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We consider 2D elliptic interface problem on a rectangular domain 2,

— V-85 (z,y)Vu(z,y) = f(z,y) (z,y) €QF, (1)
=V B (z,y)Vu(z,y) = f(z,y) (z,y) €N, (2)
where the interface T' € C? is a curve immersed in Q, QT and Q~ are

sub-domains of Q such that QT NQ~ = and QF UQ~ = Q. Along the
interface, jump conditions for the solution and the flux are prescribed,

[ulr = w, (3)
55 =@ *)

The boundary condition is given as

u(z,y) = g(z,y), (z,y) € 0N (5)
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Our idea is using extension function to make interface problem with
non-homogeneous jump conditions become one with homogeneous jump
conditions. Those advantages are not only to use the usual finite element
basis functions in trial space for different jump conditions, but also the
scheme is simple and robust for the interface problem, and this method can
be easily extended to solving other complex interface problems. we define

0 if o(z,y) <0,

up(z,y) if o(z,y) >0, (©)

ﬁ(x, y) = H((p(ﬂf, y))up(xv y) - {

where H(-) is the Heaviside function. @(z, y) has the same
non-homogeneous jumps conditions across the interface as u(x, y)
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For an arbitrary interface I', there are three types of dual elements, as
shown in Fig. 1.

Figure: Three types of dual elements.
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@ Model problem1
@ The immersed finite volume element formulation



We integrate Equation of ¢ = u — @ on V;; and have,

- V - BV qdrdy = / fdzdy +/ H(o(z,y))V - fVu,dzdy. (7)
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If V;; € QF oreQ, then V;;is Type 1 or Type 3, i.e. V;; NI =10. So
we directly employ the Green's formula to obtain,

[ sgtas= [ gdy+ [ (o 0)V - pVupdsdy,  (9)
ov,; On Vi Vi

where n is the unit outward normal vector of 9V ;.
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If Vijis Type 2, i.e. V;;NT # (), we need to apply the Green's formula
piecewisely for the left hand side of (7),

—/ V - BV qdzdy = —/ V-ﬁquxdy—/ V- pVadzdy  (9)

9q 9q
= [ pgtas- [ [] ds.
8Vw lgan Vz'yjf-‘ll—‘ Ban I
: . 9q
By the second jump condition |3(z,y)=—| =0, we get the same scheme
r

On
as (8).
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@ Model problem1

@ The numerical scheme



We rewrite (7) in terms of v = ¢ + 4 to obtain,

0
— B—Uds :/ f(z, y)dxdy—i—/ H(p(z,y))V - fVu,dzdy (10)
ov;; On Vij Vij
ot
— —ds.
avmﬁan
If Vi; e Q™ , H(p(z,y)) =0, & =0.
It V;; € Q7T by applying Green's formula, we have
ot
/ H(p(z,y))V - fVu,drdy — / B—ds = 0. (11)
Vij ov,; On

Zhiyue Zhang (NJNU) PDEs with Interface IMS,2018 13 /130



Then, the numerical scheme is as follows:
If V;;is Type 1 or Type 3, we have

8uh 8uh
: o oy ) : 12
/8\/1»,]» B ( 9 dy By dm) Vm‘f(x, y)dzdy (12)

If V;;is Type 2, we have

auh auh _

Vi
ot ot
+/V1Z,j H(o(z,y))V - BV u,dzdy — /8Vi,j B (axdy — ayd:c) ,
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However, if we treat Type 3 as above, the scheme is wrong. In the cell 1V,
Up 7 Ui Qi + Uit1,jPir1,j + Uit1,j+1Pit1,5+1, Since these nodal basis
functions only satisfy the homogeneous jump conditions as stated in the
above definitions. We reconsider the schemes for the Type 3. If V;; € 7,
then H(y(z,y)) = 0, thus from (8), we have

8uh auh

(%i,Y5)ER:,j

AU 8¢i,j _ a¢l,] )
where A; ; = /8%7]'/8( P dy ay dx
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If V;; € QF, then H(p(z,y)) = 1. We get the scheme by using
up = qp + 4,

auh auh _
- /avi,jﬂ (axdy - aydfc> = /Vw‘f(as, y)dzdy(15)

B (zi,y5)ER:.j
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@ Model problem1

@ An error estimate for the IFVE method



Theorem

Assume that T}, is regular and q and g, are the real solutions and
numerical solution for the considered problem, respectively, and

q € H*(Q), f € L*(Q), and B°(z,y) € W>2(Q°) (s = +), then there
exists C' > 0 for h € (0, hy] such that

g — anllin < Ch(llgll2 + IIFII)- (16)

v
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@ Model problem1

@ Numerical experiments



An example with an complicated interface and nonhomogeneous jump
conditions.

The position of the interface is given in parametric form
X(0) = r(0) cos(0) + xo,

Y (6) = (6) sin(6) + yo.

with r(0) = 19 + 1 sin(wé), 0 < 6 < 27, where the parameters are set to
15 =0.5, 71 =0.1, w=75, and 7y = yo = 0.2//20.

The coefficients 4% and the solution u* are given as: (a) 4+ = 1000,

B~ =1, (b) B+ =1, B~ = 1000,

ot = rt 4 Colog(2r)’ y r2 |
las B

where r = /(z — 29)%? + (y — y0)? and Cp = —0.1.
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Table: Convergence results for the solution w in the L2, L> and H' norm for
Example 1.

