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@ Water waves on a liquid surface (Green-Naghdi equations)

@ Elastic waves in solids

o Elastic waves in homogeneous medium (acoustic-elastic or fluid-solid interactions)

@ Elastic waves in porous medium (Biot-Johnson-Koplic-Dashen equations)

@ Electromagnetic waves in fluids

@ Compressible magnetohydrodynamic (MHD) equations
@ Incompressible magnetohydrodynamic (MHD) equations

o Cold Plasma equations

@ Development of central Discontinuous Galerkin schemes



Water wave eqations

@ Full Euler equation: Let ¢(x, z, t) be the velocity potential satisfying
Ap=0 in &,

where S, = {(x,2) € R®¥| — h+ b(x) < z < n(x, 1), x = (x1,x2) € R2, t > 0},

with
8z = 0 on z=-—-h+b(x),
O+ Vxn-Vxp—0z¢ = 0 on z=n(xt),
e+ |VefP/24+gn = 0 on z=n(x1).

@ Full nonlinearity and full dispersion



Runup of solitary waves with large amplitude

Example: Runup of solitary waves with large amplitude
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Figure: Initial solitary wave for the runup.



Runup of solitary waves with large amplitude
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Figure: Runup of solitary wave with the amplitude n = 0.28 at t = 15, 20, (from top to bottom).
Red circle: experimental data; black dashed line: nonlinear shallow water equations; black dots:
Green-Naghdi model.



Harmonic generation over a submerged bar

Example: We now examine the propagation of Stokes waves over a submerged bar,
the bottom variation is

—0.4 +0.05(x — 6) for 6 < x <12,

b(x) = —-0.1 for 12 < x <14,
) —-01-0.1(x—14) for 14 < x <17,
-04 elsewhere.
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Figure: Experimental set-up and locations of the wave gauges.



Harmonic generation over a submerged bar
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Figure: Time series of surface elevations for waves passing over a submerged bar. Red circles:
experimental data, green solid line: CDG-FE method, blue solid line: PS-FE method.



Green-Naghdi equations

The Green-Naghdi equations read (Su-Garder 1969, Green-Naghdi 1976,
Alvarez-Samaniego-Lannes 2008)

ht + (hu)x + (hv)y = 0,

(hu); + <hu2 + 3907 + Jheo + %hZ\U)X + (huv), = — (gh+ 1o+ h\u) by,

()t + (huv), + (hv2 + Sgi? + 3o + %h&u)y = — (gh+ LrPo+ hv) by.
(1)

where

S = —Uy — Uuxx + u)z( — Vyr — Wy + v}? — UVxy — UxyV + 2UxVy, 2)
W = byl + beUux + bxxt? 4 byvi + bywvy + by v2 + byuvy + byuyv + 2bguv.
@)



Green-Naghdi equations

From the second and third equations in (1), we have

u = —g(h+ b)x — uux — uyv + higher order terms
~ ol + (1 = a)(=g(h+ b)x — uux — uyv),
and

vi = —g(h+ b)y — vvy — uvx + higher order terms
~ avi+ (1 —a)(—g(h+ b)y — vy — uvx).



Improved GN equations (X. et al., 2018)

Replacing u; and v; by aur + (o — 1)(uux + uyv + g(h+ b)x) and
avi + (a —1)(vwy + uvx + g(h+ b)y) in (2) and (3), respectively, yields

h + (hu)x + (hv)y =0,

(hu); + (hu2 + 1gh? + 1heo + %h2\u)x + (hw), = - (gh+ ThPo 4 h\U) bx,

(hv); + (huv), + (hv2 +1gm? 4 Ihto ¢ ;h2w) =— (gh + 1P 4 h\u) by.
y

4)
with
® = —auy — (a—2)u2 — alxy — alxyV — 2(a — 1)Uy vy — (o — 1)g(h + b)xx
—avy — (a — 2)vf — awyy — alvyy — (o — 1)g(h + b)yy + 2ux vy, (5)
V= abxUt + abxuux + abxuyv + (a — 1)gbx(h+ b)x + aby v

+aby vy + abyuvy + (a — 1)gby(h+ b)y + b t? + by V2 4+ 2byuv.  (6)

It is obvious that the Green-Naghdi model (1) corresponds to a particular case of the
Green-Naghdi model (4) with a = 1.0.



