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Liquid crystal: vortex




Liquid crystal: a very important type of complex fluids

Main types of liquid crystal:
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Transport of directors

@ Define :

X Lagrangian coordinate
x Eulerian coordinate
F Ox
8x . . .
u velocity of the liquid crystal flow

@ Transport of F (Chain Rule):
Fetu-VF=Vu-F
o Transport of F~7:

FFl4u-VF T =—(Vu)" - F T



Transport of directors

@ For rodlike shape:
d(x,t) = F - do(X)

di +u-Vd = %F - do(X) = (Vu)F - do(X) = (Vu)d



Transport of directors

@ For rodlike shape:
d(x,t) = F - do(X)

di +u-Vd = %F - do(X) = (Vu)F - do(X) = (Vu)d

o For disklike shape:

d(x,t) = F~ Tdo(X)

d;+u-Vd = %F*T.dO(X) = —(Vu)TF~T.do(X) = —(Vu)"d



Transport of directors

For E generated by —(BVu+ (1+8)(Vu)")  where
-1<p5<0

%E — (BVu+ (1+B)(Vu))E



Transport of directors

For E generated by —(BVu+ (1+8)(Vu)")  where
-1<p5<0

%E = —(BVu+ (1+B)(Vu)")E

and d transported by

d(x, t) = E - do(X)



Transport of directors

For E generated by —(BVu+ (1+8)(Vu)")  where
-1<p5<0

%E = —(BVu+ (1+B)(Vu)")E

and d transported by
d(x, t) = E - do(X)
we have

d; +u-vd = %E “do(X) = —(BVu + (1 + B)(Vu)")d

G. B. Jeffery, The Motion of Ellipsoidal Particles Immersed in a Viscous
Fluid, Proceeding of Royal Society of London, 1922.



Coupled system

Ju

S+ usVu+ Vp—vAu— AV ((Vd)T(Vd)

+8(Ad — f(d))d” + (8 + 1)d(Ad — f(d))T)) —0
V-u=0
ad

op Hu v+ (BVu+ (1+ B)(Vu)")d — y(Ad — f(d)) = 0

With initial and boundary conditions:

ult—o = ug, d|i—o =do, ulpo = uplon = 8u, d|on = dolon = 8d
where  f(d) = (1/€2)(|d|?> — 1)d



Energy law

Independent to the parameter 3, we have energy law

d 2 2
aE =— <V||Vu||L2(Q) + Av[|Ad — f(d)”/-2(9)>

where | )
E = Sl + 51Vl + % | Fldax

and F = 75 ([d]> —1)2



About the energy law

@ These energy laws are particularly important when the
singularities are involved in our study of hydrodynamical
motions of these liquid crystal materials. The physical
singularities we are seeking/tracking are those energetically
admissible ones.

@ For this reason, one of the crucial problems in solving the
system is that how to preserving the energy law.



Reformulated energy law

d A
wE= (VHVUHi2(Q) + ;Hdt + (u- V)"H%(Q))
where | )
E = 5”“”%2(9) + EHVdH%z(Q) +)‘/Q F(d)dx

make C9 finite element method feasible.

Ping Lin, Chun Liu, Hui Zhang, J. Comp. Phys., 227 (2007),
1411-1427



Weak formulation and continuous energy law

From the director equation we can express:
1
Ad = 5 (d¢ + (u-V)d + (Dg(u))d + ~f(d))

where Dg(u) = BVu + (8 +1)(Vu)', we then have

v ((ve)7vd) (V)T (de + (u- V)d + Ds(u)d) + V (|Vd[*/2 + F(d))

V- ((Ad - f(d)dT)) = -v. ((dt +(u-V)d+ Dg(u)d)dT)

Q2 =2

V. (d(dt 4 (u-V)d+ Dg(u)d)T>

V. (d(Ad - f(d)T))



Weak formulation

Find u € Wg?t7(Q), p € L3(Q), d € Wg?t7(Q) such that

/s;(ut-v+(u-V)u-vfp(V-v)+VVu : Vv+$(dt+(u-V)d+D5(u)d) <(v-V)d
+% (d¢ + (u- V)d + Dg(u)d) - DB(v)d) dx=0, Yve&W;?"7(Q)
/(v ~u)gdx =0, Vg€ L%(Q)
Q

/Q (di-e+ (u-V)d-e+ Dg(Vu)d-e+~(Vd: Ve +f(d)-e))dx =0, Vee Wy

where ":" represents an inner product of two matrices.

