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Contact angle

[Ann. Rev. Fluid Mech., 45:269-292]

There are two main challenges in
large scale contact line modeling:

to describe flow close to contact
line

to match hydrodynamic part of
the problem to a microscopic
neighborhood of contact line

θm = cos−1
(
γsg−γsl

γ

)



Breakup of liquid filaments

No-Breakup Simulations Breakup Simulations
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Contact line phenomena in complex flows

Increasing in length, 2L0 ≈ 9 mm, 11 mm, 15 mm and 17 mm
from bottom to top. Oh ≈ 17, R0 ≈ 0.17 mm.

Afkhami et al., submitted: EPJ, 2018



Contact line phenomena in complex flows
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Pulse laser induced dewetting

Cu: h0 = 15Å, R0 = 150Å
θeq = 80◦ θeq = 115◦ θeq = 130◦

time 70ps 80ps 90ps
ejection velocity 0 0 119 m s−1

[Afkhami and Kondic, Phys. Rev. Lett., 2013]



Contact line phenomena in complex flows

Square-Wave-Simulations

Mahady et al., Phys. Fluids, 2015



Dewetting of thin films due to van der Waals force

Break up of a perturbed thin film, λmax = 2π/kmax

Dispersion relation of linearized equation with wavenumber k and
growth rate ω:

µω/γ = −h3
o

3

[
k4 + k2Π′(ho)

]
Π′(ho) = Kdj

[
m
(
h∗
h0

)m
− n

(
h∗
h0

)n]
, Kdj =

γ(cos θeq−1)
h∗

(m−1)(n−1)
(m−n)
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Equilibrium contact angle

Dependence of the contact angle on contact line velocity

For a static contact line, Young’s relation holds:

γ cos θe = γsg − γsl

Energy difference between wet and dry state - spreading parameter:

Seq = γsg − (γsl + γ) = γ(cos θeq − 1)



Gerris: [An accurate adaptive solver for surface-tension-driven interfacial flows, S. Popinet J. Comput. Phys., 2009.]

∇ · u = 0

ρ(∂u∂t +∇ · uu) = −∇p +∇ · τ + F

τ = µ
(
∇u +∇u>

)
Fst = σκδs n̂

δs n̂ ≈ ∇f

Fg = −ρgŷ = −∇(ρ(f )gy)+gy∇(ρ(f ))

FvdW = −∇φi

The volume of fluid method:

fi ,j ,k =
1

Ωi ,j ,k

∫
Ωi,j,k

f dΩ

∂f

∂t
+∇ · (uf ) = 0

ρ(f ) = ρ1 − (ρ1 − ρ2)f

µ(f ) = µ1 − (µ1 − µ2)f



Height-Function method: arbitrary contact angle

included:

an implicit (numerical) slip at the grid scale

well-defined static contact angle

not included:

dynamic angle model

microscopic physics: numerics is the microscopic physics

κ = hxx
(1+h2

x )3/2 , n = (hx ,−1)

[Transition in a numerical model of contact line dynamics and forced dewetting, S. Afkhami, J. Buongiorno, A.

Guion, S. Popinet, R. Scardovelli, and S. Zaleski, under revision, Journal of Computational Physics, 2018. ]



Fluid/fluid/solid interactions

Potential (repulsive-attractive) on
particle of phase i per unit volume of
solid

φi (r) = ρsKis

((σis
r

)p
−
(σis

r

)q)
(p, q) = (12, 6)
i = vapor,liquid
ρs : particles density in solid
σis : length scale determining
minimum potential
Kis : particle interaction strength
r =√

(x0 − xs)2 + (y0 − ys)2 + (z0 − zs)2
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φi (y) =

∫ 0

−∞

∫ ∞
−∞

∫ ∞
−∞

φi (x0)dxsdzsdys

FB(x) = −∇(φi (y))



φi (y) =

∫ 0

−∞

∫ ∞
−∞

∫ ∞
−∞

φi (x0)dxsdzsdys =

2πρsKisσ
3
is

(
1

(p − 2)(p − 3)

(
σis
y

)p−3

− 1

(q − 2)(q − 3)

(
σis
y

)q−3
)

where y is the height of the particle above the solid substrate.