Cases Grids oo orderl € order2 e1 orde
case(a) 64  3.88e-1 4.70e-2 1.28e+0

pT =103 128 1.15e-1 1.75 1.06e-2 214  4.69e-1 1.4!
=1 256 2.42e2 225 157e3 276 1.62e-1 1.5

512 8.09e-3 158 5.12e-4 161 8.22e-2 0.9
1024 1.84e-3 214 8.99%-5 251 2.79e-2 1.5¢
case(b) 64  1.43e-2 1.18e-3 1.32e-1
BT =1 128 2.16e-3 2.72 1.02¢-4 3.54 4.01e-2 1.7
f~ =103 256 3.49e-4 263 1.90e5 242 1.38e-2 1.5
512 15le-4 121 5.46e-6 1.80 6.81e-3 1.0
1024 2.13e-5 2.83 9.70e-7 2.49 2.29e-3 1.5
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ol

Figure: The figure of Example 1 with 160 x 160 grid-points: (a) is the numerical
solution and (b) is the absolute error |u — uy| with 57 /8~ = 1000, respectively.
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Figure: The figure of Example 1 with 160 x 160 grid-points: (a) is the numerical
solution and (b) is the absolute error |u — uy| with 87 /38~ = 1/1000, respectively.
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An interface problem with homogeneous jump conditions.

The level-set function ¢, the coefficients 5T, and the solution u* are

given as follows: ¢ = 22 +4? —0.25, (a) T = 1000, 8~ =1, (b) s+ =1,
3~ = 1000,

a 1 1
u+:;++<ﬁ_—ﬁ+>r§‘, if 7 > o,
Q
u- = r otherwise,

577
with a =5, r = /22 + 42, 1o = 0.5.

u(xv y) =

Zhiyue Zhang (NJNU) PDEs with Interface IMS,2018 24 /130



Table: Convergence results for the solution w in the L2, L> and H' norm for

Example 2.

Cases Grids €oo orderl € order2 el order!

case(a) 64  2.97e-4 6.84e-5 6.79e-3
pT =103 128 6.73e-5 2.14 1.52e-5 217 3.46e3 097
B~ = 256 2.70e-5 132 42le6 186 1.75¢-3 0.98
512 7.27e-6 189 1.34e-6 1.66 8.79e-4 0.99
1024 2.34e-6 1.63 3.36e-7 199 440e4 1.00

case(b) 64  9.40e-4 9.56e-4 1.99e-1
Bt =1 128 2.13e-4 215 234e-4 203 1.06e-1 091
f~ =103 256 5.98e-5 183 595e-5 198 548e-2 0.95
512 1.40e5 210 1.42e5 206 2782 0.98
1024 3596 196 3.6le6 198 1.40e2 0.99
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Figure: The figure of Example 2 with 160 x 160 grid-points: (a) is the numerical
solution and (b) is the absolute error |u — uy| with 57 /8~ = 1000, respectively.
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Figure: The figure of Example 2 with 160 x 160 grid-points: (a) is the numerical
solution and (b) is the absolute error |u — uy| with 37 /3~ = 1/1000, respectively.
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A stabilized immersed finite volume element (SIFVE) schemes for interface
problem: Find wy, € S,(£2) such that

an(un, i) = (f, [ion), Vun € Sp(€), (17)

where

(uh,lhvh Z[h’uh/ ,BVU}L nds + Z / A ’LLh ’Uh

ES;L
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Table: Errors of classic IFVE when 8~ =1 and 37 = 1000.

L° error

T

L? error

r

H?' error

r

1/32
1/64
1/128
1/256
1/512

2.9948E-04
6.8083E-05
2.6917E-05
7.2802E-06
2.3432E-06

2.14
1.34
1.89
1.64

7.2651E-05
1.6338E-05
4.5134E-06
1.4366E-06
3.6131E-07

2.15
1.86
1.65
1.99

9.2961E-03
5.0791E-03
2.6386E-03
1.3448E-03
6.7922E-04

0.87
0.94
0.97
0.99
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Table: Errors of SIFVE when 8~ =1 and 8 = 1000.

h L°° error

T

L? error

r

H?' error

r

1/32  2.3694E-04
1/64  6.9202E-05
1/128 2.1526E-05
1/256 5.7431E-06
1/512 1.7438E-06

1.78
1.68
1.91
1.72

8.8773E-05
1.8250E-05
5.1709E-06
1.5637E-06
3.9675E-07

2.28
1.82
1.73
1.98

9.4078E-03
5.0933E-03
2.6449E-03
1.3462E-03
6.7960E-04

0.89
0.95
0.97
0.99
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Figure: The L error under uniform refinement of the mesh for
B~/B% =1/1000 (left) and S~ /BT = 1/10 (right).
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Consider the stochastic elliptic interface problem: Find a random function,
u: ) x D — R, such that P-almost everywhere in probability €2, or in
other words, almost surely, the following equation holds:

-V (B(w, )Vu(w,-)) = f(w,") inDTuUD, (18)
N ‘ ou(w,-)]

[u(w, )]y = 0 {ﬁ(w, o ]F —0  onT, (19)

u=20 on 0D. (20)

The coefficient f(w,x) : 2 x D — R is a piecewise random function, that
is,
B (w,x) x€ D,

Bt (w,x) x€ DT (21)

B(“Wx) = {
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In addition, we shall make the following assumptions of the data:

@ The coefficient 5(w, -) is uniformly bounded and coercive, i.e., there
exist Bmin, Bmaz € (0, 00) such that
P{weQ: B(w,x) € [Bmin, Pmaz), VX € D} =1,

@ For any w € (), the function f(w, -) belongs to the space L?(D) and
is square integrable with respect to P in the sense of

L 1) gy dPle) < co.
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The weak form of the problem (18)-(20): Find u € L%(Q) ® Hg (D) such
that

/ E[BVu - Vv]dx :/ E[fv]dx for all v € L%(Q) ® H} (D). (22)
D D

where E[-] stands for the expectation. Moreover, we have the following
regularity result for the problem with respect to x [J. H. Bramble and J.
T. King, 1996]. The solution to (22) has realizations in the space H*(D),
i.e., for any w € Q, u(w,-) € H*(D) and

o, Mgga iy < CIF@ 22y
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Let the mean and the covariance of 3F(w, x) be defined as
BE(x) = / BF(w,x)dP,  Vxe D* (23)
Q
and
Covge(x,x1) = [ (8% (0,0 = B (x)) (8% (. x1) = B (x1)) dP, (24)

respectively. Then the Karhunen-Loéve (KL) expansion of 5% (w,x) is
(o]
B (w, %) = By (%) + D\ A B (x)y (w), (25)
n=1

where 3 are the orthogonal and normalized eigenfunctions and A" are
the corresponding eigenvalues of the following eigenvalue problem

