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Outlines

e Constrained LQ) problems and FBSDESs for primal and dual problems
e ixamples to constrained quadratic risk minimization problems

e Deep reinforcement learning to solve FBSDESs



Constrained Linear Quadratic Problem

The state X* € R? has linear dynamics controlled by some process u € A,
where A is the set of progressively measurable admissible processes that are
constrained to some closed convex set K € R™.

dX"(t) = (A()X"“()+B(t)u(t)dt+(CH)X"(t)+D)u(t)dW () X, = o,

where W 1s a 1 dimensional Brownian motion. We wish to minimise a
quadratic of the system, that is, a cost function J of the form

rw=k|[ (LX), u(t)de + g1
where

ft,z,u) =2' Qt)x+22' SWu+u Rt u+ &) 'z +(t) u
glx) ="Mz +n'z.
We assume that the matrices
( Q) S (t))
St)" R(t)
and M are positive definite, so J is a convex function.
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Dual Controlled State Process

Assume D has full rank, that is, D(¢)D(t) " (t) invertible for each ¢. Define
H?(0, T:R") to be the set of progressively measurable R” valued processes
x satisfying E[fOT |z (t)|]?dt] < oo. Let g € R and o, 8 € H?(0,T;R").
The dual state process Y09 is given by

dY Wl (t) = (a(t)+A@)Y 0T () +B()B())dt-+(C ()Y () +D(1)5(1)) dW (t),
where Y (0) = g and

Aty = (B®DT(t) (Dt)D®))

—1

B(t) =~ (D7) (D@)DE))

O(t) = — (B(t)DT(t) (D(t)D(t)T)_l)

T

D) = (DT(t) (D)D@)T) )

and (yo, v, B) are admissible dual controls. Then

X (1) Ty wesd () - / (X (s)Tals) + u(s)T B(s))ds

is a super martingale



Dual Problem

Define the dual functions

flt, o, B) = sup {—f(t,z,u)+z a+u'B}

ruek
9y) = sup{~g(z) — 'y}
= (y+n) My +n),
where the matrix M is given by
M=[M+M"Y"'—(M+MYMM+M"H.

In particular, if M is symmetric then M = %M ~1 These dual functions
allow us to form the following dual relation

inf J(u) > — inf {xg o+ E [ /0 T f(t,a(t),ﬁ(t»dt+g(wo=aﬁ<T)>]}.
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Primal Optimality Condition

Define §%(0,T;R") to be the set of progressively measurable R" valued
processes 2 such that E[supyc<r||2(t)|]?] < oo

Theorem 1. Let u € A be admissible. Then u is optimal for the primal
problem if and only if the solution X% and the adjoint process (pi,G1) €
S2(0, T: R") of the FBSDE

dX"(t) = (A)X"“(t) + B(t)a(t))dt + (Ct)X“t) + D(t)u(t))dW (t)
X(O) )
dpi(t) = (— (A@t) 'pa(t) + C() ' (1) +2Q(1) X (t) + 25(t) "a(t) + (1)) dt
+ q1()dW (1)
pi(T) = —(M +M"HX"t) —n

(1)

satisfy the condition

[0 —u)" [B(t) pi(t) + D) qi(t) + 25, X (t) + R(t)a(t) + (t)] = (2 )
2

almost surely, for a.et € [0,T], and u € K.



Dual Optimality Condition

The associated adjoint equation is the following linear BSDE in unknown
processes po, o € S0, T; RY).

Theorem 2. Let (9o, &, B) be admissible dual controls. Then (go, &, B) is

a solution of the dual problem if and only if the solution Y%%? and the
adjoint process (po, ¢2) of the FBSDE

Y5 (t) = (a(t) + A(t)Y 005(t) + B(H)B(E)dt
A + (C(t)Y P () + D(1)B(1))dW (t)
Y s2(0) = yo
dpa(t) = — [A()pa(t) + C(t)Ga(t)] dit + Go(t)dW (¢)
dps(T) = — M~ (Y05 (T 4 )

satisfy the conditions



Dual to Primal Relations

Theorem 3. Suppose (1o, &, B) is an optimal dual control. Let Y i3 . D2, G5
be the corresponding FBSDE solutions. Define

a(t) = B(t) " pa(t) + D(t) T qu(t).