φi (y) = Kis

((
h∗i
y

)m

−
(
h∗i
y

)n)
where m = p − 3, n = q − 3, and

h∗i =

(
(q − 2)(q − 3)

(p − 2)(p − 3)

) 1
p−q

σ

Kis = 2πρsρlKish
∗
i

((p − 2)(p − 3))
q

p−q

((q − 2)(q − 3))
p

p−q



Lennard-Jones and contact angles
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film thickness

Recall spreading parameter:

Seq = γsg − (γsl + γ) = γ(cos θeq − 1)

Energy difference between wet and dry state:

∆E =

∫ ∞
δ0

(φvs − φls)dy = Seq

= (Kvs −Kls)h∗
[

1

m − 1

(
h∗

δ0

)m−1

− 1

n − 1

(
h∗

δ0

)n−1
]

Letting δ0 = h∗:

Kvs −Kls =
γ(1− cos θeq)

h∗
(m − 1)(n − 1)

(m − n)



Volume-of-Fluid based Navier-Stokes solver

Method I: Body Force
Formulation

ρ (∂tu + u · ∇u) =

−∇p +∇ · τ̃ + γκδsn + FB(x)

FB(x) = −∇(φi (y))

FB(x) = [fKls + (1− f )Kvs ]∇(φi (y))

Method II: Balanced Pressure
Formulation

ρ (∂tu + u · ∇u) =

−∇p∗+∇· τ̃+γ

(
κ− Kφi (y)

γ

)
δsn

K = Kls −Kvs

p∗ = p+[fKls +(1−f )Kvs ][−φi (y)]

φi (y) = Kis

[(
h∗
y

)m
−
(
h∗
y

)m]
, Kvs −Kls =

γ(1−cos θeq)
h∗

(m−1)(n−1)
(m−n)

The discrete approximation of FB(x) and Kφi (y) are implemented
in GERRIS (freely available at gfs.sf.net). [Mahady et al., JCP, 2015]



Contact Angles, θi = θeq, γ = µ = ρ = 1
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Spinodal dewetting: 3D results, liquid copper,
θeq = 0.439π, Oh = 0.487

Simulation Simulation

4nm thick 8nm thick



Nonlinear film breakup: 3D results

h(t = 0, x , z) = h0 + ζ(x , z),

ζ(x , y) =
∑30

i=1

∑30
j=1 δij cos

(
2πx
λi

)
cos
(

2πz
λj

)
,

(a) (b)

(c) (d)

H̄3D(t, k) =
1

Ns

Ns∑
j=1

1

2

(
Ĥj(t, k , 0) + Ĥj(t, 0, k)

)
.



Spinodal dewetting: 3D results, liquid copper,
θeq = 0.439π, Oh = 0.487

(a) (b)

(c) (d)

[Mahady et al., PoF, 2016]



Spinodal dewetting: 2D vs 3D results,
Oh = µ/

√
γρL = 0.48

Evolution of DFT shows two distinct phased in 2D and three
distinct phases in 3D, each associated with a shift towards smaller
wavenumbers. In 3D these phases are prior to breakup, after holes
begin to form, and after drops begin to form.

Each successive phase is associated with a decrease in knum
max , and

correspondingly, an increase in the characteristic length scales.



Dewetting transition: Landau–Levich–Derjaguin film

liquid liquid

air

air

Vs<Vc

Vs Vs

Vs>Vc

Levich and Landau (1942). Acta Physicochimica
Derjaguin (1943). Acta Physicochimica



Dewetting transition: Landau–Levich–Derjaguin film
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Can we numerically predict the transition?
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Motivation: nucleate boiling, microlayer formation

[A. Guion, S. Afkhami, S. Zaleski and J. Buongiorno, under revision, IJHMT]



Lubrication approximations, θe → 0

inner region:
∂3h

∂x3
=

3Ca

(h2 + 3λh)

λ is slip length

outer region: κ = zcl − x

Cacr = (θ3
e/9)

[
ln

(
[Cacr ]1/3θe

181/3π[Ai(Smax)]2
√

2λ

)]−1

θapp → 0, κ =
√

2

[Chan, Snoeijer, Eggers, Phys. Fluids 24 (2012).]



Hydrodynamic theories of the dynamic contact line and the
dewetting transition; Cox’s theory [R. G. Cox, JFM 1986].

