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Scattering problems

Scattering problems concerns the interaction between waves and media.

@ Source scattering problems, e.g., medical imaging (MEG, ENG, EEG)

@ Surface scattering problems, e.g., submarine detection

obstacle scattering (bounded closed surface, exterior problems),
diffractive optics (periodic structures), unbounded rough surface
scattering (non-local perturbation of flat surfaces), cavity scattering
(local perturbation of flat surfaces), interior cavity (bounded closed
surface, interior problems)

@ Medium scattering problems, e.g., geophysical exploration



Time-harmonic wave equations

@ The Helmholtz equation - acoustic wave

Au+rPu=f inRY.

@ The Navier equation - elastic wave

pAu+ (N +p)VV-u+w?u=Ff inRY

@ The Maxwell equations - electromagnetic wave

VxE—iwpH=0, VxH+iwecE=J inR>



Random source problems

@ Random source scattering - white noise

Joint with G. Bao and C. Chen

@ Random source scattering - rough field

Joint with T. Helin and J. Li



Related work

@ Numerics: Marengo and Devaney ('99), Ammari, Bao, and Fleming
('02), Fokas, Kurylev, and Marinakis ('04), Devaney, Marengo, and Li
('07), Nara, Oohama, Hashimoto, Takeda, and Ando ('07), Eller and
Valdivia ('09), Acosta, Chow, Taylor, and Villamizar ('12), Badia and
Nara ('13), Bao, Lu, Rundell, and Xu ('15), Zhang and Guo ('15)

@ Uniqueness: Bleistein and Cohen ('77), Devaney and Sherman ('82),
He and Romanov ('98), Hauer, Kiihn, and Potthast ('05), Albanese
and Monk ('06), Badia and Nara ('11)

e Stability: Bao, Lin, and Triki ('10), Cheng, Isakov, and Lu ('16), L.
and Yuan ('17)

e Random source: Devaney ('79), L. ('11), Bao and Xu ('13), Bao,
Chow, L., and Zhou ('14), Bao, Chen, and L. ('16, '17), L. and Yuan
('17)

e Topic review: Bao, L., Lin, and Triki ('15)



Random source scattering - white noise

The stochastic elastic wave equation
pAu+ N+ p)VV - u+w?u=F inR?

where the external force is driven by an additive white noise

f(x) = g(x) + o(x)W.
More specifically,
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The Helmholtz decomposition

The Helmholtz decomposition
u=Vo+curkp=u, +us inR?>\Q,
where ¢ and 1) satisfy

Ap+r2p=0, AY+rZp=0 inR*\Q

Here w w
Kp = ———=, K¢= ——.
VA+2u VH

The Kupradze-Sommerfeld radiation condition

lim r/2(8,u, — ikyu,) = 0 lim rY/2(8,u, — iksug) = 0.
r—00 (fP PP) ' e (rs ss)



Problem formulation

The direct problem: Given g and o, to determine the random wave field u.

The inverse problem: To recover g and o from ulr, at wy, k=1,...,m.



Deterministic direct problem

The direct scattering problem

pAu+ A+ p)VV-u+wlu=g in R?,
Oruy, — ikpuy = o(r1/2) as r — 0o,

Orug — ikgUug = o(r_1/2) as r — 0o.
Given g € L2(Q)?, the scattering problem has a unique solution
u(xw) = [ Glxyiw)g()y.
where the Green tensor function
G(x,yiw) =5 H (sl = YD
o VeV [ (sl = y1) — HOGsplx — 1)
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Stochastic direct problem

The stochastic direct scattering problem

pAu+ (N + p)VV - u +wlu =g+ oW,

in R?,
. _ o (p—1/2
Oruy — ikpu, = o(r=1/?) as r — oQ,
Orug — ikgug = o(r_l/z) as r — o0o.

Theorem (Bao-Chen-L., SINUM, '17)

Let g € L?(Q)?, 0/ € LP(Q),p € (2,0), and oj € CO1(Q),n € (0,1].

Then there exists a unique continuous stochastic process (mild solution)
u, which satifies

u(x,w) = /Q G(x,y;w)g(y)dy + /Q G(x,y;w)o(y)dW,.




Stochastic inverse problem

The mild solution at angular frequency wy:

U(X,Wk)=/QG(X,y;wk)g(y)der/QG(X,y;wk)a(y)dWy-

Taking the expectation, we have

E(u(x,wk)) /ny,wk y)dy.
Taking the variance, we may obtain
V(Reur(x,wk)) — V(Imuy (x, wk))
= [ [(6h2cyca0)? = (6w y.0)?] o)y
+ [ (6B 0y = (6 x.y.000)7] B0y
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Numerical method

Consider the operator equations
Akq:pk, k:].,...,K.

Regularized block Kaczmarz method: Given ¢°, for I = 0,1, ...

