The two dimensional random field Ising model

Adam Bowditch, NUS

Based on joint work with F. Caravenna, R. Sun and N. Zygouras

SASI, May 2019

Adam Bowditch, NUS The two dimensional random field Ising model SASI, May 2019 1/18



Contents

1 The Ising model
i The basic model
i Infinite volume limits

iii Introducing disorder

2 Recent progress
i Ising loops and interfaces
ii Spin correlations
iii Magnetisation

3 The random field Ising model
i Disorder relevance
ii Convergence of partition functions
iii Magnetisation
iv. Comparison with the pure model

Adam Bowditch, NUS The two dimensional random field Ising model SASI, May 2019 2/18



Description

Fix a bounded set Q c Z7.

Let 9Q = {x € Z/\ Q: ||x — y|| = 1 for some y € Q} denote the boundary.
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Description

Fix a bounded set Q c Z7.

Let 9Q = {x € Z7\ Q : ||x — y|| = 1 for some y € Q} denote the boundary.

We then define the law over spins o € {£1}" with + boundary conditions as
Py (o) = eXP( BHa(0)) [] Lio=ny
x€oQ

where

HQ(U):—Zaxay, and Zd = Zexp( BHa(o)) H ) N

X~y x€0N

are the Hamiltonian and the partition function respectively.
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Description

Fix a bounded set Q c Z7.

Let 9Q = {x € Z7\ Q : ||x — y|| = 1 for some y € Q} denote the boundary.

We then define the law over spins o € {+1}* with + boundary conditions as
Po(o) = exp( pHa(0)) [] 1oty
x€0Q

where

=~ 00, and Zi _Zexp( BHa(a)) ] Lio=ny

X~y x€0Q

are the Hamiltonian and the partition function respectively.

Consider the ferromagnetic case; that is, the inverse temperature 3 > 0.

We can consider different boundary conditions by modifying slightly.
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Infinite volume limits

It is well known that as Q 1 Z¢ the sequence of probability measures P& has an infinite
volume limit Pgd.

Adam Bowditch, NUS The two dimensional random field Ising model SASI, May 2019 4/18



Infinite volume limits

It is well known that as Q 1 Z¢ the sequence of probability measures P& has an infinite
volume limit P;d.

The limiting measure depends on § and, in particular,
Eli[o0] >0 < B> B

where
1) if d =1 then f. = o0;
2) if d > 2 then . € (0, 00).
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Infinite volume limits

It is well known that as Q 1 Z¢ the sequence of probability measures P& has an infinite
volume limit P;d.

The limiting measure depends on § and, in particular,
Eli[o0] >0 < B> B

where
1) if d =1 then f. = o0;
2) if d > 2 then . € (0, 00).

Of course, this depends on the boundary conditions as well.

A similar result holds for the model with — boundary conditions and we see that

Ejiloo] = Ejulo0] <= B < Be.
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Infinite volume limits

It is well known that as Q 1 Z¢ the sequence of probability measures P& has an infinite
volume limit PZd.

The limiting measure depends on § and, in particular,
Eli[o0] >0 < B> B

where
1) if d =1 then 3. = oo;
2) if d > 2 then . € (0, c0).

Of course, this depends on the boundary conditions as well.

A similar result holds for the model with — boundary conditions and we see that

Ei[o0] = E4lo0] < B < Be.

There is a unique infinite volume limit if and only if 8 < ..

We say there is a first order phase transition for 3 > fc.
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Disorder

Is this picture changed by the addition of a small random external field?

For w = (wx)yeze and € > 0 define the disordered Hamiltonian by

HG (o) = — Z Ox0y — € waax.

X~y x€Q
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Disorder

Is this picture changed by the addition of a small random external field?

For w = (wx)yeze and € > 0 define the disordered Hamiltonian by

HG (o) = — E Ox0y — € E WxOx.

X~y xEQ
Suppose w is an i.i.d. family of standard Gaussian random variables, then

Bricmont and Kupiainen (1988)

For d > 3, 3 sufficiently large and ¢ sufficiently small, there is a first order phase
transition.

Adam Bowditch, NUS The two dimensional random field Ising model SASI, May 2019 5/18



Disorder

Is this picture changed by the addition of a small random external field?

