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State-space models
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{X¢,t > 1} is a Markov chain

X1~ po (-) and Xe| (Xe—1 = x¢—1) ~ fy (:|xt—1) .

We only have access to a conditionally independent process { Y, t > 1}

Y| (Xe = xe) ~ go (-] xt) -
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The Metropolis-Hastings algorithm

We are interested in sampling from the posterior distribution of 0 given yi.,:

p(Oly1:n) < n(0)po(y1:n)

where 7(0) is the prior density for 6.

Metropolis-Hastings (MH)
Given 6,
1. Propose 6" ~ g(9,-).
2. Accept ' with probability
- {17 q(6’,6) n(6") po (y1n) } ,
q(0,0") n(0) po(y1:n)

otherwise reject and keep 6.
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Intractability

The MH acceptance ratio:

o A0 0() po (1)
099 = 2@.6) n(@) polyen)

Intractable likelihood:

po(yin) = / pe(x1)ge(y1|x1) Hge()/i|Xi)f9(Xf|Xf71)dX1:n

i=2

There are effective methods to estimate py(yi1.n) unbiasedly, based on
sequential Monte Carlo (SMC), aka the particle filter.
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Pseudo-marginal approach for state-space models

Replace pg(y1.n) with an non-negative unbiased estimator obtained from SMC.

E[po(y1:n)] = po(y1:n), 0 € ©.

Pseudo-marginal MH (Andrieu and Roberts, 2009; Andrieu et al., 2010)
Given 0 and po(y1:n),
1. Propose 0" ~ q(#, ).
2. Run an SMC algorithm to obtain pg/ (y1:n)-
3. Accept (&', por (y1:n)) with probability
min {1’ q(¢’,0) n(0") bo! (ﬂn)}
q(6,0") n(0) po(yrn)

otherwise reject and keep (6, po(y1:n))-
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Scalability issues with pseudo-marginal algorithms

In pseudo-marginal algorithms, one estimates pg(y1:n) and pgs (y1:n)
independently.

> For fixed number of particles, the variability of pg(y1:n) increases with n,

> As 0’ — 0 the variability in pgs(y1:n)/Po(y1:n) does not vanish.

Variability of the acceptance ratio

q(0',0) n(0") per (y1:n)
q(0,0") n(0) po(yrn)

has a big impact on the performance (Andrieu and Vihola, 2014, 2015).

Alternatives:
> Correlated pseudo-marginal algorithm of Deligiannidis et al. (2018).
> Estimate py:(y1:n)/Po(y1:n) directly.
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Estimating the likelihood ratio

Shorthand notation: Let x = x1.n and y = y1.5.

Given 0 and @', choose § € ©, e.g. § = (0 +6')/2.

> If R; is a Markov transition kernel leaving p;(-|y) invariant, then

Por(y) _ pa Pe' () //Pe’ XD p(xly )Ry (. x' )’

po(y)  po(y) ps(y) ps(x’,y)

Variance reduction (Crooks, 1998; Jarzynski, 1997; Neal, 2001, 1996).

> If further we have reversibility

ps(x|y)Rs(x,x") = ps(x'|y)Rs(x', x),

then we have a valid algorithm for p(6, x|y) o n(0)ps(x,y) (Neal, 2004).
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AlS based MCMC with one-step annealing

AIS MCMC for SSM

1. Given (6,x), sample 8’ ~ q(4, ).
2. Let = (0 +6')/2 and sample X’ ~ Ry(x,-).
3. Accept (¢, x") with probability

i {1 q(60',0) 1(6") ps(x,y) p9/<xf,y)} |

"q(0,0") 1(0) po(x,y) ps(x'sy)

otherwise reject and keep (0, x).

36



Reversible kernel: conditional SMC (Andrieu et al., 2010)




c¢SMC and path degeneracy
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cSMC with backward sampling (Whiteley, 2010)

c¢SMC(M, 6, x): ¢SMC at 6 with M particles conditional on the path x.

Let R)(x,-) be the Markov kernel of cSMC(M, 6, x)+backward sampling.

> RM(x,-)is a po(x|y) invariant Markov kernel (Andrieu et al., 2010).