Then u € K is an optimal control for the primal problem. Furthermore, let-
ting X, p1, g1 be the corresponding FBSDE solutions, we have the following
relations.

X“(t) = palt) A
pi(t) =Y l(t) A
Q1(t) = D(t)B(t) + C(t)Y 7 (t),



Primal to Dual Relations

AN

Theorem 4. Suppose 4 € A is an optimal primal control. Let X, p1, ¢, be
the corresponding FBSDE solutions. Define

go=pi(0)
a(t) = 2Q()X" (1) +25(t) "a()
B(t) = D(t) qult) — B(t) put).

Then (9o, @, B) is an optimal control for the dual problem. Furthermore,

letting Y o6 . D2, @2 be the corresponding FBSDE solutions, we have the
following relations.

Yive(t) = pu(t)
po(t) = X(t)
2(t) = C(OX"(t) + D(t)i(t



Special Case

Assume that
d=1, m=1, At) =r(t), B(t) = pu(t) —r(t), C(t) =0, D(t) = o(t)
and K is a closed convex cone. Then X (t) is the wealth process satisfying

the SDE

{ AXT(E) = {r(O)X7(8) + 7T (OO0t + 7T (o (AW (),
X™(0) = xo,

Assume there is no running cost. Then quadratic risk minimization problem
is defined by

Minimize J(x(-) = E BaX(T)ZI ,

(5)
Subject to (X (-),mw(+)) is admissible.
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Since there is no running cost, the dual control a(t) = 0 for all ¢. The dual
state process satisfies the SDE

{ dY (t) = —r(t)Y (t)dt + [o L ()B(t) — 0E)Y (1) T dW (¢)

Y(0) =y, )

where 3(t) € K" = {v: vlm <0,Vm € K}, the negative polar cone of K.

The dual problem is given by

(7)

e

Minimize xoy + E [

over (y, 3) € R x H?(0,t; RY).
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Unconstrained Case

Assume K = RY. Primal FBSDE for primal optimal solution is given by
dX™(t) = [r®)X7(t) +7(t) ' o(t)0(t)] dt + 7(t) o (t)dW (1)
Xﬂ<0> — X
dpi(t) = —r(t)pi(t)dt + q(t) dW (1)
p(T) = —aX"(t).
The necessary and sufficient optimality condition for optimal control 7 is
pi(t)o(t)0(t) + o(t)q(t) =0 (8)

almost surely, for a.e t € [0,T]. It is difficult to solve the above FBSDE.
Note that (8 implies

dpi(t) = —r(t)pa(t)dt — pi(t)0(t) ' dW(2).
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We now use the dual method to solve it. Since K = RY, then K = {0},
so B(t) =0 for Vt € [0, T] a.e. The dual problem is

min {xy + B [YW] } |

Y 2a

Dual FBSDE for dual optimal solution is given by

dY (t) = —r()Y (t)dt + [-0)Y (¢)] " dW (¢)
Y(0) =y
dps(t) = [r(t)pa(t) + @(t)0(1)] dt + qo(t) " dW (t)
Y (T
a
The necessary and sufficient optimality conditions for optimal control y is
p2(0) = xg
almost surely. We have
Y(t)=yl'(t),

where [ satisfies the linear SDE
dl'(t) = T(t)|—r(t)dt — 0T (t)dW (t)], T'(0) = 1.
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The dual objective function is a quadratic function of y:

NTP].

zoy +y°E [ »
The minimum point ¢ is given by
. L0
Yy—=— 57 -
INUA
5 [ (T) ]
a

Optimal dual process is Y (¢) = gI'(t). Let (ps, ¢2) be adjoint process asso-
ciated with optimal control (g, 0), satisfying BSDE

dolt) = [r(£)olt) + OT(a(B)dt + G (AW (1), po(T) = — L)

a

|

Hence we obtain that

polt) =T(t) B [F< ‘ft] = —T(t)'E [1F(T>2

a

which shows that po(t) # 0 for t € [0, 7] a.e. if and only if g # 0.
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, Vt € |0, T]. Applying Ito’s formula, we
pa(t)

Define a process P(t)

obtain

dP(t) = —2r(t)P(t)dt+

P(t)ga(t) go(t)dt—P(t) (9(75) + ﬁ;(t)qg(t)) dW (t).