Dispersion effect comparison (X. et al., 2018)

We compare the linear dispersion relation of the Green-Naghdi equations and that of
the full water wave problem in finite depth,
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Figure: Comparison between the linear dispersion relation of the Green-Naghdi equations with
a = 1.0 (green solid line) and o = 1.159 (blue solid line) and the exact linear dispersion relation of
the full water wave problem (red dashed line), with g = 1, hp = 1 and up = 0.



Challenges (X. et al., JCP (2014), SISC (2016), JSC(2017), 2018)

@ Modeling
@ High nonlinearity (full)

@ Strong dispersion
@ Computation

@ Remove the mixed time and space derivatives

@ Balance the flux term and the source term

u=20, h+ b = constant ,

@ Maintain the non-negativity of the water depth



Numerical results

Example: Harmonic generation over a submerged bar. This example exhibits the
propagation of Stokes waves over a submerged bar in Figure 6 in which we also label
the positions of 10 gauges. At initial time, h+ b = 0 and u = 0 in the computational
domain. The incident wave (entering from the left) is a third-order Stokes wave. An
outgoing condition is applied at the right boundary.
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Figure: Experimental set-up and locations of the wave gauges.



Numerical results
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Figure: Time series of surface elevations for waves passing over a submerged bar. Circles:
experimental data, green solid line: numerical results with o« = 1, blue solid line: numerical results
with o« = 1.159.



Introduction

@ (b)

Figure: (a) Close-up view of sandstone, (b) bone with osteoporosis.

Wave propagation in poroelastic media is described by Biot’s theory and
Johnson-Koplik-Dashen dynamic permeability model.

@ M. A. Biot, J. Acoust. Soc. Amer., 28(1956).
@ M. A. Biot, J. Acoust. Soc. Amer., 28(1956).
@ D.L. Johnson, J. Koplik, R. Dashen. J. Fluid Mech., 176(1987).



Mathematical models
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Mathematical models
FEARSURIN A, KA T«
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Low ferquency
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High ferquency
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High frequency
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Mathematical models—high frequency

In high frequency, the dynamic permeability and tortuosity in frequency domain are
approximated utilizing the multipoint Padé approximation for Stieltjes function. We use
inverse Laplace transform to tortuosity and obtain the time domain governing equation
without fractional derivatives where the convolution kernel is replaced by a finite
number of memory variables satisfying local time ordinary differential equations. Thus
the procedure for handling the system is much easier due to the absence of the
fractional derivative.



Mathematical models—high frequency

We approximate the tortuosity as a(w) ~ =% + @ + Z, 1 == to obtain a new

system
oiQ+ v - F(Q) = h(Q) + 9:S (19)

where Q = (Txx Tzz Txz Vx Vz P Qx Gx ©F 4x ©2  12) T is the unknown vector,

,,,,,,,,,,

F = (f, g) is the flux function, h(Q) is the viscous term, S again is external source.

my
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Mathematical models—high frequency
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Numerical examples in high frequency (X. et. al., 2018)

Example : Point source in homogeneous medium. We consider the problem that a
homogeneous medium is excited by a source at the center.The computational domain
is Qg = [-0.15,0.15]?m, the source S3 = g(t)h(x, z) is only applied on 7.

Pressure

(a)

Figure: High frequency results in homogeneous medium, t=0.0000272s.(a)result from our model



Mathematical description

@ Kinetic description (collisionless magnetized plasmas)

@ Fluid description (collision magnetized plasmas)

plasma phenomenon

Distribution functio

Kinetic description
(Vlasov-Maxwell Equations)




Ideal MHD equations

The ideal MHD equations consist of a system of nonlinear hyperbolic equations

Py, = 0,
T (pu)
9(pu) T
7B I-BBT] = o0,
- (p+ 5B —BBT]
o0&
E-&-V [(€+p+7|B| Ju—B(u-B)] = 0,
oB
= E =
6{+V>< 0,

with an additional divergence-free constraint on the magnetic field
vV-B=0.
p: density, u = (ux, uy, uz) T : velocity field, B = (Bx, By, B;) T : magnetic field. £: total

energy, E = —u x B: electric field, I: identity matrix, V- is the divergence operator, V x
is the curl operator, +: ratio of specific heats, and p: pressure given by

1 1
=(—=1)(E—-=plu®—=BP).
p=(y =1 - Splul” — S|BF)



Zhang’s PP limiter for Euler equations (Zhang et al. 2010)

