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Counting `-adic local systems using Arthur’s trace formula

Arithmetic Ø Geometry

X0 projective, smooth, and geometrically connected curve, defined over Fq.

F “ OX0,η : global function field, where η is the generic point of X0.

S0 a finite set of closed points of X0 / places of F .

π1pX0 ´ S0, ηq – GalpF
S0´ur

|F q

An `-adic Galois representation (Q`-coefficients) unramified outside S0

corresponds to an `-adic local system over X0 ´ S0.

X “ X0 b Fq ; S “ S0 b Fq ; FX the Frobenius endomorphism of X .

A point s0 P S0 splits into rκps0q : Fqs-points after base change, and FX

permutes cyclically on the set of this points.

Let s P S lying over s0. X˚psq :“ Xpsq ´ tsu for X˚psq the henselisation (or
completion) of X at s.

Let Ws0 , Is0 ,Ps0 be respectively, the local Weil group, inertia subgroup and
wild inertia subgroup (to the choice of η).

π1pX
˚
psq, ηq “ Is – Is0 .
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Geometry Ø Arithmetic

L an `-adic local system on X ´ S , then for each s P S , it induces a Is
representation, called local monodromy at s, denote its isomorphic class by
Rpsq.
If F˚XL – L. Then we must have F˚XRpFX psqq „ Rpsq. ñ Rpsq as a
representation of Is0 extends to a representation of Ws0 .

Grothendieck : If ρ is an `-adic representation of Ws0 , then ρ|Is0 is
quasi-unipotent.

Let pZp1
p1q “ limp-n µnpFqq.

We have a short exact sequence : 1 Ñ Ps0 Ñ Is0 Ñ
pZp1
p1q Ñ 1.

Example : quasi-unipotent representation of pZp1
p1q is of the form :

à

pχb νρpχqq

where νρpχq is a unipotent representation of the quotient Z`p1q of pZp1
p1q,

χ is a character of pZp1
p1q of finite order.
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Global Langlands Correspondence

After Drinfeld and Lafforgue, we have a bijection

pL, jq where L is an irreducible `-adic local system on X ´ S of rank n and

j : F˚XL
„
ÝÑ L

õ

absolutely cuspidal automorphic representation of GLnpAq

where absolutely cuspidal means that its base change by functoriality from
GLnpAq to GLnpAb Fqn q remains cuspidal.

The bijection depends on an auxiliary isomorphism ι : Q`
„
ÝÑ C.

The ramified local components correspond to each other in the sense of
local Langlands correspondence too.
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Example

L is an irreducible `-adic local system on X ´ S , so that there exist a
j : F˚XL

„
ÝÑ L.

Trivial local monodromy : Is act as identity. Automorphic side : unramified
principal series representation.

The local monodromy at a point s P S is principal unipotent :

Is Ñ Z`p1q
a ÞÑexppaNq
ÝÝÝÝÝÝÑ GLnpQ`q

where N is nilpotent with one Jordan block. Automorphic side : Inertially
equivalent to Steinberg representation.



Counting `-adic local systems using Arthur’s trace formula

Starting point

E p`qn pRq the set of irreducible `-adic local systems of rank n with local
monodromy at s belongs to Rpsq.
If R is fixed by F˚X then F˚X act on E p`qn pRq.
Let

Cnpkq “ |E
p`q
n pRqF

˚k
X |

Theorem (Drinfeld, 1981)

S0 “ H. If the genus g of the curve is greater than or equal to 2, then there
are q-Weil numbers pµi qi“1,...,N which are monomials of eigenvalues of
Frobenius endomorphism on H1

étpX ,Q`q and the integers pmi qi“1,...,N , such that

C2pkq “ qp4g´3qk
`

N
ÿ

i“1

miµ
k
i

The weights of µi are strictly smaller than 8g ´ 6.
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Other results

There are other results for calculating Cnpkq. All of this shows that Cnpkq looks
like the number of Fqk -points of a variety.

Deligne-Flicker(2012) : |S0| ě 2. Principal unipotent local monodromy at
every point.