For w = (wx)yeze and € > 0 define the disordered Hamiltonian by

HG (o) = — E Ox0y — € E WxOx.

X~y xEQ
Suppose w is an i.i.d. family of standard Gaussian random variables, then

Bricmont and Kupiainen (1988)

For d > 3, 3 sufficiently large and ¢ sufficiently small, there is a first order phase
transition.

Aizenman and Wehr (1990)

For d <2, any € > 0 and almost every w, there is a unique infinite volume limit.
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Mesh refinement

Fix a bounded, simply connected domain with piecewise smooth boundary Q C RY.

For a > 0, define Q, := QN aZ and P3 := Py,.
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Mesh refinement

Fix a bounded, simply connected domain with piecewise smooth boundary Q c R¢.
For a > 0, define Q, := QN aZ9 and P§ = Paq,.
For the remainder of the talk we restrict to d = 2 at 8 = 3c = log(1 + v/2)/2.

In 1984 Belavin, Polyakov and Zamolodchikov conjectured that the scaling limit of the
Ising model at criticality should be conformally invariant.

Loosely, for any conformal map ¢ : Q — Q'

scaling limit of the model on Q' = (scaling limit of the model on Q).
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Mesh refinement

Fix a bounded, simply connected domain with piecewise smooth boundary Q c R¢.
For a > 0, define Q, := QN aZ9 and P§ = Paq,.
For the remainder of the talk we restrict to d = 2 at 8 = 3c = log(1 + v/2)/2.

In 1984 Belavin, Polyakov and Zamolodchikov conjectured that the scaling limit of the
Ising model at criticality should be conformally invariant.

Loosely, for any conformal map ¢ : Q — Q'

scaling limit of the model on Q' = (scaling limit of the model on Q).

In 2006 Smirnov introduced fermionic observables and established conformal covariance
properties that have led to much recent progress.
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Ising loops and interfaces

An lIsing configuration corresponds uniquely to a loop configuration in the dual graph.

Dobrushin boundary: fix two points u, v € 9 and set o, = —1 for x in the boundary arc
(u,v) and 1 in the boundary arc (v, u).

There is a unique Ising interface from u to v - a simple curve from u to v with +1 on the
left and —1 on the right.
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Ising loops and interfaces

An lIsing configuration corresponds uniquely to a loop configuration in the dual graph.

Dobrushin boundary: fix two points u, v € 9 and set o, = —1 for x in the boundary arc
(u,v) and 1 in the boundary arc (v, u).

There is a unique Ising interface from u to v - a simple curve from u to v with +1 on the
left and —1 on the right.

Chelkak, Duminil-Copin, Hongler, Kemppainen and Smirnov (2014)

Consider the critical Ising model with Dobrushin boundary. The unique Ising interface
converges weakly to the chordal SLE(3).
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Ising loops and interfaces

An lIsing configuration corresponds uniquely to a loop configuration in the dual graph.

Dobrushin boundary: fix two points u, v € 9 and set o, = —1 for x in the boundary arc
(u,v) and 1 in the boundary arc (v, u).

There is a unique Ising interface from u to v - a simple curve from u to v with +1 on the
left and —1 on the right.

Chelkak, Duminil-Copin, Hongler, Kemppainen and Smirnov (2014)

Consider the critical Ising model with Dobrushin boundary. The unique Ising interface
converges weakly to the chordal SLE(3).

Benoist and Hongler (2016+)

Consider the critical Ising model with + boundary. The set of all Ising loops converges to
CLE(3).

v
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Spin correlations

An immediate consequence of the phase transition is that
lim E3"[o0] = 0
a—0 Q [ 0]

however, we wish to obtain more precise estimates on the correlations.
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Spin correlations

An immediate consequence of the phase transition is that
lim E3"[o0] = 0
a—0 Q [ 0]

however, we wish to obtain more precise estimates on the correlations.

Chelkak, Hongler and Izyurov (2015)
For any kK > 1 and xi, ..., xx € Q distinct,

K
k
2 —35 Fat k 1+
al)m)a = HJX,. =C P (X1, ..., Xk)-
i=1
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Spin correlations

An immediate consequence of the phase transition is that
lim E3 " [o0] =0
a—0 Q [ 0]
however, we wish to obtain more precise estimates on the correlations.