], Conse (e, 3x1)85 () et = X535 ). (26)
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It is shown in [R. G. Ghanem and P. D. Spanos, 1991] that the
Karhunen-Loéve expansion is optimal among all possible representations of
random processes in the sense of the mean-square error. The truncated
Karhunen-Loéve expansion reads

N:t
B, (w,x) = BE) + 3 VAEAE () (w). (27)
n=1
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Theorem
(Finite-dimensional noise) The coefficients in the original equation have
the form

SR

Nt
B, x) = % (5 (w), 15 (@), e (@), %) = BEG+ DS Y NEBE ()
n=1

where N* are positive integers, {y 1 are real-valued and independent
random variables with mean value zero and unit variance. The function f

has a similar form f(w,x) = f(y{(w), e ,yfvf(w),x). Define

y:(ylu"'7yN) (ylf"vy]—\‘;-%?yl_?'“7y;[—7y{7'“7y§vf) Wlth
N = Nt + N~ + N7, we can rewrite 3% (w,x) = f*(y,x) and
fle, %) = £(y,%). /
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Under the finite-dimensional assumption, the stochastic problem (18)-(20)
now becomes a deterministic elliptic interface problem with N-dimensional
parameter, i.e., find u(y,x): © x D — R, for all y € O, the following
holds

=V (Bly,x)Vu(y,x)) = f(y.x) xe€D"UD",

ou(y,x)

(u(y, %)]r = 0 [ﬁanh ~0 xerl, (28)

U(y,X) =0 X € 8_D

The stochastic variational formulation (22) has a deterministic equivalent:
Find u(y,x) € L3(©) ® Hg (D) such that

/ p(y)ﬁ(yvX)VU(y,X)-W(y,X)dydx=/ p(¥)f(y,x)v(y, x)dydx.
OxD OxD (29)
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© Model problem?
@ Stochastic collocation methods



In the stochastic collocation method, we first evaluate approximation
functions u(y, -) € Sp(D) to the solution of (28) on a suitable set of
points y; € © using the immersed finite element method. Then the fully
discrete solution uy,p, € C%(0;.5,(D)) is a polynomial interpolation in the
random space, i.e.,

unp(y, %) =Y un(yr, %) (y), (30)
k

where, for instance, the functions l,lc) can be taken as the Lagrange
polynomials. Then the approximation of the expected value of u to the
stochastic equation (18)-(20) can be evaluated as

Blu] = Blung] = S uex) [ p0EWY. (3
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© Model problem?

@ Smolyak approximation



First we assume N =1, and let {y{, -+, y},.} C © be a sequence of
abscissas for Lagrange interpolation. Here the integer ¢ means the level of
approximation and m; is the number of interpolation points used at level
1. Then, the one-dimensional Lagrange interpolation is

m;
Uiw) = 3wy, (32)
k=1
where I{ € Pp,,—1(0) are the Lagrange polynomials of degree m; —1, i.e.,
( ) =112, it % In the multi-dimensional case, i.e., N > 1, the
Lagrange mterpolatlon based on the full tensor product is defined by

mzl mZN . . .
V() (y) = U e -@UY)(u)(y) = - Z u(yily -y (- ol
j1=1
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Now we briefly describe the isotropic Smolyak formulation which is a linear
combination of low order tensor product formula (33). The Smolyak
formula is then given by

_ _NwrN—i| N-1 B oo o 7N
A(w, N) Z (-1) <’w+N—|i|>(u ® - QUW),
w+1<|i|[<w+N
(34)
where i € N¥ and |i| = i + -+ + in. The set of the sparse grids needed
to compute A(w, N)(u) is
H(w, N) = S (@ x e x 9™, (35)
wH1<[i|<w+N
where 9 = {y},--- ,yl, } is the set of abscissas used by U".
We choose to use Clenshaw-Curtis abscissas which are the extreme of
Chebyshev polynomials, that is, for any choice of m; > 1,
- =1
y]?:—COSF, ]:1, , My (36)
In addition, we define y{ =0 if m; =1, and choose m; = 1 and
m; =271 +1 for i > 1.
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Fig.1: Two-dimensional (N=2) interpolation nodes based on the extreme of
Chebyshev polynomials (36). Left: sparse grids H(w, N) with w = 5. Total
number of points is 145. Right: the tensor product grids based on the same
one-dimensional nodes. Total number of nodes is 1089.
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© Model problem?2

@ The immersed finite element method



A G
T+
n\ £
S t M
-
B c

Fig.2: A typical interface element and a neighboring element.

We take a typical interface element AABC whose geometric configuration
is given in Figure 8 as a demonstration. The line segment SE divides T
into two parts 7" and T~. Let n and t be the unit normal and tangential
directions of the line segment SE, respectively. We construct the following
piecewise linear function on this element,

dt=at+bm +ctwy, x=(n,m)e T,
P(x) = (37)

¢ =a +b m+c am x=(n,w) el .
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The coefficients are chosen such that
¢(A> = Vla QS(B) = VQ, ¢(C) = V37 (38)

5H(8) = 67(9), 6" (B) = (B), 520 =52 (a9)

where V;, i = 1,2,3 are the nodal variables. Intuitively, there are six
unknowns in (70) and six restrictions in (71)-(72). The piecewise linear
function is uniquely determined by V;, i =1,2,3.