Fluid 2, ρ  , µ 

Fluid 1, ρ  , µ 

θe

θ(r)

Vs

h0

hCL

η(y)

2 2

1 1

x
y

g 
ς = hCL − y

G [θ(r)] = G (θe)−Ca ln(r/λ)−Ca Qi

f (θe , q)
+o(Ca)

G [θ(r)] = G (θe)−Ca ln(r/λ exp [
f (θe , q)

Qi
])+o(Ca)

λ→ ∆, θe → θ∆ and φ(θ∆) = exp [− f (θ∆,q)
Qi

]

θ(r) = G−1 [G (θ∆)− Ca ln(r/(∆/φ))] + o(Ca)

φ(θ∆) =
∆

r
exp [

G (θ∆)− G [θ(r)]

Ca
]

θ(r)|Cacr → 0 => φ(θ∆) = πAi2(smax)

31/32−5/6
∆

Ca
1/3
cr lc

exp
[
G(θ∆)
Cacr

]



Accuracy of Direct Dynamic Contact Line Simulations
Near the Forced Dewetting Transition

A distinguished feature of proposed numerical model is
consideration of large contact angles (≥ 90◦) and arbitrary
viscosity ratios, in contrast to available asymptotic models.

First time showing logarithmic dependence of interface slope
on distance to contact line using direct numerical simulations.

First time characterizing the implicit numerical slip length.

Results (probably) depend on the exact numerical method
used.



Numerical setup
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0.0008 ≤ Ca = µ1Vs/σ ≤ 0.2
15◦ ≤ θ ≤ 110◦

lc =
√
σ/[(ρ1 − ρ2)g ] ≈ L/10, lc of water/air ∼ 2 mm

1/256 ≤ lc/∆ ≤ 1/32



Results
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Numerical verification of the theory of Cox

θ(r) = G−1 [G (θ∆)− Ca ln(r/(∆/φ))] , q = 1, θ∆ = 110◦

φ = 2.94,∆/lc = 0.004,Ca = 0.058



Numerical verification of the theory of Cox

θ(r) = G−1 [G (θ∆)− Ca ln(r/(∆/φ))] , q = 1, θ∆ = 110◦

φ = 3.22,∆/lc = 0.008,Ca = 0.064



Numerical verification of the theory of Cox

θ(r) = G−1 [G (θ∆)− Ca ln(r/(∆/φ))] , q = 1, θ∆ = 110◦

φ = 3.37,∆/lc = 0.016,Ca = 0.074



Numerical verification of the theory of Cox

θ(r) = G−1 [G (θ∆)− Ca ln(r/(∆/φ))] , q = 0.02, θ∆ = 90◦

φ = 3.42,∆/lc = 0.004,Ca = 0.08



Numerical verification of the theory of Cox

θ(r) = G−1 [G (θ∆)− Ca ln(r/(∆/φ))] , q = 0.02, θ∆ = 90◦

φ = 3.79,∆/lc = 0.008,Ca = 0.09



Numerical verification of the theory of Cox

θ(r) = G−1 [G (θ∆)− Ca ln(r/(∆/φ))] , q = 0.02, θ∆ = 90◦

φ = 3.67,∆/lc = 0.016,Ca = 0.1



Numerical verification of the theory of Cox

θ(r) = G−1 [G (θ∆)− Ca ln(r/(∆/φ))] , q = 1, θ∆ = 40◦

φ = 2.42,∆/lc = 0.008,Ca = 0.008



Numerical verification of the theory of Cox

θ(r) = G−1 [G (θ∆)− Ca ln(r/(∆/φ))] , q = 0.02, θ∆ = 40◦

φ = 1.53,∆/lc = 0.008,Ca = 0.013



Numerical verification of the theory of Cox

Cacr = (θ3
e/9)

[
ln

(
[Cacr ]1/3θe

181/3π[Ai(Smax)]2
√

2λ

)]−1

φ(θe) =
πAi2(smax)

31/32−5/6

λ

Ca
1/3
cr lc

exp

[
θ3
e/9

Cacr

]
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Conclusions

The results serve as an indirect verification of the Cox theory.

Our numerical procedure can be thought of as a way to
achieve mesh independent contact line simulations.

Future work: extend the study to various scenarios, such as
drop spreading, micro-layer formation, etc., to confirm the
universality of the numerical procedure.



Asymptotic matching solution

R. G. Cox [JFM (1986)]:

G (θout) = G (θin) + Ca ln(ε−1) + O(Ca)

G (θ) =

∫ θ

0

dθ′

f (θ′, q)
,

f (θ, q) =

2 sin θ{q2(θ2 − sin2 θ) + 2q[θ(π − θ) + sin2 θ] + [(π − θ)2 − sin2 θ]}
q(θ2 − sin2 θ)[(π − θ) + cos θ sin θ] + [(π − θ)2 − sin2 θ](θ − cos θ sin θ)

As Ca, ε→ 0, θout → θin if Ca ln(ε−1)→ 0.

ε = rm/r is not uniquely defined.

Effect of corresponding small scales can be summarized with
θin and the microscopic length scale rm.