)

_ Al
do = q'w
qk = qk—1 + AZ(’Y’ + AkAZ)_l(Pk - Aqu—l)) k = 1) ey K)
gt = gk,

Theorem (Bao-Chen-L., SINUM, '17)

Assume that the system is consistent with the minimal norm solution qf
and the initial guess qg e R(AT), eg, qg = 0. Then qé converges, as
| — oo, to q:ry, which converges to gt as v — 0.
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Numerical experiments: exact mean and variance
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Numerical experiments: reconstructed mean and variance
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Random source scattering - rough field

The elastic wave equation
pAu+ AN+ p)VV-u+w?u=F inRY,

where f is a generalized Gaussian random function (rough field).
The Kupradze-Sommerfeld radiation condition:

r'lp;o r(d_l)/z(afup - i’%Pup) =0, rll)rgo r(d_l)/2(arus - iKsus) =0.
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Generalized Gaussian random function

Let (2, F, P) be a complete probability space. A generalized Gaussian
random function f : Q — D/(R?) is a measurable map such that

(F@)), Vo e GoRY),
is a Gaussian random variable.
The covariance operator Cr : C°(R?) — D'(RY):
(Crib1, o) = cov((F, ¥1), (F,¢2)) = E((f — Ef, ¢1)(f — Ef,¢2)),
which is a pseudo-differential operator with principle symbol
BOIEIED, e o0,3),

where ¢ € C$°(RY), suppp C Q, ¢ > 0.
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Direct problem

The generalized Gaussian random function f(&) belongs with probability
one to the Sobolev space W~5P(Q) for alle > 0 and 1 < p < 0.

Theorem (Helin-Li-L.)

For some fixed s € (0,1 — %), let 1 < p < #"{_s) and 717 + % = 1. Given

f e Wo_l’p I(Q)d, then the scattering problem attains a unique solution
u € H5(R9)9 satisfying

u(x,w) :/QG(X,y;w)f(y)dy.




Inverse problem

@

measurement domain

Theorem (Helin-Li-L.)

Let f be a Gaussian random vector field with

principle symbol C¢ = B(x)] §|—(2e+2)_

Then for all x € D, it holds almost surely that

K
i / 2 u(x, w)[2dw = C(\, ) /
K—o00 1

Moreover the micro-correlation strength ¢ can be uniquely determined.

y|2¢( y)dy

[x =
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Surface scattering problems

@ Time-harmonic and time-domain obstacle scattering

Joint with J. Lai, Y. Wang, Z. Wang, X. Yuan, and Y. Zhao

@ Time-domain periodic surface scattering

Joint with J. Wang, and L. Zhang

@ Time-domain coupled model problems

Joint with G. Bao, Y. Gao, J. Wang, and L. Zhang
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o Obstacle scattering: Hahner and Hsiao ('93), Alves and Ammari
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@ Acoustic-elastic interaction: Luke and Martin ('95), Hsiao, Kleinman,
and Schuetz ('89), Hsiao ('94), Yin, Hu, Xu, and Zhang, ('16), Hsiao,
Sénchez-Vizuet, and Sayas ('17), L. and Jiang ('17), Gao, L., and
Zhang ('17), Bao, Gao, and L. ('18)
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Time-harmonic obstacle scattering problem

The time-harmonic elastic wave equation

pAu+ AN+ p)VV - -u+w?u=0 inR?\D.

Elastically rigid obstacle
u=0 onadD.

The Helmholtz decomposition for the scattered field
v = V¢1 + curlgy,
where ¢; satisfies the Sommerfeld radiation condition

lim r%/2 (Or¢; —ikjpj) =0, r=|x|.

r—o0
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Reduced problems

The boundary value problem for u:

pAu+ (A + p)VV - u +w?u =0 inQ=B\D,
u=20 on 9D,
Bu=Tu+g on 0B.

The coupled boundary value problem for ¢;:

Apj + K7 =0 in Q,

Opp1 — Orpp =u  on ID,
Oy + O0rp1 = v on 9D,
o0rpj — Jjpj =0 on 0B.
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Domain derivative for the wave field

Theorem (L.-Wang-Wang-Zhao, IP, '16)

The direct problem admits a unique solution u € H3(Q).

Theorem (L.-Wang-Wang-Zhao, IP, '16)

Let u be the solution of the direct problem. Given p € C?(0D), the
domain derivative of the scattering operator . is .#'(0D; p) = vu/,
where u’ is the unique weak solution of the boundary value problem:

pAu + (A + p)VV - u' +w?d’ =0 in Q,
u=—(p-v)ou on dD,
PBu' = T on 0B.
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Domain derivative for the scalar potentials

Theorem (L.-Yuan)

Let ¢; be solution of the direct problem. Given p € C?(dD), the domain
derivative of the scattering operator Z-’ (0D, p) = v¢;, where ¢j- is the
unique weak solution of the boundary value problem:

(D¢ + K2} =0 in Q,
0udh + 0-0h = K3(p-v)$1  on AD,
Oy — Ordh = K5(p-v)d2  on ID,
Oty — F1d1 =0 on 0B,

(0o — Togy =0 on 0B.




