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This work deals with with communication in discounted repeated games with
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The approach in this paper is presents a communication extension of a repeated
game with imperfect private monitoring that is different from those in the previ-
ously cited literature and relies on the seminal results for games with imperfect
public monitoring of

e Fudenberg, Levine and Maskin, Econometrica, 1994

e Abreu, Pearce and Stacchetti, Econometrica , 1990

and the mechanism design machinery developed in

e MclLean and Postlewaite, Econometrica, 2002



Repeated games with imperfect public monitoring: Basics
The set of players: N ={1,...,n}.

Player 7 chooses an action from a finite set A;. An action profile is denoted by
a=(ai,...,an) € M;A; := A.

Actions are not publicly observable, but the players observe a public signal from
a finite set Y.

The probability that y € Y is realized given a € A is denoted 7 (y|a) .



Player i's stage game payoff is u; (a;, y)

Player ¢'s expected stage game payoff is

gi(a) =) u;(a;,y) m(yla).
Y

This stage game is denoted by (G, ) where G = (N, A, g).
We normalize payoffs so that each player’'s pure strategy minmax payoff is O.

The set of feasible payoff profiles is

V(G) =co{g(a)la € A}
and

VY G)={veVv>0}

is the set of feasible, strictly individually rational payoff profiles.



Histories and strategies: imperfect public monitoring

1) 7

' : . .t 0 t—1 t _ At
Private history for player ¢ at stage ¢ : h; = (a- ceey Qg ) € H; = A;

Public history at stage t: h! = (yo, ...,yt_l) € H' = Y with HZQ = HO .=

{0}

A pure strategy for player ¢ : a; = {a%}zo, with ozg ; Hf x H' — A,.



Payoffs and equilibria: Imperfect public monitoring

A pure strategy profile induces a probability measure on A®°. Player i’s dis-
counted expected payoff given a and § € (0,1) is

Wl = (1-6)3. 88 [g; (') |a].
t=0

We denote this repeated game associated with (G, ) by G2° (6) .
A strategy is public if it only depends on H?.
A profile of public strategies is a perfect public equilibrium (PPE) if, after

every public history, the continuation (public) strategy profile constitutes a
Nash equilibrium (Fudenberg, Levine, and Maskin ).



Given a4 and history hi+1 = (hl,y) € HF1 = H x Y, let w® (h,y)
denote player i's continuation payoff from period t + 1.

Definition: A pure strategy profile « is a perfect public equilibrium (PPE) for
GS° (8) if for all ht € HY,t > 0, a # o (ht) ~and i € N.

(1—0)g; (o (h')) +0 Z & (h',y) m (yla (h'))
> (1-6)g;(af,at; (R )) 46 Z & (hh,y) 7 (ylaj, ol (n'))
Remark: PPE reduces to PE in games Wlth perfect monitoring.

Let F/(0) denote the set of PPE payoff profiles.



FLM prove a PPE folk theorem when 7 satisfies certain "distiguishability"

conditions.

Definition (informal): 7 satisfies distinguishabilty if, given any pair of players
i and j, (i) a deviation by either player is statistically detectable and (ii) a
deviation by one player can be distinguished from a deviation by the other.
FLM refer to these as individual full rank and pairwise full rank.

Theorem (FLM): Suppose that (G, 7) satisfies distinguishability. If the feasible
set V*(G) has non-empty interior, then for every compact, convex smooth set
W C intV*(G), there exists § € (0,1) such that, W C E(J) for each
6 € (4,1).



Repeated Games with Imperfect Private Monitoring:Basics
The set of players: N ={1,...,n}.

Player 7 chooses an action from a finite set A;. An action profile is denoted by
a = (al, ooy an) c HZAZ = A.

Actions are not publicly observable, but the players observe a private signal from
a finite set S;. A private signal profile is denoted s = (s1, .., sn) € ;S; := S.

The probability that s € S is realized given a € A is denoted p (s|a) .

Let

b (Si7 8_7;|CL)
p(s—ila,s;) =
p(si|a)

denote the conditional probability of s_; € S_; given (a, s;) .