Consider 1D Euler system:
au | of(L)
ot ox

where U = (p, pu, E)7,1(U) = (pu, pu? + p, u(E + p), p(U) = (7 — 1)(E — 3pt?);

=0 (22)

Define an admissible set G = {U : p > 0 and p(U) > 0},

assume U”, U” 1,Uj+1 € G, by introducing the Lax-Friedriches numerical flux

1
h(U,V) = S[fU) +1(V) - a5 (V—U)L, a5 =| (Jux| +©) [loo;
the first order finite volume scheme can be written as

Uj(;+1 — U7 = AI(U7,U7,) — h(U7_,, UD)] (23)

= (12U + A‘E’OIU,H MU+ a°[u + Ef(u Dl
0

then that the flux splitting terms U7 ; — ;ff( /+1)’ U, + 4 f(U 1) € Gceanbe

rigorously proved and hence, a 1D first order PP Lax- Fr|edr|ches scheme can be
obtained under /\ag < 1. Design of high-order 1D PP scheme and generalization to
multi-dimensional case can be successfully processed



With U = (p, pu, Bx, E)", the 1D ideal MHD equations reads
ou  of(U)

ot ox

0

Zhang’s PP limiter for ideal MHD equations (X. et al. 2013)

(U) = (pu, pt? + p — 1B3,0,u(E + p— LB9)), p(U) = (v~ 1)(E — Lot — L BY)

u

,1522
p(Uif(U)>>0 — (P—250 < 2p

o @l =0

B2 24
A La (24)

However,the inequality (24) does not necessarily hold. For example,vp > 0,take an
admissible state U = (p, pu, Bx, E) = (1,0, 1, Tﬂ + %) € G then (24) reduces to

12
(ﬁ(’aMz)z < % which may not be true when p — 0+.
0




A new simple and conservative PP limiter for ideal MHD equations

Reformulating the 1D first order Lax-Friedriches scheme (23) as

Ut = U7 - AU, u/+1) h(U_;,U7)] (25)

(1 - xa)u7 + [aU/+1 f(UF,1) + aU7_; + (U] )}

By introducing the Hadamard product o and taking the viscosity parameter a € R* as a
vector, scheme (25) takes the following form

U = (1 - xao)U + A [aou —f(U7.) +ao U], +H(U] 1)] (26)

YUeEGU-xaoUecGandvU e GaoU+1f(U) e G



A new simple and conservative PP limiter for ideal MHD equations

Lemma

LetU = (p, pu, By, E)T f(U) = (pu, pu® + p— 1 B},0,u(E+p— 1 B2).a = (o, a, B, ),
then for any U € G, we haveao U £ f(U) € G if

PBRBR + \/p264 B} + 20(2E — pu2)(2p — BR)?
2p(2E — pu?)

For any vector U = (p, pu, BX, ) define the function

x(U) = 2 = pE — Spu? — —pB2 We only need to show that x [ao U + f(U)] > 0
since the flrst component of a o U + f(U) is positive once (27) holds. Denote
a = a =+ u, then after a direct calculation, we have a quadratic form of a:

o> |ul+

(27)

x[ao U +£f(U)]

1 1
x [ pua £ (p - JB),68:, Ea -+ (p— )]

|
E_ —
o( 5

L 1 R
pUP)a® — SpBBRa — 5 (p— 5BY)?

Since U € G, we have a positive quadratic term p(E — %puz) > 0 therefore
x [@ao U £ f(U)] > 0if o satisfies (27).




A new simple and conservative PP limiter for ideal MHD equations

And we have U — M\ao U € G if \§ is less than some positive number.

We first have U — Xao U = ((1 — Aa)p, (1 — Aa)pu, (1 — AB)Bx, (1 — Aa)E)T. Thus
we need x (U — Aa o U) > 0.After simplification, we have a quadratic form of £ = A\j:

1 o 1 1 1
— 2B (B§ - E(E - Epu2)> E+(E— Lpt?— 1B >0

:i:\/ BL?(E”,;UZ)} +2B2(E— 1 pu2— 1 B?)

’

The two roots are &; = i=1,2.
One of them must be positive as £1& < 0. |

)

Design of 1D high order PP scheme and generalization to multidimensional case follow
Zhang’s PP scheme.Note that our overall PP scheme is simple, unlike Wu’s PP
scheme, there is no need to consider the divergence free condition.



Blast problem

Figure: P® approximation of the pressure in the blast problem on the 200 x 200 mesh at ¢t = 0.01.
Left: pressure p; Right: min(0, p).