Definition

(IFE space) The IFE space V;/(Q) is defined as the set of all piecewise
linear functions that satisfy
@ ¢|r is the linear function if T' is the non-interface element

@ ¢|r is the piecewise linear function defined in (70)-(72) if T is the
interface element

@ ¢ is continuous at all nodal points,
e ¢(xp) = 0 if x; is a nodal point on 9f2.

v
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For any y € ©, the immersed finite element approximation of (28) reads:
Find u,(y,-) € Sp(D) such that

on(un(y,x),00) = [ [y x0u60dx,  Vo(x) € S(D), (40)
where the bilinear form a;(+,-) is defined by
Z / BVw - Vudx, Yw,v € Sp(D). (41)
TETh

It has been proven that the immersed finite element method has the
optimal convergence order in L%-norm, that is,

lu(y, ) = un(y, 2oy < COllu(y, Mgagpy, VY €O.  (42)
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We recall that u is the solution of the original stochastic problem
(18)-(20), wy, is the semidiscrete approximation obtained by the IFEM and
A(w, N)uy, is the fully discrete numerical solution. The error to be
considered can be split as

lu—A(w, N)un| 20)012(p) < lu—unll12(0)012(0)Fllun—A(w, N)us| 12(0)s

(43)
The first term is nothing but the approximation error in physical spaces,
i.e., the error of the IFEM. By [S. Chou, D. Y. Kwak, and K. T. Wee,
2010], we have

/2
I wlgorern = ([ [ ointyx) iy Paxdy)
< ollu]

(44)

L2(0) ®H2(D)

The second term is the Smolyak approximation error. To estimate the
approximation error, we first give the following lemma [F. Nobile, A.
Clement, F. Moés, 2008. Theorem 3.10].
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Lemma

Let ©F = HJ 1,j#n ©j and y, be an arbitrary element of ©*. For each

Yn € Oy, assume that there exists T, such that u(yy,, y5,x) as a function
of y, admits an analytic extension u(z,y;,x), z € C, in the region of the
complex plane

0(On; ) = {2z € C,dist(z,0,) < 7, }. (45)

Also define the parameter

l\.')\r—t

27y 472
mln lo +4/1+ =55 46
' g(\en\ |en|2> (46)
Then the isotropic Smolyak formula (34) based on Clenshaw-Curtis
abscissas satisfies
o

1+ log(2N)’
(47)

lu — A(w, N)(u)|| Lo 0¥, w,(py) < Clo, N)n™# with py =

O a) L /\ mher o allo
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However wy, is required to satisfy the regularity assumption made in the
above lemma. It has been proved in [l. Babuska, F. Nobile and R.
Tempone, 2010. Lemma 3.2] that the problem satisfies the regularity
assumption with 0 < 7, < 1/(2/75) if the following holds:

k
B(ya) L= (D) 1+ ”f(ya ')HL2(D)
Under the assumption 4, we have
+ ) ¥ min ifk=1
0y 67 (y,x ) _ [ VAB(x)/8 | (49)
5()’7 X) 0 ifk>1lorn>NT

and similar results for 5~ and f. Thus (48) is satisfied if we take

Y = \/EHB:{HLOO(DJr)/ﬁmm forn=1,--- ,NT. For the case of n > N,
the constant «y,, can be chosen similarly. Note that the regularity results
are valid also for the semidiscrete solution wy,.
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Using Lemma 6, the second term now can be estimated, we have

Theorem
Under the assumption 4, it holds that

HU—.A(U}, N)uhHLg(@)(@Lz(D) E ChQHUHLE(@)(@ﬁ2(D)+C(Ua N)n—a/(l—i—log(N))’

(50)
where o is defined in (46) and the constants C' and C(o, N) are
independent of h and 7.

v

Using the theorem, the error in the expected value of u is easily estimated,
i.e.,
[E[u] — E[A(w, N)up]||r2(p) < |lu = A(w, N)upl| r20)02(D)
2 —o/(1+log(N)
< OW®ull oy iagpy + Ol N7/ 4128
(51)

®H?(D)
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© Model problem?

@ Numerical examples



For simplicity, the problems are defined in the rectangular domain

D = [-1,1] x [—1,1] which is partitioned into 2N? right triangles with
mesh size h. We consider a deterministic right-hand function f and
construct the random coefficient as

M
570 = B (91 +05% Y. —u,), x€ D,
By, x) = " ) (52)
BTy, %) =By ()(L+05% 3 —yn), xe DT,
n=M+1

with N = 2M the dimension of random space, and y,, € [—1,1],
n=1,---,N, are independent uniformly distributed random variables.
In all examples, we compute the L?(D) error to the expected value, i.e.,

Error = [|E[u] — E[A(w, N)up]|l 2(py, (53)

where the expected value of exact solution is approximated as
E[u] ~ E[A(w, N)uy] with a larger .
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The interface I' is a circle centered at the origin with radius rp = 0.5, as
shown in Figure 9. The true solution is

gi in D™,
Y1 (54)
B—++(5—_—B—+)r§’ in DT

where 7 = /27 + 22. In this example, we choose 35 = 100 and 3, =1
in (52).

-1 -05 0 05 1
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10°
N=512
—&— SGSC-IFEM —6— SGSC-IFEM
—x— - SGSC-Liner FEM — %= SGSC-Linear FEM
s 10°
10 10° 107 107
h

o 100

(a) L? error versus the number of col-

location points n

parameter h with w =4

(b) L? error versus the mesh-spacing

Fig.4: A comparison between the sparse grid stochastic collocation (SGSC)
method based on the IFEM and the standard linear FEM for solving Example 1

with N=6.
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Fig.5: A comparison between the sparse grid stochastic collocation method and
the Monte Carlo approach for solving Example 1 with N=10 and N, = 512.
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Efu]

Fig.6: The exact expectation of Example 1 with N=10.
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w=1 w=2 w=3

Error

Fig.7: The error distribution of the expected value of Example 1 with N=10 and
w=1, 2, 3, 4.
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The interface is the zero level set of the function is

@(71,12) = —23 + ((71 — 1)tanf)?z1, where 6 is a parameter. The
interface has a corner of angle 26 at (1, 0) as shown in Figure 14.

The exact solution is chosen as u = ¢(z1,22)/5. It is easy to verify that
the solution indeed satisfies the PDE and the jump conditions using the
fact of n = V/|V|. In this case, we choose ; =1 and 83 = 10 in
(52). The dimension of random space is set to be N = 10.