Player i's stage game payoff: v; (a;, s;)

Player ¢'s expected stage game payoff is

g9; (@) = v (a;, ;) p(s|a)

We denote this private monitoring stage game by (G’, p), where G’ = (N, A, ¢') .

Let V (G’) and V* (G’) be the feasible payoff set and the set of individually
rational and feasible payoffs for G’. Discounted average payoffs are defined as in
the public monitoring case. Let Gg)oo (0) be the corresponding repeated game

with private monitoring given ¢ € (0,1).



Histories and strategies: Imperfect private monitoring

private history for player i at stage ¢:

hi e H! = (ag, a7l Sg_l) e Al x St

7 29

A pure strategy for player 7 : a; = {ag}oo , with ozg ; Hf — A;.

Set of pure strategies for player 7 : X;.

Strategy profile: o = {a;};c vy € L 1= XX,



Public Communication extension
We consider a communication extension of the game (G’, p).

A public coordination device is a function ¢ : S — A(Y') where Y is a finite
set of public signals.
A public communication device for (G', p) is a collection
¢ = {¢t: K €Y' t>0}
where each ¢ : S — A(Y') is a public coordination device.
Note: The stage t output of the public communication device only depends on

the history h! € Y of public signals up to stage t. Consequently, ® is special
type of autonomous ccommunication device in the sense of Forges.

How does play proceed in the public communication extension?



t=0:
e At the start of period 0, players choose an action profile a® € A

e Players then receive a private signal profile s9 € S with probability p(-\ao) S
A(S)

0

059), i makes a public report T

e Contingent on (a7, s;

e Given the report profile 9, the public communication device chooses a public
signal 40 according to probability ¢(-|r9).



At the start of period ¢ > 1, we have;

public signal history: ht € Ht = Y?

public reporting history: h% € H% — St
private history for player 4: h% S H,f = A§ X S,f

Pure strategy for player i: o; = (o4, p;) where o; =
(pg,pzl, ...) and for each ¢

odf:HitthxH%—>Az-

is 2's "action strategy" and

pﬁ:foHtxH%xAixSi%Si



t > 1:

. . . . . . . t . . . t .
period ¢ begins with i-private histories h;, a public signal history h* and a public
reporting history h%

e At the start of period ¢, player ¢ chooses an action profile a® = at (hf, ht, h%)

e Players then receive private signal profile st according to the distribution
p(-la’) € A(S).

e Player ¢ makes a public announcement r,f — pg(hfg, ht, ht ,afj, sﬁ)
e Given the report profile rt, the public communication device chooses a public

signal y! according to the probability ¢p(+|r?).



Strategies and payoffs: The public communication extension

As in the repeated game without communication, pure strategies induce prob-
ability measures on A°°.

Player i' s discounted expected payoff in G/2>° (6, ®) is

wd (®) = (1 —6) i)th g; (') |o, ®]
t=



A strategy o; = («y, p;) for player i is truthful if player ¢ reports her private
signal truthfully whenever she played according to «; in the same period, i.e.,

ot (hg, ht, b, o (hg, ht. th) ,si) — s,

for every (h;‘:, ht, h%) and s;. Note that we allow players to lie immediately
after a deviation in action. That is, we allow pg (hf;,ht,ht ,ai,si) #* s; if
a; # o (hzg, ht, htR).

A strategy o; = (o, p;) is public if at only depends on h! = (yo, s yt_l) S
H' and pg depends only on (ht, a;, si).



A strategy profile o is n—uniformly strict perfect public equilibrium with com-
munication if two conditions are satisfied:

First, player i would lose at least 1 in term of discounted average payoff at any
stage when she deviates from the equilibrium action. In particular,

(1—-9)g; (Oé ( )>+5Z [Z ( ,y) Ont (y|s4, S _Z)] p(s|at (ht))—n>

seS lyeY
(1—6)gi (aial ())+5z{zw( y) bpe (vl filsi), sz)]p(sm, i (')

forallhtEHt,tZO,ai;éoz§<ht),fZ-:Si—>S7;andi€N.



Second, for every public history h!, after players have chosen the equilibrium
action profile af (ht) in stage t, no player has an incentive to misreport his
private signal to the public communication device: for each s; € .5;,

> {Z w? (h',y) dpe (ylsi s—i) | p(s—ilal ('), s;)
y

S—1

> ) {Z wf (h',y) oyt (ylsh,s—i) | p(s_ila’ (h') )
y

S_j

This incentive compatibility requirement is the main technical hurdle to be
overcome.