Energy law can be easily obtained by taking v=u and e = (A\/v)d:.



A modified midpoint scheme

n+2 n+%

1 1 1
/ (u%’+1 SV + (uZ+2 ~V)uz+2 o (V u, Ju, ?-v— p:+2 (V-v)+ uVu:+
Q

A 1
o (d$+1+(u;+2 v)cl”+2 + Dy(u "*2)d"+2> (v-V)d; P
Y

A n l n n n
I (el_"+1+(uh+2 v)d, 3 1 Dy(u *Z)dh ) D (v)d; *2) dx =0,
v

n-+35 n l n l n l
/Q<d?"+1 ce+(uy 2 V)2 e+ Dy(up 2)dy' 2 e

ntl
+4Vd, 2 Ve + %gh(dﬁ, drtly. e) dx =0,

1 1 1
1 _ uptt—u ,drtL = ditl—dp  nt3
Y T T " ar oY 0T

ntl
7 = 2(p"+1 + pf), and

for all (v, q,e) € WO, where uf
(un+1 +uh) d"+2 _ l(dn+1 +dn ) Py

(5P — 1) + (P — 1) dp + 0
2 2

gh(dz’ dZ+1) =

1
2V



Discrete energy law

nt+l . .
Take v=u, 2 and e= dit’“, we can then obtain a discrete

energy law:

n )\ n n
(\|+wp+mwﬁw3+AAwah)

1
@w%ﬂm+uwﬂ<ﬁlvw++%U“V“W>

t



Example

We consider the hydrodynamic liquid crystal model , where the
initial director field d(x) = d(x)/1/|d(x)[2 + €2, and

d(x) = (x + X3 — a2, 20x0).

We simply choose o = 0.5. This director field has singularities at
x = (£, 0) with unit degrees of opposite signs.

| - | &

Figure 5.1: Initial director field and director and flow fields at the annihilation time ¢ = 0.26
with § = —0.2.



Annihilation time with different parameters

g

0.0

-0.2

-0.5

-0.8

-1.0

Annihilation time

0.267

0.262

0.251

0.238

0.231

Table: 3 vs time

Figure 5.5: Energy vs time




Simple case: "14+2" model

Assuming that Q = [-1,1] x [-1,1], u = (0, v(z,x),0)",p =
p(z,x),d = (0, da(z, %), d3(z,x)) T, (2, x) € Q, the full model can
be simplified as follows for this shear flow case

Vi = WAV + ATy, (7)
T =fBd3(Ady — ) + (B + 1)d2(Ads — f3), (8)
ot + Bd3v; = y(Ady — h), (9)
d3; + (1 + B)dgvz = ’Y(Adg, = fg), (10)
where f; = (4/£2)(d? + d2 — 1)d;, i = 2,3 with the initial data
V0 =¢z,d9, dg and the boundary conditions:
ov ov
i = i =0 11
0z lz=+1 57 OX Ix=%1 ’ ( )
ad; 2 o\ -
= _Z(d: — d' =2 Q. 12
n 5(d, d’), i ,3 on 0 (12)



Finite difference method

For the space discretization we adopt the semi-implicit scheme and
use the forward difference scheme for the time discretization,

1 1 1
b — dof; S0z <5§d2j7,+ +02do] T )
=7 — £ )

g % h o
it — dsf; p Gozvfy (67 dift T o,
T+(1+B)d2j,i 5n ! h2 ~h

1 (] — o], dozV};
ofy = B < + o2

1 (ds7t —dsf; oz V]
+(8+ 1)0'21"7,;; (H + (1 + B)day; 2hj’ ;

dt
il 2. ntl | s2. ntl .
VAV =H<5 Vi oV ) +)\50sz1'

z J7I
h? 2h '



where dozv; = vy — iy, 02dji = djis1 + djio1 — 2d,
0xdji = djt1,i + dj—1,; — 2dj ;.