1

0.8

0.6

04

0.2

0

-02

-04

-06

-0.8

-1

-1

-05 0 05 1

Fig.8: The domain and the interface of Example 2. The interface has a corner of

angle 26 at (1, 0).
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Fig.9: A comparison between the SGSC-IFEM and the MC-IFEM for solving
Example 2 with N=10.
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Fig.10: The expected value of Example 2 with N=10.
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Error

Fig.11: The error distribution of the expected value of Example 2 with N=10 and
w=1, 2, 3, 4.
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We consider the case where 3; and 3 in (52) is not a piecewise constant,
=1 in D,

o : . (55)
By =10+ 5(z{ — z122 + 23) in D™.

The interface is the zero level set of
o(71,12) = 72 /(0.5%) + 13 /(0.25)2 — 1. The exact solution is chosen as

u = p(z1,22)/0. And we set N = 8.

—A— MC-IFEM

—6— SGSC-IFEM
10° 10! 10° 10° 10*
n

Fig.12: A comparison between the SGSC-IFEM and the MC-IFEM for solving
Example 3 with N=8.
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Fig.13: The expected value of Example 3 with N=8.
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w=1

Fig.14: The error distribution of the expected value of Example 3 with N=8 and
w=1, 2, 3, 4.
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We have presented a stochastic collocation method for the numerical
solution of elliptic partial differential equations with both random inputs
and interfaces.

To relieve the curse of dimensionality, we use the sparse grid collocation
method based on the isotropic Smolyak construction instead of using the
full tensor product construction.

In the error analysis, we divide the error into two parts and provide the
error estimates respectively. Numerical examples have shown that the
sparse grid collocation method preserves a high level of accuracy and it is
a valid alternative to the more traditional Monte Carlo method.
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Consider the elliptic interface equation

-V (B(x)Vy(x)) = u(x) in O\, (56)
[y]F =0, [ﬂany]r‘ =0, (57)
y=0 on 09, (58)

[y]r: the jump of the function y(x) across the interface I';

I': the interface which separates the domain € into two sub-domains QF
and 27, and Q7 lies strictly in £;

n: the unit normal direction of I" pointing to Q;

B(x): a positive and piecewise constant, that is,

Bx)=ptTifxeQt, Bx) =8 ifxecqQ . (59)
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The weak formulation of the state equation is
Find y € Hi(Q) such that a(y, v) = (u, v)2(0) Vv E HI(Q), (60)

where

a(y,v) = Z/ B°Vy - Vodx
s—+ 78

and
(u, ) 12 (q) :/ uvdx.
Q
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Problem

(P) Consider the optimal control problem of minimizing

e, ) = ;/Q(y— yd)de+%/Qu2dx (61)

over all (y,u) € H}(Q) x L*(Q) subject to the elliptic interface equation
(56)-(58) and the control constraints

Uy < u < up. (62)

v

The regularization parameter « is a fixed positive number and the set of
admissible controls for (P) can be written as

Ugg = {u € L2(Q) S < u < upt.
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The problem (P) admits a unique optimal control u* € L?(Q), with an
associated state y* € H{(2) and an adjoint state p* € H}(Q) that satisfy
the state equation

a(y*,v) = (u*,v)12() Vv € Hy(R), (63)
the adjoint equation
a(v,p*) = (" = ya, v)2() Vo € Hy(9), (64)
and the variational inequality
(u™ +p*,w—u")2) >0 Vwe Uy (65)

Moreover, the variational inequality is equivalent to

* 1 *
0= Py (7). (66)

where Py, ,1(v) denotes the projection of v € R onto the interval [ug, up).
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The adjoint equation
a(v,p*) = (¥ — Y4, v)12(0) Vv € Hi(Q), (67)
is the weak form of the following interface problem

— V- (BVp)=y—ys inQ,
p =0 on 09, (68)
[p]I‘ =0, [Banp]l‘ =0.
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Lemma

If the function u € L?(§2) and the interface I' € C?, then the problem
(56)-(58) has a unique solution y € H*(Q) N Hy () which satisfies for
some constant C' > 0

¥l 720 < Clulzzen, (69)
where _ _
Q) = {y e H(Q): ye BXQ), s=+, -}
equipped with the norm HyH%Q(Q) = HyHip(Qﬂ + ”3/”?{2(97)-

Let (u*, y*,p*) be the solutions of the problem (P). Then we have

(u*, y*, p*) € L2(Q) x H*(Q) x H2(Q).

Zhiyue Zhang (NJNU) PDEs with Interface IMS,2018 81 /130



9 Model problem and optimality conditions
@ Discretization and error estimates



9 Model problem and optimality conditions

@ The immersed finite element method



Fig.1: A typical interface element.

We construct the following piecewise linear function

ot =at +bTm + Ty, x=(1,m) e T,
plx)=¢ - ~ (70)
¢ =a +b m+cm, x=(r,m)eT,
where the coefficients are chosen such that
p(A) = V1, ¢(B) = Va, ¢(C) = Vs, (71)
¢ (D) = ¢~ (D), ¢7(E) = ¢~ (E), B70np" =B 0np™. (72)
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(IFE space) The IFE space V;/(Q) is defined as the set of all piecewise
linear functions that satisfy

@ ¢|r is the linear function if 7" is the non-interface element

@ ¢|r is the piecewise linear function defined in (70)-(72) if T is the
interface element

@ ¢ is continuous at all nodal points,

e ¢(xp) = 0 if x; is a nodal point on 9f.