Flicker(2015) : n “ 2 |S0| “ 1 with principal unipotent monodromy at the
point.

Arinkin : S0 ‰ H, local monodromies are sum of characters with some
additional requirements.

Savin-Templier(2018) : S0 ‰ H, with mgs local monodromy at at least
one point.
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Main theorem

Theorem (Y.)

S0 “ H. If the genus of the curve is greater than or equal to 2, then there are
q-Weil numbers pµi qi“1,...,N which are monomials of eigenvalues of Frobenius
endomorphism on H1

étpX ,Q`q and the integers pmi qi“1,...,N , such that

Cnpkq “ qpn
2pg´1q`1qk

`

N
ÿ

i“1

miµ
k
i

The weights of µi are strictly smaller than 2pn2
pg ´ 1q ` 1q.

mi depend only on the genus of the curve.

pn2
pg ´ 1q ` 1q is the half dimension of the moduli space of rank n stable

Higgs bundles on X0.

µi are essentially q-Weil numbers of the the moduli space of stable Higgs
bundles on X0
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Counting cuspidal automorphic representations

Two automorphic representations π1, π2 are called inertially equivalent if
Dχ : ZÑ C such that π1 – π2 b χ ˝ deg ˝ det.
-
After Langlands correspondence, we need to count the number of inertial
equivalent classes of absolutely irreducible cuspidal representations of GLnpAq.
-
We use Arthur’s non-invariant trace formula.
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Automorphic spectrum

Automorphic cuspidal representations lie in the L2-automorphic spectrum :

L2
cusppGpF qzGpAqq Ă L2

pGpF qzGpAqq ý GpAq

Test functions acting by convolution is compatible with spectral
decompositions. The characteristic function 1GpOq will act on it as a
projection to GpOq-invariant subspace. So its trace on the cuspidal
spectrum gives number of unramified cuspidal representations.

Difficulties :
L2pGpF qzGpAqq is huge. Besides cuspidal spectrum, there are continuous
spectrum and residue spectrum. These two spectrums contribute in different
ways.
Not all cuspidal representations are absolutely cuspidal.

Good news : all these can be reduced to absolutely cuspidal automorphic
representations. (After Moeglin-Waldspurger and L. Lafforgue).
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About the proof

G “ GLn. We fix the Borel subgroup B of upper triangular matrices. In the
following P always mean a standard parabolic subgroup, M its Levi.

aP , ∆P , ΦP , XG
M , GpAqe , FixpP, πq, PpMq, kT

px , yq, Higgsstn,epX0q...

1 For the test function 1GpOq, the trace formula is an identity
Jgeom “

ř

pP,πq JpP,πq where we fix an a P Aˆ of degree 1 and

Jgeom “

ż

GpFqzGpAq{aZ
kT“0

px , xqdx

Idea of the proof : calculate geometric side of the trace formula, then
calculate spectral side.

We consider a slightly variant : for any e P Z :

JT ,e
geom “

ż

GpFqzGpAqe
kT
px , xqdx

Hence Jgeom “
řn

e“0 J
T“0,e
geom .
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Calculation of the geometric side

We don’t calculate orbital integrals but we deal directly with Arthur’s
truncated integral.

Essential ingredients :

1 JT ,e
geom depends quasi-polynomially on T P aB .

2 We have an explicit expression when T is deep enough in the positive
Weyl chamber. In fact we have

Theorem (L. Lafforgue)

If T is deep enough in the positive Weyl chamber depending only on the test
function, then we have

kT
px , xq “ FG

pg ,T q
ÿ

γPGpFq

1GpOqpx
´1γxq

where FG
pg ,T q is a characteristic function defined using Harder-Narasimhan

filtration of vector bundles.
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Results on the calculation of geometric side

Definition

Let E be a vector bundle over X0. We say E is isocline if for all decomposition
non-trivial E – F ‘ G, we have µpFq “ µpEq.

Let Pe
n pX0q be the number of isomorphic classes of isocline vector bundles of

rank n of degree e on X0

Theorem (Y.)