Define a process A A
()Y (T O(t)Y (t
p2(?) pa(t)
Substituting A into the above equation and rearranging, we have
AT(t)A(t)
P(t)

which is the stochastic Riccati equation (SRE) introduced in Lim-Zhou
(2002). Using the dual approach, we obtain an explicit representation of
the unique solution to the SRE.

dP(t) = | —2r(t)P(t) + 207 ()A(t) + 0T (£)0(t) P(t) + ] dt + AT()dW (1),
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Dual-Primal Relations

Let (y,0,0) be optimal dual controls. Then the optimal primal control and
processes are given by

m(t) = o '(t) galt)
X7(t) = pa(t )
pi(t) = YO0

a(t) = ()Y I40)(¢)

Conversely, suppose 7(t) is an optimal primal control. Then the optimal
dual controls and processes are given by

Y= pl(o)
a(t) =
B(t) =0
v () = it
pa(t) = X7 (t)
q(t) = o(t) " 7(t)



Constrained Case

Assume K is a closed convex cone. Heunis-Labbe (2007) states that there

AN

exists optimal control (g, 8) to (7)) with assiciated optimal state process Y.
Define 4 by 8(t) = 4(t)Y (t) for Vt € |0, T, we obtain that Y follows the
SDE

{ dY (t) = —r(t)Y (t)dt + [0 (H)3(t) — 0()]TY (£)dW (¢)
Y(0) =4.

Hence, we have

where

at) & exp ([ {0t = 3o 60306~ 009" [ (9305) —015)) s
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which implies

. L0
y=— "
(T)H(T
NG
a
Moreover, we have
. _ YT e H'T
po(t) =T () 'E | -I(T) (l> Fi| = —gl(®)'E |T(T) CZ> Fil,

which shows that pso(t) # 0 P-a.e. for Vt € [0, T.

If 2o > 0 then Y(t) < 0 and pa(t) > 0 for Vt € [0, 7], P-a.e. Define
Y (1) _ ()
pt)  X(t)
Applying Ito’s formula, we have

AP (1) ={ =20()P+(t) = (1) [o(D)0(1) Py (1) + o (DAL ()] b de + A, (H)aW (1),

where

P.(t) & — , Vit e [0,T].

olt) ¢ el
xo x0Tz




Define the following functions:

H (t,v,P,A) 20T Po(t)oT(t)v + 20T [o(t)0(t) P + o(t)A],
H(t,P,\) = mf H+(t v, P, \).

After some technical discussions involving Clarke (1990) nonsmooth opti-

mization, we can show that P, is the solution to the following nonlinear
BSDE

dPy(t) = = [2r(t)P(t) + HI(E, Pi(t), A (1)) dt + AL(E)dW (1),
P.(T)=a, (9)
P.(t) > 0.Vt € [0,T].

If 2o < 0, then we can define P_(t) that satisfies a similar nonlinear BSDE to
that of (9). Using the dual approach, we have obtained an explicit represen-
tation of the unique solution to the ESREs, introduced in Hu-Zhou (2005),
in terms of optimal dual state and adjoint processes. Optimal solution to
the primal problem is given by

AT(t) = [oT] 7 (t)ga(1),

(0= ot = Vi) [y L]
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Deep Reinforcement Learning

Suppose we want to approximate a function ¢: RP — R? for some p, g € N.
We use the following algorithm to construct an approximate function.

We take several elements of R?, say a batch of size k € N. For our purposes,
k will be how many Brownian paths we generate. There is number of ‘layers’
L € N. Suppose we have a matrix X € R**? as our input. Set Ny = X,
then for 2 =1, ..., L, perform the update

Nz’ = h(NZ_lMZ + Uz’)

where M, € RP*!, M; e R for 7 > 1, v; € R¥*F and h: R — RFX¢
applies the non-linear function x — max(x,0) element-wise. Finally, we

output
No(X) = N Mpyi +vr4

where M., € R and v;.; € R¥¥4. The parameter vector @ representing
our network is M; and v; matrices, and is optimised at the training step. We
do not know a priori the function ¢, so we train the weights against some
other performance metric. In our case, this metric is the Hamiltonian of the
control problem, or the squared discrepancy of the terminal condition. This
is what is known as reinforcement learning.
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Solving Dual FBSDE via Deep Learning