Chelkak, Hongler and Izyurov (2015)
For any kK > 1 and xi, ..., xx € Q distinct,

K
k
2 —35 Fat _ okt
al)m)a 8 ES [Haxi] =C P (X1, ..., Xk)-

i=1

We have that

i) the convergence holds uniformly over xi, ..., xx of distance at least ¢ > 0 from each
other and the boundary;

ii) for any conformal map ¢ : Q — Q'

05 (31, e x0) = 6y (900), s 0 0)) [T 19 ().

i=1
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Magnetisation field
We define the magnetisation field as

0= Y 0.

x€EQ,
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Magnetisation field

We define the magnetisation field as

3 = a™/® E OxOx.
x€EQ,

Camia, Garban and Newman (2015)
Consider the critical Ising model with + boundary. The magnetisation field ®§ converges
in law to a limiting random distribution ®gq.

Moreover, for a conformal map ¢ : Q — Q' with inverse 9 : Q" — Q, the pushforward
distribution ¢ * ®q has the same law as the random distribution [¢'|**/2dg,.
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Magnetisation field

We define the magnetisation field as

0= Y 0.

x€EQ,

Camia, Garban and Newman (2015)
Consider the critical Ising model with + boundary. The magnetisation field ®§ converges
in law to a limiting random distribution ®gq.

Moreover, for a conformal map ¢ : Q — Q' with inverse 9 : Q" — Q, the pushforward
distribution ¢ * ®q has the same law as the random distribution [¢'|**/2dg,.

The field can be represented as
b= mu"
Jj

where 7; are i.i.d. signs and ,ufK are rescaled area measures associated to FK-Ising
clusters.
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Random field Ising model

Let w = (wx)yeze be i.id. with,
- Elws] =0;
- Varp(wx) = 1;
- E[e"*] < oo for all u € R.
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Random field Ising model

Let w = (wx)yez2 be i.i.d. with,
- Elws] =0;
- Varp(wx) = 1;
- E[e"“*] < oo for all u € R.

For x € Qa, let A = (A\])xeq, and h? = (h])xcq, be deterministic.

For w fixed we define the random field Ising model as

o exp (erﬂa(kiwxrl + hﬁ)ax) ,
PQ,’)\:h_F(U) = Zw,a,+ PQ’+(U)
(VW]

where

25 = 8" o (0t 00 )|

x€EQ,

is the random partition function.
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Partition functions

Using a high temperature expansion,

Zy5d = cosh(Nw -1 + h7)% Y~ Ex* [0 tanh(Nw -1 + h?)’
1CQ,

3 (INIZ+1A°1%) Z o (xNa B (Nw. -1 + 7).
ica,

%
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Partition functions

Using a high temperature expansion,

Zy5d = cosh(Nw -1 + h7)% Y~ Ex* [0 tanh(Nw -1 + h?)’
1CQ,

e (INIRHIMIE) §™ g (x)a /B (w1 + b7)'.
1CQ,

%

Choose A2 := a’/8)\(x) and h2 := a'>/®h(x) where A\, h € C}(Q) are fixed with A\ > 0 and

~ 1.-1/4y2
w,a,4+ ._ w,a,+ ., 32 [IANT2
ah = HEZQ;/\J, where 0, ;= e 2,
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Partition functions

Using a high temperature expansion,

Zy5d = cosh(Nw -1 + h7)% Y~ Ex* [0 tanh(Nw -1 + h?)’
1CQ,
o3 (IX1%+14713%) +0 I\ o1/80ya ay/
~e I i Z da(x)a*(Nw. -1 + 7).

1CQ,
Choose A2 := a’/8)\(x) and h2 := a'>/®h(x) where A\, h € C}(Q) are fixed with A\ > 0 and

~ 1.-1/4 2
w,a,+ . w,a,+ . —5a [IANT2
2oy = 0.2y, where 0, :=e 2,

Caravenna, Sun and Zygouras (2017)

The rescaled partition function ZS’;;’ converges in P-distribution to the Wiener chaos
expansion

2 =103 0 [ [ 60 TGO WIde) + hx)dx)
n=1 Qn i=1

where W is white noise and ¢, is the spin correlation function.
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Magnetisation field |

Denote by ,ug;’;’;r, the quenched law over the magnetisation

G = 2%/® Z OxOx.

xE€Q,

Does the magnetisation still converge under the influence of the random field?
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Magnetisation field |

Denote by pg;’i’t, the quenched law over the magnetisation
G = 2%/® Z OxOx.
xE€Q,
Does the magnetisation still converge under the influence of the random field?