fil i = (4/e)(da] )? + (d3] ) — 1]di] i k = 2,3, h=2/M. The
discretization of the boundary conditions are as follows

A — it 2

- h - = —g(dkf,ﬁ,l — dk?,/vl), (13)
dl Tt —dlIEt 2
L D _ S ad) (14)
dkn+_1 _ dknJr_l ) )

M, i - M—1,i — —g(dk,/(jr,l — dk%/,7,-), (15)
di T —digtt 2
Sh S0 _ 2ot~ did), (16)
V_n-i-l _ V_r7+1 il o ntl
J7M J7M_1 _]71 J,O
———=¢, =, (17)

h h

Vi =Vl Vor =wii (18)



Impact of parameters

We set the mesh grid M x M = 40 x 40 and the time step

dt =1 x 10~*. We mainly focus on the impact of 3 and ¢ and the
other parameters are set to

beery =1, p=1,A=1e=0.1, =5 x 107>.

£-30
75 700
w w
70 650
0

z 4 0 2 4

1300 2200

t
£ =50
1200 2000
w w
1100 1800

1000 1600
0 2 4 0 2 4

t t

Figure: B = —0.5, energy function with different &



Impact of parameters
Here we investigate what impact on system with different 5. We

fix the shear rate & = 30 and the other parameters are same as
previous page.

1400
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03
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Figure: £ = 30, energy function with different 5.



Defects

Figure: Defects with different strength.



Defects

(07 X

Figure: ¢ = sa+ ¢

where a is made by director orientation along the polar line(x-axis)
and ¢ is made by director end along the polar line(x-axis) and c is
a constant. The director is on the polar line if s =1 and ¢ = 0 and

on a circle if s =1 and c:g.



Defects

Now we define the complex function gs (X — XJ.O) as follows
g5(X = XP) = || X = XP|[[cos(¢;) + isin(e;)] = [|X — X||e"”,
(;Sj = sjaj + ¢,

Multiply all this complex function :

gSJ J) 0 -
XeQ\{X’,j=1,--- N},
H HX XOH J

0 ;__
0, Xe{XPj=1, N}

(19)

Thus we can get the initial value d9(X) and d9(X) from the
complex function go(X) as follows

d2(X) = Im(go(X)),  d3(X) = Re(go(X)). (20)
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Ericksen-Leslie system without penalty function
F.H. Lin (1989) proposed a simplified E-L system

d; + (u-V)d = Ad + |Vd|?d,

d| =1,

us +u-Vu+ VP =Au—-V-((Vd)"Vd),
V-u=0.

With the boundary conditions and initial conditions

od
u=0, %—0, on 902 x(0,T),

d(X7 0) = dO(X)a U(X, 0) = Uo(X), in €,
the system satisfies the energy relation

e

1
Gl + SV + [Vul* + [[Ad + [Vd]*d]]* = 0,



The constraint |d| = 1 is difficulty to at the discrete level. Thus
many works for this system are based on the discretization of the
penalized problem.

However, we find that the sphere constraint |d| = 1 is satisfied
automatically due to the equation (21).

Theorem

Assume (u,d) is the smooth solution of the following equation:

d: + (u-V)d = Ad + |Vd|*d, (28)

in Q x (0, T) with d(x,0) = do(x). If the initial condition satisfies
|do| = 1, then |d| = 1 constantly.



Hence, we can rewrite the system (21)-(24) by denoting
d(x,t) = d(x,y,t) = (cosO(x,y, t), sinf(x,y,t))", where
x=(x,y) €QCR2

The whole system (21)-(24), denoting P = P + 2|V0)?, reads as:

0; + (u-V)0 — A0 =0,
us+u-Vu+ VP — Au+ AVEO =0,
V-u=0,

with the boundary conditions and initial conditions

u=0, VO-n=0, on 90Qx(0,T),
0(x,0) = 6p(x), wu(x,0) =up(x), in Q,

Then the system (29)-(31) satisfies the following energy law:

d
—E + ||A9)2 =0
3£ T 12017+ [[Vul= =0,

where E = %HUH2 + %HV@HZ.