Blast problem
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Figure: Solution slice of pressure p for the blast problem at t = 0.01 with y = 0.0 on a 400 x 400
mesh. Left: base DG method; right: positivity-preserving DG method.



Incompressible MHD equations

We consider the incompressible MHD equations

pOH+ 07"V x (VXxH) —puV x (UuxH) ="'V xJ (28)
ou+ (u-V)u—vAu+Vp=1Ff—puH x (V x H) (29)
V-u=0 (30)

in a polygonal type domain Q = Qo\(U,"LQj), where both Q¢ and Q; C Qo,
j=1,...,m, are polygons. In the system (28)-(30), u denotes the velocity field, H the
magpnetic field, p the pressure, f and J the given source terms; i, v and o are physical
constants. The boundary conditions

H-n=0, VxH=J, and u=0 on 9Qx (0, T] (31)
and the initial condition

Hji—o =Hp and u|—o=up in Q. (32)



The following 2D notations of curl, divergence and gradient operators are used for any
vectors field B = (By, By) and scalar field v:

0By, 9By 9By
VxB=—"7F%—- — V-B= —
x (9X1 6xz 6X1

OXo X4

o8,
8x2

vw:(%,%) v :<‘L¢ %),

0Xq ’ OXo



Issues for approximating incompressible MHD equations

The challenges to design accurate, robust and efficient numerical methods mainly
consist of:

@ The irregularity on geometry in real-word electromagnetic problems leads to low
regularity of true solutions, and this yields special challenges on the design and
analysis of numerical schemes. For instance, the Lipschitz polyhedron domain
(possibly non-convex) in R? (d = 2, 3) and perfectly conducting wall boundary
condiEion can only guarantee H® regularity for the magnetic field H, with
S € (3,1]

@ The incompressible conditions for velocity u and magnetic field H are important in
physical, therefore, numerical schemes which can preserve this condition may be
considered as a good scheme.

@ Our work here: a linearized Lagrange FEM for the incompressible MHD equations
without the assumption on the sufficient smoothness of weak solutions.



An equivalent form

Thus, instead of solving (28)-(29) directly, we propose to solve the following equations:

pOA— o TAA— pux (Vx A)=c"1J (33)
ou+ (u-Viu—vAu+Vp =1+ pu(V x A) x AA (34)
V-u=0 (35)
with the boundary conditions
u=0, A=0 on 9Qx (0,T] (36)
and the initial condition
ult:() = Up and Alt:0 = AO in Q, (37)
where A is the solution of
—AA():VXHO inQ,
(38)
Ay=0 on 99Q.

After solving (33)-(35), we can obtain the magnetic field H = V x A.



A FEM method

A fully discrete numerical scheme for the system (33)-(35) is to find A} € S,r]“,
up € Si*' x St and pf € S}, such that

n—1

An -
(th - h 7ah) + (07 'VAL Vap) — (uuf x (V x A1), ap) = (071", ap),
(39)
up —up” 1 1 1 1
(favh) + E(u27 : Vu;;vvh) - E(u27 . vvh? UZ) + (VVUZ, VVh) - (plr777 V. V/‘l)
= (17,vn) + ((V x Ap~) x ApAD, V), (40)
(v : UZ, qh) = 01 (41)
hold for all test functions a, € 3;,', v, € §;+" and g, € S},. The operator
Ap: 8 — &+ is defined via the duality:

(DpAD, ap) = —(VA7, Vap) Va, € S (42)
For any sequence wf, n=1,2,..., we define the piecewise constant functions wj’ _
and w, by
wﬁﬂ_(t) :=wj and wp (1) = ‘*’Z_1 (43)

fort € [th—1,fh]Jandn=1,2,...,N.