Let p € C2°(Q) and write ¢2 := a**%p(x) then

— By [exp (Trea, it + b2+ isd) )] zap
EQ;)\,h [exp (I (@7 ¢Q>)] = Zw,a,-{— = Zu),a,+
X, h QN h
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Magnetisation field |

Denote by ,u;;;r the quenched law over the magnetisation

o4 = 3 o6
x€EQ,
Does the magnetisation still converge under the influence of the random field?

Let ¢ € C°(Q) and write 2 := a**®p(x) then

a,+ a,.a a - a +

By [o0 (Toea, Wi+ B +ied) )| zap
w,a,F = w,a,F
Zo30h Zo5h

Egn [exp (i {0, ®2))] =

We want to consider joint convergence of ng*;w for ¢ € CZ°. We should have
marginal limits

2ot =14 Z; % / e /Q po(x1, --.7Xn)H(/\(Xj)W(de) + (h(x) + ip(x)) dx;).
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Magnetisation field Il

Write
W =2 w,1de and W5 = (W92 y).

xX€EN,

Then, W*? converges in P-distribution to white noise W.
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Magnetisation field Il

Write

V‘/W’a = a Z wxa—l(sx and W:Z’a = <Ww’37w> .

xX€EN,

Then, W*? converges in P-distribution to white noise W.

B, Caravenna, Sun and Zygouras (2019+)

Let A, B C C°(Q) be finite. Then, ((ZS%J;;:I:HAP)‘PEA’ (W$’B)¢€B) converges in

1

P-distribution to ((Zg;/ifhww)weﬁ\a (W¢)¢€B) as a— 0.

In particular, ugit converges in P-distribution to a random probability measure pg(;fh as

a— 0.

v
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Magnetisation field Il

Write

V‘/W’a = a Z wxa—l(sx and W:Z’a = <Ww’a7w> .

xX€EN,

Then, W*? converges in P-distribution to white noise W.

B, Caravenna, Sun and Zygouras (2019+)

Let A, B C C°(Q) be finite. Then, ((25 :,TJH )pcA, (Wif’a)wes) converges in

P-distribution to ((Zg)’jhww)we;\, (W¢)¢€B) as a— 0.

In particular, pgit converges in P-distribution to a random probability measure pn/\ , as

a— 0.

v

+

Furthermore, this shows that W +—— pg.3", is a well defined probability map.
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Relation to the case without disorder |

B, Caravenna, Sun and Zygouras (2019+)

For P-a.e. W, the probability measure ug;/;:’h is singular with respect to pug.
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Relation to the case without disorder |

B, Caravenna, Sun and Zygouras (2019+) J

For P-a.e. W, the probability measure ugfh is singular with respect to pug.

N
Let Fy =0 <{<¢, )\215,,\,:!_>}U:1> where {B,-’z-},l\,’jzl is a partition of Q.
It suffices to show that for P-a.e. W,

dMW,+

Ry = 2"+
N dpt

Fn

converges to 0 in ™ probability.
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Relation to the case without disorder |

B, Caravenna, Sun and Zygouras (2019+) J

For P-a.e. W, the probability measure u}/{fh is singular with respect to pug.

N
Let Fy =0 <{<¢, )\21ng>}”:1> where {B,-’z-},l\,’jzl is a partition of Q.
It suffices to show that for P-a.e. W,

dMW,+

Ry =2""
N dpt

Fn

converges to 0 in ™ probability.

In particular, it suffices to show that

Jim E [E+ [(RN)WH =0.

Adam Bowditch, NUS The two dimensional random field Ising model SASI, May 2019 14 /18



Relation to the case without disorder |l

Using Fatou's lemma and Skorohod'’s representation it suffices to show that

lim lim E [E* [(R;’V)”ZH = 0.

N—oco a—0
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Relation to the case without disorder |l

Using Fatou's lemma and Skorohod'’s representation it suffices to show that

lim lim E [E* [(R?V)l/ZH = 0.