> More importantly, R}" is reversible (Chopin and Singh, 2015).
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Numerical experiments

Non-linear benchmark model
The latent variables and observations of the state-space model are defined as

Xe = Xe—1/2 +25X;—1/(1 + X?_1) 4+ 8cos(1.2t) + Vi, t>2,
Yi = X2/204+ W;, t>1,

where X; ~ N(0,10), Vi & N(0,02), Wi "% N(0,02).

The static parameter of the model is then

6 = (ov,0%)-
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Comparisons with fixed N and varying n

M = 200 for MwPG (Lindsten et al., 2015) and AIS MCMC and M = 2000 for

PMMH.

Integrated autocorrelation (IAC) times averaged over 200 runs:

AIS MCMC cSMC+BS MwPG PMMH
oy on oy | ow oy o
n = 1000 17.7 235 209 | 29.4 71.3 59.2
n = 2000 17.5 23.7 20.6 | 29.4 759.0 757.9
n = 5000 17.6 23.7 20.7 | 29.6 | 5808.6 | 5663.5
n=10000 | 17.6 24.0 20.7 | 30.2 | 7368.1 | 7170.9
IAC times for MwPG with M = 200 IAC times for AIS MCMC with M = 200 IAC times for PMMH with M = 2000
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Comparison on a ‘sticky’ model (Pitt and Shephard, 1999)

Xt = 0.98Xt_1 + Vt7 Vt ~ N(070.02), Yt = Xt + M + Wt, Wt ~ ./\/‘(07 01)7

For this comparison, Ry ¢ x(x,-) = g ¢’ « is used.

IAC times averaged over 100 runs for each for the standard deviation o, of the
symmetric RW proposal.

n=1000 n=5000 n = 10000 n = 50000
5000 r 5000 5000 5000
AIS MCMC C-SMC-BS with K = 1
——— MwG 4000 4000 / 4000
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Preliminary theoretical results

Considered the situation

po(yn) == [ [ Polre) = H/pe(Xr,yr)er
t=1 =1 /X

We make some assumptions including

1.
2.

© C R is compact,

For any x,y € X XY, 6 — log py(x,y) is three times differentiable with
derivatives uniformly bounded in 0, x, y.

0 =0+ 5 with € ~ qo(-), a symmetric distribution with density
bounded away from 0.

0 _ 0+0'
f =2,

AIS MCMC that uses a product of pg(:|y)-invariant reversible Markov
transition kernels Rév”; with

im sup IRY () — pol- [ )l = 0.
M—00 (9 x,y) €O XX XY ’y( )
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Some asymptotics

§= {Xt,X{}tZL w={Yi}e>1,

Ey: conditional expectations given observations w

Fa(0,0'; &) estimated accepted ratio used in AIS MCMC.,
ra(6,0"): The exact acceptance ratio of the MH.

vV v vy
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Some asymptotics

§= {Xt,X{}tZL w={Yi}e>1,

Ey: conditional expectations given observations w

Fa(0,0'; &) estimated accepted ratio used in AIS MCMC.,
ra(6,0"): The exact acceptance ratio of the MH.

vV v vy

Theorem

Under some assumptions... P—a.s., for any g9 > 0 there exist ng, Mo € N such
that for any sequence {M,,} e NN satisfying M, > My for n > no,

sup [E; [min{l,?,,(@,@',{)}] —EY [min{l,r,,(@,ﬁ/)exp(Z)}” < &o,

n>ng
where

2 /
2(0.0.0)~ N (-ZG0. 0.1

02(6,0') :i= Ok, [ log ps (X|Y)], and 6 = (6 + ¢)/2.
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More general AIS MCMC with K > 1 intermediate steps

» Consider
Poor .k = {m000ky, k=0,...,K+1}
where
WG,G’,k(X) = P9k(X|Y) X Pek(XJ’) = ’Ye,e/,k(x),
with annealing

Ok = Ok /(K +1) +6'(1 — k/(K + 1))
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More general AIS MCMC with K > 1 intermediate steps

» Consider
Poor .k = {m000ky, k=0,...,K+1}
where
7"9,9’,k(x) = P9k(X|Y) X Pek(XJ’) = ’Ye,e/,k(x),
with annealing