If IC were not an issue, i.e., if players always submitted honest public reports,
then a folk theorem is straightforward by applying the ideas in FLM.



Now we have the ingredients for a proof strategy for a folk theorem for the

private monitoring game (G’, p).

Step 1: Choose v € intV*(G"). Suppose that ¢ is a public coordinating device
and assume that players’ public announcements of their signals are truthful at
each stage. If p? satisfies the FLM distinguishability conditions, then v is
enforceable as a PPE of a game with imperfect public monitoring where m =

p?.

Step2: The device ¢ can be perturbed at each history induced by the PPE of
step 1 so as to ensure honest announcements at each history. These perturba-
tions of ¢ define a public communication device ® = {¢; : ht € Yt t > 0}
that yields the desired folk theorem.



Step 2 can be interpreted as an implementation problem where
Y = public signals = set of social outcomes
w;(y) = i's continuation payoff = player i's evaluation of outcome y € Y

¢ = social choice rule that chooses outcome y € Y with probability ¢(y|s)
when players report the profile s.

The SCR is IC if
1> wi(y) (b(ys—i,sz‘)] p(s—_sla,s3) > D> 1D wi(y) d(yls—s, s;)| p(sla, s;).
S| vy S—i | Y

How do we implement the SCR ¢ without transfers?



Replace ¢ with a SCR that is "close" to ¢ and then identify conditions under
which the perturbed SCR is IC.

With prob 1 — A, y is chosen with prob ¢(y|s).

With prob %, one player is chosen for "scrutiny".

Suppose player j is chosen for scrutiny,

Then

with prob 1) (a, s), y is chosen with prob fz;(y) where suppfi; = arg max,s w;(y’)

with prob 1—1;(a, s), y is chosen with prob Hj(y) where suppy; = arg min, w;(y')



This yields a perturbed SCR ¢* where

0y [0 9 (y) + (1 — i(a, 8)), (v)]

P Myls) = (1= N)(yls) + A

=

n

#'(ys)
= (1= XN)(yls) + A (yls)
To ensure IC of the perturbed SCR/coordinating device &, two ideas come
into play.



A player’'s incentive to misreport should diminish as the player’'s perceived in-
fluence on the public coordinating signal ¢ becomes “smaller.”

The following index measures the size of this influence for each player.

Definition: Player i's informational influence ’U,Eb (si,s;,a) given a public

coordinating device ¢ and (SZ', s;, a) € 9; x S; X Ais defined as

of (sirshra) = 20 ||6 Clsiys—i) — ¢ (“Ish, s—i)

p(s_ila, ;).

If vf (si,s;,a) is small, then conditional on (s;,a), player ¢ 's conditional
expected "influence" on the public signal distribution is small.



Small informational influence alone is not enough to induce honest reporting.
Since players may still have a small but positive incentive to misreport their

signals

We need to introduce some scheme to punish dishonest reporting. To that end,
define
p?(yla) = > ¢(yls)p(s|a)
seS
and

p?(yla,s;) = > d(yls_i, si)p(sla, s;)
S_;€5_;



Given a public coordinating device ¢ : S — A(Y') and (SZ', sk, a) € 5 xS;xA

_ 2
A? (s0: ) = min [16° (la, ) = (4o, 5|

This measures the extent to which player ¢'s conditional beliefs regarding the
public coordinating signal are different given s; and st- (assuming honest re-
porting by others).

We use this variation of player ¢'s beliefs to induce her to report her private
signals truthfully.

Given a public coordinating device ¢ : S — A(Y), the measure p?is ~v—regular
for ¢ if
vgb (87;, 82, a) < 7/\? (si, sg, a)

for all u, s; € S;, st € Sj,a € Aand i € N.



Lemma: If (G’ p) is a private monitoring game and if A € (0,1), then there
exists a v > 0 such that the following holds: if p? is ~v—regular for some ¢,
then for any a € A and any payoff function w : Y — R", there exists a
public coordination device (bg,w : S — A(Y) such that truthful reporting is
a Bayesian Nash equilibrium for the one-shot information revelation game with

public coordinating device ¢ ., = (1 — A)¢ + Ad), .



