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Main Result:

Questions:

Fan Gao,

dim th(ﬂ's) = (O‘%, O'5>W.

dim th(ﬂ's)oy = <U%, US>W?

dim Why,(75) = (02,0)R,?
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Covering groups

The dimension of Why,(7s)

Several questions

Fan Gao,
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Notation

Fan Gao,

e G: a pinned split connected reductive group over a
non-archimedean field F with fixed (B = TU, {e,}).

o (X,®;Y,®Y): root datum of G, where
Y = Hom(Gp,, T) and X = Hom(T, G,).

Also, ® (resp. @) is the set of roots (resp. coroots), and
A C & the set of simple roots associated with B.
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K,-torsors G

Starting with a Weyl-invariant integral quadratic form
QR:Y —~1Z,

the work of Brylinski and Deligne (2001) gives a central extension

K2<—>a*»G.

The structure of G is governed essentially by three facts:
e K> lies in the center of ?;;

e G splits G-equivariantly and uniquely over unipotent elements
in G.

e the group law on T can be described by using Q.
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Example
For G almost-simple and simply-connected, one has a bijection

Quadz(Y)V «+— Z
Q— Q)

where o € Y is any short coroot.

Example
Dynkin diagram for simple coroots of Sp,,:

Vv Vv \% Vv \%
aq Qo [T Qr_q Q,

Let Q be such that Q(a)) = —1. It gives the desired 5?32, :
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Topological covers
e Assume , C F*. Then:

Ka(F) —— G(F) —— G(F)

o L

n ¢ G G,

where (—, —)n : K2(F) — , is the n-th Hilbert symbol.

e Let Bo(y,2) := Q(y +2) — Q(y) — Q(2). Then the commutator
on T is given by

y(a), z(b)] = (a, b)),

Definition N
A representation of G is called genuine if the central subgroup ,
acts by a fixed embedding , — C*.
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~

[rTgen(T)

In general, a covering torus T is not abelian, but always a
Heisenberg type group! Construction of elements in Irrgen(T):

o Let x: Z(T) — C* be a genuine character.

e Choose a maximal abelian subgroup A C T and an extension
X' A— C*.

o Let i(y):= Indg,x/ be the induced representation. Then

i(x) € Irtgen(T) and every element in Irrge,(7) arises in this
way.
Thus, every genuine irreducible representation of T is of the same

dimension equal to
VIT:Z(T) =[T:A.
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Z(T) and A

o Let
Yon={y €Y :Bo(y,z) enZforallze Y}.
Then Z(T) C T is the preimage of ig (Yo, ® FX) C T, where
iQn:Yon®F* = T=Y®F~*
is the natural isogeny induced from the inclusion Yo, C Y.

e In the tame case (p{ n), one can choose A= Z(T) - T(Of) and
thus o
dim i(x) = | T/A| =Y/ Ya.l.

Fan Gao, Kazhdan-Lusztig representations and Whittaker space of some genuine representations 9/0



Whittaker space Why,(7)

Let B = TU be the Borel subgroup of G. Fix a non-degenerate
character

P U— C*.
Definition _
A Whittaker functional of a genuine representation (m, V) of G is
a functional £ : V, — C such that

forall ue U and v € V.

Why,(7): the vector space of Whittaker functionals on 7.
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Problem. For fixed G:
(i) describe the function Irrgen(G) — N given by

7 = dim Why(7);

equivalently, describe the induced group morphism

dim Why, (=) : Groth(Irrgen(G)) —— Z.

(ii) single out the class 7 such that dim Why,(7) = 1.

Question. What do we know?
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Selective review
If G = G (i.e. non-covering), then
e by Gelfand-Kazhdan 1971, Rodier 1972, Shalika 1974, one has

dim Why(7) < 1

for every m € Irr(G);
e by Rodier 1975, Moeglin-Waldspurger 1987,

dim Why(7) = co,., (7),

the O,eg-coefficient in the Harish-Chandra character
expansion.

Remark
The multiplicity-one property of Whittaker functionals lies at the

heart of the Langlands-Shahidi method of L-functions, and also
crucial for some Rankin-Selberg method of L-functions. (See the
work of Cai, Friedberg, Ginzburg and Kaplan for recent progress on
the R-S method for covering groups.)
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For covering groups G:

Fan Gao,

Principal series representation /(x) := Indgi(x) ® 1y of G:
dim Why(/(x)) = dimi(x) = /[T : Z(T)].

Finiteness of dim Why,(7): Kazhdan-Patterson (1984) for
GL,, Patel (2015) for general G.

Theta representation: Kazhdan-Patterson (1984) for GL,; Gao
(2016) for general G.

Depth -zero supercuspidal representation: Blondel (1992) for
GL,; Gao-Weissman (2017) for general G.