Ok = Ok /(K +1) +6'(1 — k/(K + 1))

» Also, consider the associated Markov kernels

%g,gl,K = {Rg’g/J(ZX"XX@"—)[O,].], k:1,7K}
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More general AIS MCMC with K > 1 intermediate steps

» Consider
Poor .k = {m000ky, k=0,...,K+1}
where
o0,k (X) == Po, (x]y) < po, (x,¥) = ve,6n k(X),
with annealing

Ok = Ok /(K +1) +6'(1 — k/(K + 1))

» Also, consider the associated Markov kernels

%g,gl’K = {Rgﬂg/7kZX"XX®"—>[O,1], k:1,7K}

> In this case the estimator is of the form

Y0,07 k41 (Xk)
o Yo,00 &k (Xk)

where x1 ~ Ry o/ «(x0,-) and xk ~ Ry o/ k(xk—1,-), k=2,..., K.
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More general AIS MCMC with K > 1 intermediate steps

» Consider
Poor .k = {m000ky, k=0,...,K+1}
where
o0,k (X) == Po, (x]y) < po, (x,¥) = ve,6n k(X),
with annealing

Ok = Ok /(K +1) +6'(1 — k/(K + 1))

» Also, consider the associated Markov kernels

%Q,QI’K = {Rgﬂg/7kZX"XX®"—>[O,1], k:1,7K}

> In this case the estimator is of the form

Y0,07 k41 (Xk)
X
e Yook (Xk)
where x1 ~ Ry o/ «(x0,-) and xk ~ Ry o/ k(xk—1,-), k=2,..., K.
With 0, xx being the proposal, we can design a correct algorithm.
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Response to increasing budget: fixed n and varying M, K

We fixed n = 500, run each combination 200 times. On each row:
» MCMC AIS with My = 500 particles K intermediate steps,
» MwPG and PMMH algorithms for M = KM, particles.

AlIS MCMC cSMC+BS MwPG PMMH

oo oo o, | oy o; ou
K=1 | 177 20.9 229 | 29.8 | 161.9 | 309.3
K=2 | 145 15.7 22,1 | 28.4 | 418 43.5
K=3 | 139 15.6 228 | 28.1 | 226 21.6
K=4 | 15.0 15.9 20.0 | 31.1 | 19.0 19.3
K=5 | 134 14.9 20.4 | 25.8 | 18.9 175
K=6 | 13.0 131 20.8 | 26.3 | 16.9 16.0
K=7 | 13.7 12.4 18.3 | 26.5 | 16.6 141
K=8 | 13.7 12.6 227 | 276 | 143 13.7
K=9 | 120 12.2 219 | 298 | 16.3 14.0
K =10 | 135 13.7 22.7 | 26.7 | 14.9 14.0
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Using all paths of cSMC

> Law of k := (ki, ..., ka) in backward sampling conditional on ¢ = x{:l,;M):

bk | €)
Resulting path: ¢®.

> For any 0,6',0 € ©, and paths x, x" € X", define

. DN q(e/ve) T](el) P@/(X/7y)P§(X,y)
w0 050) = 2G5y m@) paly)polery)

Theorem: Unbiased estimator of acceptance ratio

Let x ~ pa(:]y), ¢|x ~ cSMC(M, g,x),

The expectation
Z ¢é(k|C)FX7C(k)(0,0/;6)
ke[M]n

is an unbiased estimator of r(6,6’).
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Sample 6’ ~ q(0,-) and v ~ 1/(0,1)

Set 6= (0+6)/2.

if v <1/2 then B

Run a ¢SMC(M, 6, x) to obtain (.

Set x’ = ¢ w.p. bg(KIC)F, a0 (60, 6; 6).
Accept (0, x’) with probability

min < 1, " 6(kIO), 00 (6,0'; )

ke[M]n

otherwise reject.
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10

Sample 6’ ~ q(0,-) and v ~ 1/(0,1)
Set (= (04 0')/2.
if v <1/2 then

else

Run a ¢cSMC(M, 6, x) to obtain ¢.
Set x' = ¢ w.p. o ¢5(k[¢)F, OIS 0).
Accept (0, x’) with probability

min < 1, " 6(kIO), 00 (6,0'; )

ke[M]n

otherwise reject.