Problem
(IFE approximation) For any u € L*(2), find y;, € V;/(Q) such that

| \

an(yn, vn) = (u, )20 Vo € Vi (Q), (73)

where

ap(u, v) == Z / BVu-Vudr Yu,v e Hp().
TeT,’ T

v
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(Discrete Poincaré inequality) There exists a constant C independent of h
and the interface I" such that

6/l z2(0) < Can(d,9) Vo € Vi (D). (74)

Theorem

(Error estimates) Let y € H?(Q) N H} (Q) and yj, € Vi (Q) be the
solutions of (56)-(58) and (73) respectively. Then there exists a constant
C > 0 such that

ly = onllun < Chllyll oy, (75)

ly = wnllz20) < Ch[1yl 772 (76)

v
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9 Model problem and optimality conditions

@ Discretization of the optimal control problem



Problem

(Pn) Consider the problem of minimizing
1 2 o 2
Tty w) = 5 [ (on = v)Pdx + 5 [ adx (77)
Q 2 Ja
over all (yp, u) € V() x L*(Q) subject to

ah(yh, vh) = (u, ’l}h)Lz(Q) Yo, € V;‘L](Q) (78)

and the control constraints

Uy < U < Up. (79)

v
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The problem (Py,) has a unique solution u} € L?({2) with associated state
yi € V;/(Q) and adjoint state p; € V;/ () that satisfy the state equation

an(yi, vn) = (uj, vn) 2y Von € Vi (Q), (80)
the adjoint equation
an(vn, P1) = (v, Ui — ya)r2(0) Yon € Vi (), (81)

and the projection equation

* 1 *
Up, = P[u(z,ub](_aph)‘ (82)

The projection equation is equivalent to the variational inequality

(Qup, + phyw — up) 2y 2 0 Vw € Ugg. (83)
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To get error estimates between (P) and (Py,), we introduce the auxiliary
functions y* € V() and p" € V;/(Q) which are solutions of the

following problems

an(y", vn) = (u*, o) 20y Vou € Vi (9), (84)
an(vh, ") = (vn, " — ya)r2(0) Von € Vi (9). (85)
There exists a constant C' > 0, independent of h, such that
ly* =yl r2) < CR*, |ly* — " [l1n < Ch, (86)
lp* = p"ll 220y < CB?, [Ip" = P"[lip < Ch. (87)
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Theorem

Let (u*,y*,p*) and (u}, y;, p;) be the solutions of the problems (P) and
(Py,) respectively. Then there exists a constant C' > 0, independent of h,
such that

* * * * 1 * h * h
afu” — UhH2L2(Q) +ly* - yh||2L2(Q) = aHP —p ||2L2(Q) +ly -y ||%2(Q),

(88)
v = wiBa < C (Il = o130 + v = will20) ) (89)
" = P22y < € (19" = 2" 220y + ¥ = %2y (90)
" = i < C (" = 2130 + 19" = 4l - (91)

V.
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Theorem

Let (u*,y*,p*) and (u}, y;, p;) be the solutions of the optimal control
problem (P) and (Py) respectively. Then there exists a generic constant
C, independent of the mesh size h, such that

lu* — uillp2i) < CR%,  [ly* — willr2) < C%, |y — yilin < Ch,
(92)

Ip* = phllr2@) < CB?,  |p* — pilin < Ch. (93)

v

Remark: In the case of U,y = L?(Q) (unconstrained problem), the
projection equations become u* = lp* and u; = — lp;;, respectively.
Using the properties of p+ and pj, we then have the regularity of the
control u* € H2() and the following H' error estimate

|u* — up|1h < Ch.
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We consider in the sequel a general problem where the state equation of
the problem (P) is replaced by

—V-(BVy)=f+u inQ\I,
y=g on 0, (94)
[y r— 0, [ﬁany]l“ =0.

In order to find the solution of the problem (Py,), we then have to solve
the coupled problem

an(Yn, vn) = (f + up, vn) 12(0) Yo, € Vi (), (95)

an(vh, ) = (0n, U — Ya) 120y Yon € Vi (), (96)
* 1 *

Up, = P[Ua,ub] _aph . (97)
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Note that the function y; € V};{g(Q) satisfies the discrete boundary
condition. Let {¢1,--, ¢y} be basis functions of V,/ ().

For the boundary condition to be satisfied, we also define functions
Om+1," " s Pm SO that ijﬂﬂ g(x;)¢; interpolates the boundary data.
The function y; then can be written as

m m+1
Z Noi+ > 9 (98)
j=1 j=m+1
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We get the matrix-vector form of the state equation

AY = Fy + MU, (99)
where
A(1,7) = an(@j, i), Y (§) = ya(x5), M(4,5) = (95, di) 12(02), U(J) = up(x5),
metl
Fi(0) = (f. o002 — D 9(x)an(@y.di), ij=1, m.
]m—H (100)

Similarly, we obtain the matrix-vector form of the adjoint equation,
AP = MY + Fs, (101)
where

P(J) = p;kz(xj)> F2( ) (yda(z) ) L2(Q)» Li=1,--,m. (102)
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In the case of Uuq = L*(£2), the projection equation uj; = Py, 4] (—ép}"b)
becomes

* 1 *
Up = P (103)
The vector form is U = —éP. Therefore we have the following large linear
system of equations (saddle point problem)
—aM 0 -M U 0
0 -M A Y |=]| F|. (104)
-M A 0 P F

The system of equations is symmetric but indefinite, so we solve it using
the MINRES method.

In order to get a satisfactory convergence, a block diagonally
preconditioner is applied, that is,

0 M 0 . (105)
0 0 As—1 4
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In the case of Uyg = {u € L*(Q) : uy < u < wp}, (Py) leads to a single
equation for the optimal control u;,

G(w) i= = Pluyu) (5 20(0) ) =0 (106)

A fix-point iteration algorithm is used to solve the nonlinear and
non-smooth equation.

Algorithm

1. Give an initial function uy € L?(1).

2. Get y, € V;/(Q) by solving ap,(yn, vn) = (f + uo, Un) r2(0) VUn € V().
3. Get py, € V;/(Q2) by solving

an(vh, pr) = (Uns Yn — Ya) 12() Yon € Vi (Q).

4. Get uy by the equation u; = P[umud (—éph), where

Pla,p)(v(x)) := max{a, min{v(x), b} }.