N—oco a—0

Let gy = gn(W*?,®%) > 0 be such that for each fixed W*'? we have that gy € Fn.

By the Cauchy-Schwarz inequality we have
E[£* [(Rm”]] —E[E" [(g0)"*(R%)"*(&k) ]

[E+ [gNRN]] 1/2 [E+ [(gﬁ/)ilﬂ

w,a,+

<EY []E{ 2“+d£‘ua+ ”1/2 E[E [(gfv)‘lﬂl/z.

1/2
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Relation to the case without disorder |l

Using Fatou's lemma and Skorohod'’s representation it suffices to show that

lim lim E [E* [(RX,)I/ZH = 0.

N—oco a—0

Let gy = gn(W*?,®%) > 0 be such that for each fixed W*'? we have that gy € Fn.

By the Cauchy-Schwarz inequality we have
E[E" [(RM)?]] =E [E [(eh)*(RA) ()]

<E[£ [ral] e [ ()]

w,a,+

<EY []E{ 2“+d§ua+ ”1/2 E[E [(gfv)‘lﬂm.

We want to choose gf such that the first term converges to 0 and the second term is
bounded.
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Relation to the case without disorder Il

We now consider the change of measure P on the disorder defined by

»a,+

d]F’ ay ”w,a,+dﬂw
(@) = (o) 2 S

By universality, we choose wj to be i.i.d. N(0,1) with respect to P.

Under P for o fixed, w? are independent N(\2o,1) random variables.
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Relation to the case without disorder Il

We now consider the change of measure P on the disorder defined by

w,a,+

P, o dp
dP(w Y=(1+0(1)Z et

By universality, we choose wj to be i.i.d. N(0,1) with respect to P.

Under P for o fixed, w? are independent N(\2o,1) random variables.

We now choose a suitable choice of gy in such a way that

lim lim E* [IE [g,f,]] =0 and limsuplimsupE™" |E [ [(g,f,)_l]] <C.

N— o0 a—0 N—oo a—0
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Relation to the case without disorder Il

We now consider the change of measure [ on the disorder defined by

w,a,+

P, o dp
d]P(w Y=(1+0(1)Z et

By universality, we choose wj to be i.i.d. N(0,1) with respect to P.

Under P for o fixed, w? are independent N(\2o,1) random variables.

We now choose a suitable choice of gy in such a way that

lim lim E* [I~E [g,f,]] =0 and limsuplimsupE™" |E [ [(g,‘;’,)fl]] <C.

N— o0 a—0 N—ooo  a—0

For some My, Ky oo, we choose

g,‘f,(Ww’a, ¢a) = exp (—K/?,].{X’-?IZMRI})

where Xj = Xg(W“?, ¢7) ~ 7 +d§ — " and belongs to Fy for each W*>? fixed.
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Relation to the case without disorder IV
We have

w,a,+

N
] DID IS

ij=1 xeB,.Nja
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Relation to the case without disorder IV
We have

"w,a,-%—duw’a’_‘— o a a
V4 W:exp Z Z UX)\XMX

ij=1 XerNj,a
. . . . N
We wish to approximate o, by a random variable in Fy; for x € B; j’a we choose

1,  if (& N1 . ) >0,
N,a a B/‘J
wi,j’ (¢ ) =
—1, if (P, 1. ) <0
1)
so that

N
Xn(W92 0%) 1= exp Zw,{\’lja Z Axwx

ij=1 XeB’_Nj,a
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Relation to the case without disorder IV
We have
duwa+ N
w,a,+ _ a a
z% d = exp E E OxAgWws

ij=1 XeB/{vj,a
. . . . N
We wish to approximate o, by a random variable in Fy; for x € B; j‘a we choose

1 if (&2 X1, n.)>0

N,asg4ya ’ ’ B/‘j ’
V(%) = ’

—1, if (®7, M 1. ) <0

isi

so that

Xn(W2, 0%) := exp Zw Z Aiws

i,j=1 XEBI-I\)’J!a

Reduces the problem to showing that

N
lim lim N1/8 Z (Na)"™®x\(x)’c

N—oo0 a—0
ij=1 XEBNE
i

Q.
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Thank you for listening
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