Run a ¢SMC(M, é,x) to obtain (.
Set x’ = ¢ with probability ¢;(k|¢)
Accept (0, x’) with probability

-1

min < 1, 1> 6(KIO R 00 (¢/,6: )

ke[Mm]n

otherwise reject.

25 /36



Theoretical results

Theorem: Exactness of the algorithm

The presented algorithm targets p(0, x|y).

Corollary (to the exactness of the algorithm)

Let x ~ po(-|y), ¢|x ~ cSMC(M, 8, x).
Let x" be drawn with backward sampling conditional upon ¢.

Then,
-1

> 6a(kIQ)py 00 (8',6:0)

ke[m]n

is an unbiased estimator of r(6,6’).
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Computation load

The computations needed can be performed with a complexity of O(M?n)

»> Acceptance ratios can be performed by a sum-product algorithm.

> Sampling a path C(k) can be performed with a forward-filtering
backward-sampling algorithm.

However, (’)(Mzn) can still be overwhelming, especially when M is large.
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Reduced computation via subsampling

> Let u(l), e u™ pe independently sampled paths via backward sampling
conditional on (.

> We can still target p(6, x|y) using
L&
72 B (6,6:6),
i=1
which is an unbiased estimator of r(6,6").

Computational complexity: O(NMn) per iteration instead of O(M?n);

Moreover, sampling N paths can be parallelised.
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Sample 6’ ~ q(0,-) and v ~ U(0,1).

Set 6= (0+6)/2.

if v <1/2 then B

Run a ¢SMC(M, 6, x) to obtain particles (.

Draw N paths with backward sampling, u(l), ey uf
Set x' = uld) w.p. Feutn (0,6 6)

Accept (0, x”) with probability

N)_

N
: 1§ P oy A
min I,N rX’u(;)(G,O,H) ;
i=1

otherwise reject, and keep (0, x).
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Sample 6’ ~ q(0,-) and v ~ U(0,1).

Set 6= (0+6)/2.

if v <1/2 then B

Run a ¢SMC(M, 6, x) to obtain particles (.

Draw N paths with backward sampling, u(l), ey uf
Set x' = uld) w.p. Feutn (0,6 6)

Accept (0, x”) with probability

N)_

N

ZX (6,0';0) v ;

otherwise reject, and keep (0, x).

else

Run a ¢cSMC(M, 8, x) to obtain particles (.
Set uM) = x

Accept (0, x”) with probability

-1

N
7 qu(leee) ,
i=1

otherwise reject, and keep (0, x).

Draw N paths with backward sampling x’, u®@ y® ),
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Theorem: Exactness

The presented algorithm targets p(6, x|y).

Corollary (to the exactness of the algorithm)

Let x ~ po(-|y), ¢|x ~ cSMC(M, 8, x).

Let u™ = x and x', u?, u(3), ce u™ pe N independent paths sampled with

backward sampling conditioned on (.

Then

1< -

N Z ;Xl,u(i) (9/7 6; 0)‘|
i=1

is an unbiased estimator of r(6,6’).
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Numerical example: 1AC time

IAC times of algorithms, n =500, M = 100
24 F T T
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Numerical example: convergence vs IAC time
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w

ensemble average for o
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Discussion

> Discussed AIS based MCMC for state-space models.
“Scalable Monte Carlo inference for state-space models”, arXiv:1809.02527
> Discussed the use of multiple, (or all possible) paths from ¢SMC for AIS
based MCMC for state-space models.
> If done in parallel, using multiple paths from cSMC can be beneficial in
terms of
> convergence time
> IAC time (?)
» The methodology presented for state-space models are a special case in a
more general framework:
> Designing MH algorithms with asymmetric acceptance ratios can be
useful in other models such as
> general latent variable models

> trans-dimensional models
> doubly intractable models

“On the utility of Metropolis-Hastings with asymmetric acceptance ratio” ,
arXiv:1803.09527
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Thank you!
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