5. 1f Jup — u1| < 1.0 x 1075, then we set u} = uj, else we set up = u; and
goto step 2.
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Example 1. We set U,y = L?(Q). The interface is a circle centered at
the origin with radius 19 = 0.5. Let

(22 + 23 — 1) (z1 — 1) (2 + 1) (22 — 1) (22 + 1)

nQ-,
. ch
ut(x) =
(o + 23 —rg)(m — D(m+ D(m - D@m+1) o,
B e
(107)
Then we have p* = —au™. It is easy to verify that p* satisfies the

interface jump conditions and the homogeneous Dirichlet boundary
condition in (68). We choose

(& + )"

e in 7,
re=y (109
(G Yl Jrﬁf") + (ﬁl_ = ﬁ1+> 8 in QF.
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Fig.2: The geometry of the domain and the interface. A triangulation with N=5
is plotted.
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(a) Errors in the L2-norm

N | llw* —upllpz  Order | |ly* — yjllre@y  Order | [p* — pjllie)  Order
16 5.1370E-03 4.1030E-03 5.1370E-05

32 1.3368E-03 1.94 1.1277E-03 1.86 1.3368E-05 1.94
64 3.0153E-04 2.14 3.0882E-04 1.86 3.0153E-06 2.14
128 6.4095E-05 2.23 6.7483E-05 2.19 6.4095E-07 223
256 1.3788E-05 2.21 1.5963E-05 2.07 1.3788E-07 221

(b) Errors in the H'-norm

N | w*—ujin Order | [y* —wyilin Order | lp* — piillin Order
16 1.0446E-01 7.7461E-02 1.0446E-03

32 4.4963E-02 121 3.9848E-02 0.95 4.4963E-04 1.21

64 2.1327E-02 1.07 2.0029E-02 0.99 2.1327E-04 1.07

128 1.0345E-02 1.04 9.9818E-03 1.00 1.0345E-04 1.04

256 5.1766E-03 0.99 5.0257E-03 0.98 5.1766E-05 0.99

Table.1: Grid refinement analysis for Example 1 with 3= =1, 87 = 1000.
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(a) Errors in the L2-norm

N | |lv* —ujllezy  Order | |ly* — yillzzy  Order | [[p* —pjllee)  Order
16 5.2229E-02 1.7588E-02 5.2229E-04

32 1.3346E-02 1.96 4.3994E-03 1.99 1.3346E-04 1.96
64 3.3636E-03 1.98 1.0960E-03 2.00 3.3636E-05 1.98
128 8.4054E-04 2.00 2.7649E-04 1.98 8.4054E-06 2.00
256 2.0943E-04 2.00 6.9620E-05 1.98 2.0943E-06 2.00

(b) Errors in the H'-norm

N | |Ju* = ulln Order | |v* —yihn Order | |p* —p}llin Order
16 3.8286E-01 3.9971E-01 3.82861-03

32 1.6997E-01 1.17 2.0010E-01 0.99 1.6997E-03 1.17

64 8.18T6E-02 1.05 1.0009E-01 0.99 8.1876E-04 1.05

128 4.0523E-02 1.01 5.0045E-02 1.00 4.0523E-04 1.01

256 2.0210E-02 1.00 2.5027E-02 0.99 2.0210E-04 1.00

Table.2: Grid refinement analysis for Example 1 with 3= = 1000, 37 = 1.
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(a) Errors in the L?-norm

N | lu* —ujllr2ey  Order | [ly* —yfllz2@y  Order | |lp* — piilli2y  Order
16 1.1889E-02 4.6400E-03 1.1889E-04
32 3.1406E-03 1.92 1.2288E-03 1.91 3.1406E-05 1.92
64 7.0663E-04 2.15 3.1438E-04 1.96 7.0663E-06 2.15
128 1.6334E-04 2.11 8.1934E-05 1.93 1.6334E-06 2.11
256 3.5894E-05 2.18 2.1650E-05 1.92 3.5894E-07 2.18
(b) Errors in the H'-norm
N | Ju* —uplia Order | |y" —ujilin Order | |lp* — pjillin Order
16 1.0665E-01 1.0778E-01 1.0665E-03
32 5.2602E-02 1.01 5.5660E-02 0.95 5.2602E-04 1.01
64 2.7054E-02 0.95 2.9084E-02 0.93 2.7054E-04 0.95
128 1.4028E-02 0.94 1.5047E-02 0.95 1.4028E-04 0.94
256 T.4170E-03 0.91 7.9081E-03 0.92 7.4170E-05 0.91
Table.3: Grid refinement analysis for Example 1 with 3= =1, 87 = 5.
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Fig.3: Errors of control, state, and adjoint state plotted against mesh size h for
Example 1 with different 3~ and 8%. Left: L?-errors. Right: H'-errors. The
IFEM achieves optimal convergence, but the standard linear FEM does not.
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Example 2. The interface is also a circle centered at the origin with
radius 19 = 0.5. The space Uyg = {u € L*(Q) : uy < u < up}. In this
example, we choose u, = —1, uy =1 and a = 1. In order to construct
exact solutions, we first give a function which satisfies the interface
conditions and the homogeneous boundary condition,

5(x2 + 13 — 13) (1 — 1)(m + 1) (22 — 1)(22 + 1) -
67 )
Baf + 25 — ) —Dm+ D@ —D(m+1) o
Bt '

Then we set the optimal control and the associated state by

p(x) =

u*(x) = P11 (p(x)) = min {1, max{-1,p(x)}},
(109)

P (x) = —ap(x).
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We also take the optimal state as

(af + 23)°

e in Q7
v = 2, .2\3/2
(ot + 33)"" 4,_612) + <Bl - 51) e in QF.