Let e P Z, one has
JT“0,e
geom “ Pe

n pX0q

Moreover, when pn, eq “ 1, we also have

JT“0,e
geom “ q´n2pgX´1q´1

|Higgsstn,epX0qpFqq| .
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Calculation of the spectral side

After L. Lafforgue, we have a decomposition :

JT“0,e
geom “

ÿ

pP,πq

Je
pP,πq

where the sum is over the set of so called discrete pairs.

Spectral side has two part to deal with :

1 Calculate each Je
pP,πq : we need to calculate weighted characters.

2 Sum up together all these terms : essentially a combinatorial problem.
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Weighted Characters :

We consider a special case : pP, πq is a discrete pair so that factors of π are
two by two non-inertially-equivalent. In this case, Je

pP,πq admits a simpler
expression :

1

|FixpP, πq|

ÿ

λπPFixpP,πq

ż

ImXG
M

Tr
AGpOq

P,π

p lim
µÑ1

ÿ

QPPpMq
p1
e
Q pµλπqMP|Q pλq

´1
MP|Q pλ{µλπq ˝ λπqdλ,

where p1
e
Q are rational functions on XG

M , they’re function field analogy of the
functions θ´1

Q defined by Arthur. They have the following properties :

p1
e
Qpλq

ś

αP∆Q
p1´ λα

_

q is a regular function on XG
M for any Q P PpMq.

The limit above always converge due to functional equations of
intertwining operators.
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The intertwining operators act as scalar multiplications which can are
explicit in terms of Rankin-Selberg L-functions.

The twisting operator ”˝λπ” will act as identity by a simple calcul global
Whittaker model.
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Weighted Characters :

1
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In number field case, Arthur has calculated weighted characters explicitly.
We prove that when pe, nq “ 1, the Arthur’s result holds in our case :

Proposition

If λπ R XG
G , then corresponding integral above is zero. If λπ P XG

G , then the
corresponding integral equals to

pλπq1
ÿ

F

ź

βPF

pNpnβpπ, ¨qq ´ Ppnβpπ, ¨qqq

where the sum runs over subsets F of ´ΦP such that F is a base of aG˚M . The
functions N et P give expectively the number of zeros and poles of

nβpπ, zq “ q˚
Lpπiˆπ

_
j ,zq

Lpπiˆπ
_
j ,q

´1zq
in the region |z | ă 1.
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Weighted Characters :

The sum over
ř

F is still a problem for us. We solve this by graph theory :
Consider : Rn

“ Re1 ‘ ¨ ¨ ¨ ‘Rer . Let Φ “ tei ´ ej |i ă ju, F be a subset of Φ of
cardinality r ´ 1. Consider a graph F with the set of vertex t1, ¨ ¨ ¨ , ru, and the
of edges are those pi , jq such that ei ´ ej P F .

Proposition

F is a linearly independent family ô F is a tree.

Theorem (Kirchhoff)

Let pyβqβPΦ be a family of complex numbers, and A the symmetric matrix such
that the element of index pi , jq i ă j is yei´ej P C. The diagonal elements of A
are determined so that the sum of elements of every line is zero. Then

ÿ

F

ź

βPF

yβ “ κpAq

where the sum over F runs through the subsets of Φ of cardinality r ´ 1 which
is linearly independent, κpAq is any cofactor of A.
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Results on the calculation of spectral side

Let

autlpzq “ expp
ÿ

mě1

ÿ

kě1

mCmpklq

k
zmkl

q .

For all v ě 1, let rzv s be an operator such that

rzv s
ÿ

iě0

aiz
i
“ av .

Theorem

Let the genus g of the curve not be 1. Let e P Z such that pe, nq “ 1, we have

Je “
ÿ

l|n

µplq

np2g ´ 2q

ÿ

λ$n

1
ř

j aj

ź

jě1

rzaj sautXl pz
l
q
p2g´2qSj pλq

l

where
ř

λ$n takes over all partitions λ “ p1a1 , 2a2 , . . .q of n and
Sjpλq :“

ř

νě1 aνmintν, ju.
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End

Thank you for your attention !