Multiplicity-one property: Gao-Shahidi-Szpruch (2017) shows
d|m th( m) <1 for all m € Irrgen(G) if and only if

= Z(T).
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Remark _
For theta reptn ©(G) (generic or not), one has the more general
work on the unipotent support O(©(G)):

e Y.-Q. Cai 2016: for Kazhdan-Patterson covering ﬁf"), one

has )
O(O(GL,")) = (nb),
where r = an+ bwith a> 0,0 < b < n.
e Friedberg-Ginzburg 2016 (Conjecture): Let n be odd. If

n > 2r, then O(@(%éﬁ))) = Opeg. If n < 2r, then

O(@(gﬁg’:))) = symplectic collapse of (n?b),

where 2r = an+ bwith a>0and 0 < b < n.
e S. Leslie 2017:

OO(Spe)) = (2).
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Unramified /(x)

Assume p{ n. Let K = G(Of). Assume G splits over K and we fix
a splitting and thus identify K C G. Every K-unramified rptn of G

is a subquotient of /(x) = IndB i(x), where x is unramified, i.e.
XlzFynk = 1

Denote
Zon=Y/Yqn

For unramified , one has

dim Why(1(x)) = | 2.

Question. Let JH(/(x)) = {m; : i € I} be the Jordan-Holder set of
I(x). What is the map i +— dim Why,(7;)? (Note:

> dim Why () = |2, )

i€l
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Regular unramified /()

The group W acts on x by Wx(t) := x(w~1tw). We assume Y is
regular, i.e.
fwew: "y =x}={1}.

For every root «, one has an unramified linear character

Yot FX = € given by xa(x) = x(@¥(x) ).
N——

€Z(T)

where "
" ged(Q(aY),n)’
Denote
O(x) ={ae®:xa=|[}.
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Theorem (Rodier 1981)

Let I(x) be a regular unramified p.s. reptn. Then JH(I(x)) is
multiplicity-free. Moreover, there is a bijection

P(d(x)) — JH(/(x)) denoted by S — 75

satisfying the following properties:

(i) The representation ms is characterized by
1/2 .ot
(rs)u= €D o i),
weWs

where
Ws:={weW:d(x)Nw(®")=5}.

(i) The representation ms is square integrable modulo the center
of G if and only if |®(x)| = |A] and S = 0.
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Theorem (Rodier 1981)

(iii) The representation ws is tempered if and only if S = () and
the restriction of x to ¢! (ﬂaeb(x) Ker(a)) is unitary,

where ¢ : Z(T) — Yq,n is the natural quotient.

(iv) The representation Ty is the unique irreducible unramified
subquotient of 1(x).

Remark
Let (X @ R, x) be the set of connected component of
X ® R — Uqen(y) Ker(a”). Then one has a bijection

P(P(x)) > C(X®R,x), S—Ts,

where
[s:={veX®@R:(a",v)<0iffaeS}.
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The representation oy

Question. For a regular unramified /(x), what is dim Why,(7s)?

To answer it, we need to introduce two finite-dimensional
representations of W. The first (universal) one:

o Let p € Y ® Z[1/2] be the half sum of positive coroots.
Consider the twisted Weyl action on Y:

wly] := w(y — p) + p for every y € Y.

The action w|] decends to give an action of W on
Zaq.n=Y/Yqn Denote by

oy W — Perm(2.n)

the arising permutation representation.
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Why 7 4-?

Reasons that o4 appears:

e the action w[-] is an incarnation (the skeleton) of the
Chinta-Gunnells action (2009) used to construct the
Weyl-group multiple Dirichlet series.

e w[:] is involved in the description of entries of induced map

T(w,x)" - Why(1("x)) = Why (/(x))-
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Kazhdan-Lusztig representations of W

e Kazhdan-Lusztig (1979) describes a partition of a Coxeter
group (in particular W) into right cells, each of which bears a
representation of W. The description involves the famous
Kazhdan-Lusztig polynomials.

e Many applications of the Kazhdan-Lusztig theory:
decomposition of Verma modules, reptn of Hecke-algebras,
proof of Deligne-Langlands, etc.

e Pertaining more to our interest, K-L polynomials are related
to description of the transition matrix for the Casselman basis:
work of Rogawski, Reeder, Bump-Nakasuji etc.
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The second reptn of W (associated to each S):

Proposition
Assume ®(x) C A. Then for every S C ®(x):

e the set Ws C W is a union of Kazhdan-Lusztig right cells and
thus bears a representation os of W,

e in fact,

os = Z (—1)\5/*5| . Indw(sl)&“w(s/) € %(W),
S1:SCSICo(y)

where W(S') C W is the parabolic subgroup generated by S'.