Then we can determine the functions f, ¢ and y4 accordingly.
We fix 8~ = 1 so that the active set D is not empty, where
D:={xe€Q:u"(x)=uq or u*(x) = up}.
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Fig.4: The geometry of Example 2 with 87 = 5. The black, red and green curves
depict the interface, the exact border of the active set D, the discrete border
obtained by the IFEM (left) and the standard linear FEM (right) with N=16,
respectively.
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(a) Errors in the L%-norm

N | |lu* —ujllp2)  Order | ||y* —uillr2ey  Order | [[p* — pillr2ey  Order
16 2.0049E-02 5.6594E-03 2.5823E-02
32 5.4877TE-03 1.86 1.4803E-03 1.93 6.6744E-03 1.95
64 1.4215E-03 1.94 3.6993E-04 2.00 1.6418E-03 2.02
128 3.6148E-04 1.97 9.4048E-05 1.97 4.0256E-04 2.02
256 9.6419E-05 1.90 2.2873E-05 2.03 1.0293E-04 1.96
(b) Errors in the H'-norm

N | |y —yilin  Order | |p* —pillie  Order

16 | 1.0772E-01 5.0950E-01

32 | 5.5662E-02 0.95 2.6007E-01 0.97

64 | 2.9088E-02 0.93 1.3522E-01 0.94

128 | 1.5048E-02 0.95 7.0160E-02 0.94

256 | 7.9084E-03 0.92 3.7090E-02 0.91

Table.4: Grid refinement analysis for Example 2 with 3= =1, 87 =
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(a) Errors in the L2-norm

N | llw* —wjlleey  Order | |ly* —yjlle2y  Order | [[p* — pjlle2@y  Order
16 1.6780E-02 4.9160E-03 2.6095E-02

32 4.4343E-03 1.91 1.3109E-03 1.90 5.9808E-03 2.12
G4 1.1998E-03 1.88 3.5248E-04 1.89 1.4726E-03 2.02
128 2.5332E-04 2.24 7.9136E-05 2.15 3.1414E-04 2.22
256 5.9177E-05 2.09 1.8361E-05 2.10 7.3014E-05 2.10

(b) Errors in the H'-norm

N | ly" —ysha  Order | [lp* — pjllin  Order
16 | 7.7737E-02 4.7523E-01

32 | 3.9803E-02 096 | 2.1832B-01  1.12
64 | 2.0038E-02 099 | 1.0621E-01  1.03
128 | 9.0826E-03 1.00 | 5.1660E-02  1.03
256 | 5.02585-03 099 | 25877E-02 0.99

Table.5: Grid refinement analysis for Example 2 with 3= = 1, 87 = 1000.
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Fig.5: Errors of control, state, and adjoint state plotted against mesh size h for
Example 2 with 87 =5 and 8T = 1000. Left: L?-errors. Right: H'-errors. The
IFEM achieves optimal convergence, but the standard linear FEM does not.
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Exact Solution Computed Solution

Fig.6: The exact control and the discrete control obtained by the IFEM with
N=32 for Example 2 with 3+ = 5.
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Exact Solution Computed Solution

Fig.7: The exact control and the discrete control obtained by the IFEM with
N=32 for Example 2 with 3+ = 1000.
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Example 3: In this example, we use a more complicated interface, a
b-star interface, which is the zero level set of the function

o(x) =r— (0.5 4+ 0.2sin(50)),

where (7, ) is the polar coordinate representation of x. We set f(x) = 0,
g =0, yg(x) =1 and the regularization parameter o = 1.0 x 10~%.
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Fig.8: A plot of the 5-star interface.
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This model problem can be interpreted as optimization of a stationary
heating process in composite media.

5: the thermal conductivity of the different media and the function,
f(x): an external heat source.

The optimal control problem is to find the proper heat source (control u)
to control the temperature of the composite media to maintain the same

everywhere (desired state y; = 1).
We test three cases: f7/8~ =10/1, gt/8~ =1/1 and */8~ = 1/10.

Computed control, 3 = 10,4~ =1 Computed control, 3+ =1,4- =1 Compnted eontrol, i+ =1, 4~ =10

AT A

b 2 i: A o

E

:° .Ilmww iy mll‘.m\“‘.\H"‘m‘l‘l‘ “\ MI\ ]\ \\ M Wﬂl\\t‘ \H‘ |MHI|” mllﬂ‘mwl"”“\uH”mlm\l ,Jm\l

| W“\ i\ |||\H|"|‘nw"“.‘u“m“‘”.‘\lull'

Fig.9: The computed controls for Example 3 with different coefficients.
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Computed state, 3% = 10,8 =1 Computed state, §* = 1,4 =1 Compnted state, 3% =1,3" =10

Fig.10: The computed states for Example 3 with different coefficients.
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Example 4: As the previous example, we also use the 5-star as the
interface, while the corresponding data are changed:
ya(x) = (1 - af)(1 - 23), g =0, and

[ V- (BTVm(x)  ifxeQt,
J(x) = { V- (ﬁfvzj(x)) ifxe Q. (110)

Note that if 37 = 7, then it is easy to verify that the optimal control
u* = 0, the state y* = yg4 (the interface conditions (57) hold) and the
objective function J(y*, u*) = 0. However, if 37 # 37, then it is hard to
get the optimal control intuitively even if (55) holds. The aim of this
example is to investigate the shape of the optimal control and the
corresponding state when 3% # 3~. Without loss of generality, we set
BT =10and B~ =1.
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Computed control, o = 1.0 % 1074 Compnted control, o = 1.0 x 1073 Computed control, a = 1.0 % 10~

Fig.11: The computed controls for Example 4 with the regularization parameter
a=10x10"%1.0x 1072 and 1.0 x 1076.
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Desired state Computed state, o = 1.0 x 10~ Computer] state, o = 1.0 x 105

Computed state, 0 = 1.0 x 10°%

Fig.12: The desired state y4 and the computed states for Example 4 with the
regularization parameter o = 1.0 x 107%,1.0 x 107° and 1.0 x 1076.
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Example 5. We change the Example 4 to a constrained one. The control
is restricted by box constraints u, < u < wuy with u,

= -5 and up = 5.

Computed control, o = 1

Computed control, v =2 x 103

e
e e g
A

ity

Fig.13: The computed controls for Example 5 with the
a=1.0and 2.0 x 1073,

regularization parameter
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Desired state ys Computed state, a = 1 Computed state, o =2 x 1073

Fig.14: The desired state y; and the computed states for Example 5 with the
regularization parameter o« = 1 and 2.0 x 1073,
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1. An unfitted mesh independent of the shape and location of the
interface is used.

2. On interface elements the basis functions are modified to satisfy the
interface conditions.

3. The accuracy of our method remains the same as that of standard
methods.

4. Optimal error estimates are derived and numerical examples are
provided.
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Thank you!
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