Assume K is the whole space. Recall dual FBSDE for optimal dual solution
is given by

dY (t) = [—r()Y ()] dt + [-0()Y (¢)] dW(t)
Y(0) =y
dpa(t) = [r(t)pa(t) + qa(t)O(t)] dt + go(t) " dW (1)
pz(T) — —Yiﬂ

p2(0) = x¢

To solve this problem via machine learning we search for a control

q2 = Q2<t7 Y(t))

which is function determined by neural networks and depending on a finite
number of parameters which are chosen to ensure optimality condition hold,
and BSDEs is solved. We simulate all processes in the forward direction,
set po(0) = x¢ and choose the controls such that

Y(T)|

pg(T) + q

Y, Qo € argmin F
Y42
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Solving Primal FBSDE via Deep Learning

Recall primal FBSDE for optimal primal solution is given by

dX™(t) = [r®)X™(t) +7(t) ' o(t)0(t)] dt + 7(t) o (t)dW (1)
Xﬂ<0> — Xy
dpi(t) = —r(t)pi(t)dt — pi1(1)0(t) "dW (¢)

To solve this problem via machine learning we search for a control
T =mn(t, X"(t))

which is function determined by neural networks and depending on a finite
number of parameters which are chosen to ensure optimality condition hold,
and BSDEs is solved. We simulate all processes in the forward direction,
and choose the controls such that
pi(0). 7 € arg min B ||pi(T) +aX"(1)|°]
pl 77-(-

Each if these minimisations is performed using the ADAM algorithm, which
is a variant of stochastic gradient descent.
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Explicit Dual Solution for Unconstrained Problem

The state process is simply a geometric Brownian motion, with solution

Y@%:ywp(li(ﬂﬂﬁ—%W@Wﬁdg—[iﬂ@ﬂﬂV@O.

Under some integrability condition on theta, there exists a measure () such
that the process

L%@:AQ@@+W@

is a ()- Brownian motion. p has the following condition expectation repre-
sentation:

palt) = e TR R [py(T)| F) = - EC[y(T
S

—ftTr(s)ds T
=2 y exp (/ (—T(S) . S)I2> d
a 0 2

)
+

/ % 2ds—/ 10(s 2ds—/ (s) dW (s ))

Finally, the optimality condition po(0) =

]
T
Y= —aazoefoTT(S)d exp ( 0 (r(s) = 10(s)]°) ds)

e j;Tr(s)ds
a
(
x( requires us to take
S
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Numerical Tests

We take the processes r, o, b to be constant, and set T = 0.5. We simulate 3
paths of each process with 50 time steps, and compare the processes which
the optimality relations say must be equal. The exact analytical path-wise
solutions are also given in red.

P2 vs X, 2bsde P2 vs X, bsde
1.4 4 =—— Dual / — Dual
—— Primal ] —— Primal
—— Solution 1.4 4 —— Solution
1.2
1.2 4
1.0 4 } \
e \
101 € ;f\ !
2 T
%Y V
0.8 '
0.8 4
0.6 0.6 4
T T T T T T T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5

Figure 1: Comparison of the primal state process X and the dual adjoint process ps.
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Pl vs Y, 2bsde

-1.2 ~

~1.4

—1.6

-1.8

_2.0 -

—— Dual
—— Primal
—— Solution

Pl vs Y, bsde

-1.2 A

—1.4 -

—1.6

-1.8 A

_2.0 -

—— Dual
—— Primal
—— Solution

0.0 0.1 0.2 0.3 0.4 0.5

Figure 2: Comparison of the dual state process Y and the dual adjoint process p;.
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Conclusions

e We study a constrained L(Q) problem with random market parameters.

e We characterise optimal conditions for both the primal and dual problem
in terms of FBSDEs plus additional conditions, and their relations.

e We apply the results to solve both unconstrained and cone-constrained
quadratic risk minimization problems. Solutions to SREs can be recov-
ered from optimal solutions to dual problem.

e We suggest to use deep reinforcement learning to solve FBSDEs and
show a numerical example for a simple case.
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