Combining these ideas, we obtain the following result:

Theorem: Fix any private monitoring game (G, p). Suppose that intV*(G') #
@ and there exists ¢ : S — A(Y) such that p? is distinguishable. Then there

exists a v > 0 such that, if p? is ~v—regular, then the following holds: for every

convex,compact, smooth set W C intV*(G’), there exists an n > 0 and a

d € (0,1) such that, for each § € (4,1) and for each v € W, there exists a

public communication device ® and a (1 — §) n—uniformly strict truthful PPE

of G;>° (9, @) with payoff v.

Remark: Distiguishability and ~v—regularity are properties of p? determined
by ¢. When such a ¢ exists, it "works" for all convex,compact, smooth set
W CintV*(G).



To state the theorem precisely, we need to define the distinguishability condi-
tions. Given p and ¢, let

Tip(b (a) = co {p¢ (-|a;-, a,_z-) — p? (-|a) : a; # ai}
and

fzpfb (a) = co {Tf¢ (a) U {O}}

We say that p? satisfies distinguishability at a € A if for each pair of distinct
players 2 and 7, the following conditions are satisfied:

0¢ 17" (a) UT? (a)
77" (a) N 17" (a) = {0}
(-7 (@) T (@) = {0}



The first condition implies that a deviation by ¢ from a; to aé is statistically

detectable. The second and third conditions implies that a deviation by player
/

; are statistically

¢ from a; to a,’L- and a deviation by player j from a; to a
distinguishable.



When are these conditions satisfied ?

Suppose that S; = Y for each i and that

p(sla) = > [ a(sily)m (yla)
yeyY 1
where q;(y|y) > B for any y and i. Let ¢p; be the “majority rule”, which is
a public coordination device that chooses y reported by the largest number of

players (with some tie-breaking rule). Then for every -, there exists a 3 such
that

p?M (yla) = 3 dpr(yls)p (sla) = 3 dar(yls) -

seS seS yeY

1 a (sﬂy)] r (yla)

1=1
is v-regular. and distiguishability is satisfied.



How does the proof work? We adapt the ideas in APS and FLM.

We extend the notions of enforceability and decomposability to our framework.



An action profile a € A is n—enforceable with respect to W C R" and
o0 € (0,1) if there exists a public coordinating device ¢ : S — A(Y) and
w :Y — W such that forall 2 € N

(1—08)gi(a)+6 ) {Z w; (y) ¢ (ylss, 8—7;)] p(sla) —n >

seS yeY
(1—23)gi (af,ai) +6 {Z w; (B, y) épe (Wl fils0), Sz')] p(sla, o’ ; (h'))
s |y

for all a} # a;, f; : S; — S; and for each s,

> |2 wi(y) & (ylsi, 87;)] p(sla) > > |3 wi(v) ¢ (vls), Sz)] p(s|a)
S Y S Yy



If a € A is n—enforceable with respect to W and é with some ¢ and w and
if v = (1—96)g(a) + dE®[w; (-)|a], then we say that the triple (a, ¢, w)
n—enforces v with respect to W and 9.

We say that v is n—decomposable with respect to W and & when there exists
a triple (a, ¢, w) that n—enforces v with respect to W and 4.

Next define the set of n—decomposable payoffs with respect to W and 9 as
follows.

B (6, W,n) := {v € R"|v is n — decomposable with respect to W and ¢}.

We say that W is n—self decomposable with respect to 6 € (0,1) if W C
B (s, W,n).



A “uniformly strict” version of Theorem 1 in Abreu, Pearce, and Stacchetti
holds here when n > 0: if W is n—self decomposable with respect to 9, then
every v € W can be supported by a n—uniformly strict PPE of Gg’o (9, ®) for
some public communication device ®. Note that each payoff profile may need
to be supported by using a different public coordinating device. Hence different
public coordinating devices need to be used at different public histories. More
formally, we have:

Lemma: If W C R"™ is bounded and n—self decomposable with respect to
6 € (0,1), then for any v € W, there exists ® such that v € E (5, ®,n).