(29)
(30)
(31)

(32)
(33)

(34)



Energy stable scheme

Given the iniNtiaI conditions 69, u® and PO, having computed for 67,
u”, P" and P" = P" + %|V0"|? for n > 0, we compute "1, u™1,
Pn+1 by
Step 1.

9n+1 —_gn

s T (ul- V0" = NG (35)

*

with
9n+1 —fn

- (ul - V)O"|VO". (36)

u =u” — ot



Energy stable scheme

Step 2.
ﬁn—l—l —u” =
5 G (un . v)ﬁnJrl o AﬁnJrl L+ VP" = 07
ﬁn+1|aQ = 0.
Step 3.
n+1l _ ~n+l . .
(P - P =,
V-u"t =0,
u™ . njgq = 0.
And

~ 1
Pn-‘rl — Pn+1 o §’v9n+1’2.

(37)
(38)

(39)

(40)
(41)

(42)



Energy stable scheme

Theorem

The scheme (35)-(41) is stable, with the following discrete energy
dissipation law:

5t2 - gn+1 _ gn
EM 4 ([ VPT2 + 0t ———— + (u. - V)O"|

0
~n+12 n 51:2 P2
ot VAP < E7 + VAP, (43)

where E" = Z|lu"|? + 1||vo"|2.



Ericksen-Leslie system without penalty function

Example 1 Initial conditions:
up =0, 6(x)=0p(x,y) = 2m(cos(x) — sin(y)). (44)

We choose mesh size h = 1/50, time step size jt = 0.001.
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Figure: Evolution in time of the energies. Kinetic energy(left), potential
energy(middle) and total energy(right).
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Example 2

Initial conditions:

d
u EO, d = ——,
0 0 ’d’

where d = ((x — 0.5)> + (y — 0.5)> — 0.09,y — 0.5)7,

so we choose the initial fg(x, y) € [0, 27] satisfying

(cosfp,sin )" = do. This director field has singularities at
(0.2,0.5) and (0.8,0.5) with unit degrees of opposite signs. We
choose mesh size h = 1/55, the time step size 6t = 0.001
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Example 3

We choose the singularities to be (0.35,0.5) and (0.65,0.5). The
mesh size h = 1/55, and the time step size 6t = 0.001.
ug is set as in Example 2.
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Example 4

Initial velocity is set to be a rotating flow of the form:
Up = 100(_y7X)T>

dp is set as in Example 2. And the mesh size h = 1/55, the time
step size §t = 0.0001.
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FIG. 5.4. Ecample 5.2, using Algorithm 3.1: Snapshots at times t = 0,0.3,0.6,0.9 of {d}"} (left)
and {u?} (right). (The director and velocity fields are scaled by a factor of 0.1 and 2.0, respectively.)

Figure: X.B Feng et al, SIAM J. Numer. Anal. 2008.
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(2) vllae = 0.1220803. (£) |v]lae = 0.07930149. (g) [jv]lae = 0.1052532. (h) ||~ = 0.00276648.

FiG. 1. Evolution of the director field (a) (dy and velocity field (¢)-(h) or the annihilation of
two singularities at times t = 0.1, 0.4, 0.6, and 1

Figure: R. C. Cabrales, et al, SIAM J. Sci. Comput. 2015.

DEE



References-3

Theorem 1.1.  Assuming the orieniation field vector d has a spherical expression
d(x.1) = (cos O(x,1).sin (x, 1) cos (x, 1), sin O(x, 1) sin Y (x, 1))
then the equations for d can be reduced to the following system

O+ u- V0 =00—sin0cos 0] Vi
Pr+u- Vi =2y +2cotOV0 - Vi

as long as

0:R' xRy >R\ [ J thm). 9 R x Ro > R\ (kr).

keZ keZ

Figure: X.D. Huang, Nonlinearity 2017.



Numerical results and discussion

1 E-L system with penalty function can describe the annihilation
of singularity.

2 E-L system including rotation term with penalty can describe
the rotation beside annihilation of singularity.

3 For the "142" model with penalty function we show that the
fact FI 47, RHEAR!

4 E-L model without penalty function is not physical model but
include many mathematical analysis phenomena.



Thank you!
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