Main convergence results

Assume that the PDE problem (33)-(38) has a unique weak solution. Then the fully
discrete finite element method (39)-(41) has a unique solution, which converges to the
weak solution of the PDE problem as h — 0 and = — 0 in the following sense:

A} converges to A strongly in L?(0, T; H'(Q)), (44)
uj _ converges tou strongly in L?(0, T; L*(Q)). (45)
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V x V x E—w?E
B2V(V - J) + w(w + ir)d
n-J

vxVxE

iwd, X € Q1 UQ
iwwp?E, X € Qp,
0, x € 9
TE,xeTl

@ i BT B R R R T A R OCSR (K. R.
Hiremath et al, 2012, JCP)

24 Drudet® (3 = 0):

V xH=—iwegE+J, x € Q1 UQ
V x E = —iwegH, x € Q1 U Qo
BPV(V -J) + w(w + i) = iwwp’E, X € Qp

@ FIHIHDGK#IFIEM] 1 fif pnfE— (R
Vidal-Codina et al, 2018, JCP)

V x V x E— KkE =0,
2
P

w + iy

5 5 ww
K =w
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KRR : B IETME R 3R 2k Ak 3 /) 22 Drude i Al

H, E, —E 0 )

Ex +( o +| —H: = —puy | — 8%

E, . H; N 0 y —puy
P pUx puy 8 ; .
pUx + pUZ + Puxzuy = p| m(Ex+uH)— zux -S3
puy J, pUxly ), pUy , ,‘;—Z(Ey — UxHz) — Luy

X,y 75 R K B 44, 160, 1] x [0, 1] LA+
f#(p, Ux, Uy) = [1 4 0.5s8in27(x + y — 2t),1, 1], (Hz, Ex, Ey) = €2/ atXN[{ o —a]
a=Y2 % —{ ;=1

2 ) me ) °

Mesh P Hz Ex Ey

LZ error Order L error Order L2 error Order L? error Order
P
10 0.99E-01 - 0.17E+00 - 0.13E+00 - 0.13E+00 -
20 0.15E-01 271 0.47E-01 1.86 0.34E-01 1.87 0.35E-01 1.92
40 0.22E-02 2.81 0.82E-02 2.50 0.62E-02 2.46 0.62E-02 2.47
80 0.36E-03 2.61 0.13E-02 2.67 0.11E-02 2.56 0.11E-02 2.56
160 0.72E-04 2.30 0.23E-03 2.47 0.21E-03 2.31 0.21E-03 2.31
P2
10 0.58E-02 - 0.27E-01 - 0.20E-01 - 0.20E-01 -
20 0.58E-03 3.32 0.21E-02 3.65 0.17E-02 3.51 0.17E-02 3.51
40 0.53E-04 3.45 0.18E-03 3.57 0.17E-03 3.34 0.17E-03 3.37
80 0.55E-05 3.27 0.20E-04 3.16 0.20E-04 3.06 0.20E-04 3.08

160 0.77E-06 2.84 0.24E-05 3.03 0.25E-05 3.00 0.25E-05 3.01
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Central discontinuous Galerkin (CDG) methods

@ Review of CDG method

@ Development of CDG method

@ Physical-constraint-preserving schemes
@ Divergence-free CDG method
@ Maximum-principle-satisfying CDG method
@ Positivity-preserving CDG method
@ Well-balanced CDG method

e Fast and feasible schemes

@ Reconstructed CDG method

@ CDG method on unstructured overlapping meshes

@ Numerical results



Introduction of CDG method

Overlapping meshes: let {x;}; be a partition of the domain ©, and
Xj-1/2 = 3 (%1 + )

Primal mesh (C): {/; = (x]._%,xH%)}j; Dual mesh (D):  {/i;1/2 = (X, Xj11)};

AN

Discrete function spaces: VS = V¥ = {1 v|, € (PX())2,V j}
7

VP =vPr={v:y|, | € (Pk(lj_%))z,Vj}
+3




Introduction of CDG method

Consider the conservation law
ut+ F(u)x =0, (46)
The standard CDG method (Liu-Shu-Tadmor-Zhang (2007,2008,2011)) for (46) is given

by: Look for up** € V#, such that ¥v* € V; with any jand x = C, D,

[urOvfax = [ (onup®+ (1 = 6mup©) v+ Aty [ F(ufO)vPax
T 7l lj
_ n,D Cro— _ n,D Cru+
At | F( 205, V0L )~ FR 20 et )]
(47)
/ utPylax = / (GnuZ’C+(1 —Gn)u,’:’D> dex+Atn/ F(uZ’C)vf’dx
/ / I 4
=2

o=

— At [F(upCoVP0E) = F(up PP )] -
(48)

Here 6, = Atp/7 € (0, 1], with 7 being the maximal time step allowed by the CFL
restriction.