Numerical experiments - 2D
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Boundary integral equation method

Integral representation

$1(x) = (D, — i8S, )a(x), ¢2(x) = (Dx, —iSk,)B(x)

Boundary integral equation

al/DI{p 87(%I+Dﬁs) _1 _%I—i_Dflﬁ?p H’/ﬂs a — u
Oy (31 +Dy,)  —0,Dx, H;., -DL|)\B)  \v

Theorem (Lai-L.)

For any w > 0, the boundary integral equation admits a unique solution.
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Numerical experiments
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Time-domain obstacle scattering problem

The time-domain elastic wave equation

D2u(x,t) — phu(x,t) — A+ p)VV - u(x,t) =0, xR\ D, t>0.

i i '
foB, | oB, | 0By
i " '
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Transformed elastic wave equation

Initial boundary value problem

BO2u — uV - (MVu) — (A + p)KV(BIV - (Ku)) = f in Q x (0, T],
u=0 on 9Q x [0, T]
in Q.

U’t:O =8, atu’t:O =h

Theorem (L.-Yuan)

The initial boundary value problem admits a unique weak solution.

Theorem (L.-Yuan)
Let u be the unique weak solution of the initial boundary value problem.
Given g € H}(Q)9, h € L2(Q)9, F € L1(0, T; L%(Q2))9, there exists a
positive constant C such that

2 ([0eu(, ) lzye + 190 D)z

< € (Ihlz@ye + Iglm@e + IFloereey) - )



Time-domain periodic surface scattering problem

The time-domain elastic wave equation

p0?u —V - [W(Vu+Vu" )] = V(AV-u)=0 in[0,A] xR xR,

0

z3="hy F

T3 = hg i

Qp
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Periodic boundary condition

Incident plane wave
u'™(x,t) = pf(cit — p - x),

where

a=+vA1+2um)/p1, p=(a,ps).

It is easy to verify that
U™ (% + N, xa,t) = u(R, x5, t — ¢ T - ).
Change of variables

U(%,x3,t) = u(%,x3,t + ¢, ta - (X — N)).

33/1



Transformed elastic wave equations

The compressed coordinate transformation: x3 = ¥(X3).

Consider the initial boundary value problem in 2 x (0, TI:
pd?V -V - [u(VV +VV] - V(A\V- V) =0

where
V =Vy —c; ' por.

Theorem (L.-Wang-Zhang)

The initial boundary value problem admits a unique weak solution which
satisfies the energy estimate

2 2
2 (106, )l gye + IV V- >HL2(Q)3X3+HW.V(.,t)”Lz(ﬁ)>

~ Hg1||/_1(0 T: L2(Q)3 + ”g2|| Q)3 + ||g3HL2(Q)3




Time-domain acoustic-elastic interaction problem
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Model equations

Acoustic wave equation
1
Ap(x,t) — ?BEp(x, t)=0, xeD° t>0.
Elastic wave equation
pAu(x,t) + (A + p)VV - u(x, t) — pp0?u(x,t) =0, x€ D, t>0.

Interface conditions on 9D for t > 0:

Onpp(x,t) = —p1np - O?u(x, t),
—p(r,t)np = pOnpu(r,t) + (A + p)(V - u(r,t))np.
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Well-posedness

Theorem (Bao-Gao-L., ARMA, '18)

The initial-boundary value problem has a unique solution which satisfies

p(x,t) € 2(0, T; H(Q))NH (0, T; L*(Q)),
u(x,t) € L* (0, T; HY(D)*) nH' (0, T; L*(D)?),

and the stability estimates

s (19epll 2y + V0PIl 2(02)2)

2
S Hp”Ll(O,T;H—l/?(aBR)) + max HatpHHflﬂ(aBR) + |9 p”Ll(o,T;H—1/2(8BR))

te[0,T]

2
2 ([0l oy + IV - wllizo) + V0 lEzoye-2)

S |’PH1_1(0,T;H71/2(05R)) + max HatpHH—l/Z(aBR) + HangLl(o,T;H71/2(33R))

te[0,T]

v




Transformed acoustic-elastic interaction problem

Consider the initial boundary value problem

(502p—V-(MVp)=f in Q x (0, T,
p=20 on 0By, x (0, T],
plt=o =&, Otplt=o=h in Q
pAu + (N +p)VV - u — p0?u =0, in D x(0,T],
uli—o = Ott|t—0 =0 in D,

Onpp = —p1np - O2u in 0D x (0, T]

(—pPnp = pOnpu + (A +p)(V-u)np in 0D x (0, T].
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Ongoing and future work

@ Medium scattering problems for elastic waves
@ Random medium scattering problem - rough field

@ Compressed coordinate transformation & Time-domain PML
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Thank You !