Example
If d(x) = A, then Wy = {1}, Wa = {wg}; in this case,

U@le, OA — EW.
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Definition _

A covering group G associated to @ is called saturated if
Z-nya¥ =(Z-aV)N Yg., for every simple root . (Note that C
always holds.)

Example

If n =1, then every linear G = G is saturated. If G is semisimple
and simply-connected, then G is saturated if and only if its dual
group (in the sense of Finkelberg-Lysenko, McNamara, Reich and
Weissman) is of adjoint type.

Theorem (G.)

Let G be a saturated covering group and I(x) a regular unramified
principal series with ®(x) C A. Then for every S C ®(x), one has

dim Why,(7s) = (027, 05) w.
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Proof (a sketch):
(i) Reduction. For every S C ®(x), denote by 55 = I\715N5 cG
the associated parabolic subgroup. Let wéﬂs be the (theta)
representation of Mg associated with S. One has

s = Z (—=1)l5"=! -Indgyﬂ'g/lsl € #(G).
5/:5CS'Cd(x)

Thus, it suffices to show
dimth(Indgsw_'gws) = (oo, IndW sews)w (1)

for every S C ®(x).
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(i) Rodier's heredity and Frobenius reciprocity applied to (1) gives

dim Why (7¢"%) = (02", cw(s)) w(s)- (2)

(iii) Following analysis of Kazhdan-Patterson, show that (if G is
saturated) the equality (2) holds. Main idea:

= () Ker(T(wa, " x)* : Why(/(x)) = Why(I(**x))).
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Example

If ®(x) = A, then my < I(x) is the unique subreptn and is the
covering analog of the Steinberg representation. Moreover, 7 is
the unique Langlands quotient of /().

In this case one has,
dim Why,(mg) = (02, lw)w = # of W-orbits in 2 p.
On the other hand,
dim Why,(1a) = (027, ew)w = # of free W-orbits in 2 p.

If n =1, then 7y is the unique irreducible generic subquotient of
1(x)-
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As a covering analog of the injectivity of generic representations
for linear groups, we have

Corollary
Assume G saturated and ®(x) C A. Then

dim th(ﬂ's) > dim th(ﬂ'q;(x))
for every S C ®(x).

Remark
It is not true in general that

dim th(ﬂ'g) < dim th(ﬂ'@)
for every S C ®(x). One has

‘%Q,n| ' dim(US)
4

dim Why(7s) ~

as n — o0.
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Example

Let §3 be the n-fold cover associated with Q such that
Q(aY) = —1 for every coroot a”. Then SL3 is saturated if and
only if 31 n; in this case,

Zon=Z/nZSZ/nL.
Let x be such that ®(y) = A = {a1,a2}. Then
Wy = {1}, Wiy ={m, mwa};

W{az} = {W2> W2W1}> WA = {WG} .
We obtain:

o a1} | ™{ap} TA
; 7 2 2 7
dim ‘th( ) n +2n+2 n-—1 n-—1 n gn+2
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Example

Let §;:J>4 be the n-fold cover associated with @ such that

Q(ay) = —1, where ay is the unique long root in A = {aq, as}.
Then SNp4 is saturated if and only if 21 n; in this case,

Zon>=Z/nZSZ/nL.
Let x be such that ®(x) = A. Then
Wy = {1}, Wiay = {w1, mawa, wawaws } ;

Wiayy = {w2, wowr, vomiwo},  Wa = {we}.

We obtain:

) 7T{041} 71-{042} A
dim Why,(—) | 24nt3 | 30°1) | 3(°1) | n*—tni3
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Questions:

(i) Consider every orbit O, C Zq . It is possible to define a
subspace Why(7s)o, € Why(7s) (non-intrinsically). We
expect: o

dim Why(7s)o, = (0,7, 0s)w.

(i) If G is not saturated (for example the double cover of SL»),
then dim Why,(7s) depends on more precise information of ¥,
and not just on ®(x). In this case, what is a formula for
dim Why(7s) in terms of the given data?

(iii) How about ramified regular principal series? What is the
substitute for o 97
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(iv) Let G be a saturated n-fold cover of a semisimple s.c. group

Fan Gao,

G. Let x be a unitary unramified genuine character of Z(T).
Let R, € W be the R-group associated to /(x). Then from
the natural correspondence

Irr(Ry) — JH(/(X)), o+ 75,

one has
dim Why(m,) = (09, 0)Rr,?

—— (2
(The work of D. Szpruch on GSpgr) shows that it is not
enough to assume Gge, is simply-connected.)

(v) How about general /(x), which is irregular and non-unitary?

Kazhdan-Lusztig representations and Whittaker space of some genuine representations

31/0



Fan Gao, Kazhdan-Lusztig representations and Whittaker space of some genuine representations 32/0



	Covering groups
	The dimension of  Wh(S)
	Several questions