Development of CDG methods

°

°

CDG method on overlapping meshes for conservation laws [Y Liu, et al.,
2007,2008]

CLDG method for diffusion equations [Y Liu, et al., 2011]

Divergence-free CDG method on unstructured meshes for MHD equations [Y Liu,
et al., 2016]

Divergence-free CDG method for MHD equations [F Li, et al., 2011, 2012,2013]
Positivity-preserving CDG method for MHD equations [X., et al., 2013]

Physical-constraint-preserving CDG method for conservation laws [X., et al.,
2016]

Well-balanced and Positivity-preserving CDG method for shallow water
(Green-Naghdi) equations [X., et al., 2014,2017]

Reconstructed CDG methods [Li, et al., 2016, 2017]
CDG methods on unstructured grids [X., et al., 2018]



Reconstructed CDG method

The reconstructed CDG method is as follows: looking for u,'7’+1’* € V}, such that for
any v* € V} with any j,

/’u,';“’cvcdx = /I<0nu,’,”D+(1 —Gn)u,';’c) dex+Atn/lF(u,’1”D)vXCdx
J j j
,D C(y— ,D c
At [P0, VO )~ FRP el

(49)

/ ulttloyPax = / uthC o vPax (50)
Iy I

I=2 =2

In the reconstructed CDG method, (50) is used to replace (48) in the CDG method.

The reconstructed CDG method is still high order as the CDG method and reduce the
computational cost of the CDG method nearly half.



Reconstructed CDG method

Theorem

The numerical solution uS and uP of the RCDG method in (49)-(50) with F(u) = u
satisfies the following L2 stability condition

1@ P, e
il dx — —
2O,I/a(uh) x

/b(uﬁ—uﬁ)zdx—i—EgO
a

Tmax
and
b b
[ whyax < [ (uf)zax
a a

with a small CFL number, E is given by:

E = Y (uf0x,0—{ub0x, 0}) LuP0g, 0]

J

Herein {u(x;, t)} = %(uf,’(x/.*, t) + up(x;, ) and
Lup O, 1)) = up (™, 1) — ug (", ).

(51)

(52)

(83)




Reconstructed CDG method

The numerical solution uS and uP of the RCDG method in (49)-(50) for F(u) = u with
a smooth initial condition u(x,0) € Hk+' satisfies the following L? error estimate

lu—ugl? < C(Aax)%, lu - up||? < C(Ax)*, (54)

where u is the exact solution.




CDG method on unstructured overlapping meshes

We first define the unstructured overlapping meshes. The primal mesh (denoted by
TC) is atriangulation of the computational domain Q as in Figure (formed by the solid
line). Then we take an interior point in each triangle and connect the point to the three
vertices of the triangle by dashed line as in Figure, this forms the dual mesh (denoted
by 70) which covers the primal mesh, and each edge on the primal mesh is located
interior of an element on the dual mesh.

Figure: Unstructured overlapping meshes. Left: used in our work; right: used in Y. Liu’s work. Solid
line: primal mesh; dashed line: dual mesh.



CDG method on unstructured overlapping meshes

We consider the two-dimensional conservation laws:
U;+V-FU) =0, (55)

The fully discretized CDG method for (55) is to look for UZ“’* € W}, such that for any
V* € Wik« withany K* € T*,

/ urC . Veaxdy = / (6nUR® + (1 = 0a)URC) - VCaxdy
KC KC
n,Dy c
+ Atn./KC [F(Up?) - vve] axay

_ Atn/ [FUE) - nyo - V€] ds (56)
AKC

/ U2 . VO dxdy / (007 + (1 = 0n)UL®) - VPaxay

KD KD
" n,Cy . D

+ Atn/KD [FUp©) - vvP] axay

_ Atn/ {F(UZ’C) “Ngo -VD] ds. (57)
oKD

where nk« denotes the outward unit normal vector of cell K*, 6, = Aty/7 € [0, 1] with
7 being the maximal time step allowed by the CFL restriction.



CDG method on unstructured overlapping meshes

Theorem

The numerical solution UhC and U,? of the CDG method (56)-(57) with F(U) = U
satisfies the following L? stability condition

1d [ 1 2
vt UC)? + (UP)?) dxdy = — / UP — UC) dxdy <0
2dt/n((h) (h)) y Q(h n) y <

Tmax

with compactly supported boundary condition.

(58)




Numerical results
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Figure: Left: Part of the primal mesh for the flow past an airfoil. Right: The contours of the
numerical results at t = 1 for the flow past an airfoil(Top left: density; top right: velocity component
u; bottom left: velocity component v; bottom right: pressure).



Thanks for your attention !



