)
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Static models

o Optimally controlled SMC gives independent samples from
p(f]y) and a zero variance estimator of p(y)

o Policy for Cox point process model
¢t(9t_1, 91-) = exp {—HtTAth — 9tht — ¢t + ()\t - )\t—l) IOg P(Y|9t—1)}

for Ay € R4 diagonal, by € RY, ¢; € R
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Static models

Model evidence estimates of Cox point process model in 900
dimensions
Variance reduction ~ 370 times compared to AlS
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Concluding remarks

o Extensions:
— Online filtering
— Relax requirements on policies
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Concluding remarks

o Extensions:
— Online filtering
— Relax requirements on policies

o Controlled sequential Monte Carlo.
Heng, Bishop, Deligiannidis & Doucet. arXiv:1708.08396.
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Concluding remarks

o Extensions:
— Online filtering
— Relax requirements on policies

o Controlled sequential Monte Carlo.
Heng, Bishop, Deligiannidis & Doucet. arXiv:1708.08396.

o MATLAB code:
https://github.com/jeremyhengjm/controlledSMC
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