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sensitive w.r.t. the spread (see e.g. Madhavan, Richardson, and
Roomans (1997), Wyart, Bouchaud, Kockelkoren, Potters, and Vet-
torazzo (2008), Dayri and Rosenbaum (2015)).
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— Benefits by increasing the bid/ask spread and by being the faster.

@ Market takers send market orders. Their arrival intensities are very
sensitive w.r.t. the spread

@ Exchanges aims at increasing the liquidity (make-take fees system).
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< Concerning the electronic order book mechanism and to quote Farmer
and Skouras, 1992:

"One consequence of this trading mechanism which we believe is
underappreciated is that it endows a huge advantage to being faster
than other traders, creating evolutionary pressures that drive an
arms race for ever-more speed.”

Continuous limit order books lead to mechanical arbitrages and gener-
ate a competition in speed rather than in price between high frequency
market makers.

@ No evidence a priori that the CLOB is the optimal market structure
for all the market participants having different preferences.

@ Suitable remedies: batch auctions.
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@ Auction market is open during a certain time and receives limit and
market orders along the auction duration.

@ at the clearing time, a clearing price of the stock is determined to
ensure maximal number of transactions.
Some references

@ Budish, Cramton, Shim. (2015): auction market reduces arbitrage
opportunities systematically present in a CLOB market.

— No optimal duration investigation.

@ Du and Zhu (2014): efficiency of an auction market with respect to
the auction duration.

— Only for homogeneous agents.

e Garbade and Silber (1979): macroscopic model for price formation in
auction markets.

Fricke and Gerig (2018): extensions to multi assets or the presence of
liquidity providers.

— No comparison with the CLOB.
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Auction mechanism

Efficient price. P, = orW,, s > 0.

@ Market makers put limit orders with respect to their preferences in-
dexed on i.i.d. noisy estimations of the efficient price centred with

same variance o2.

[

Counting process N with fixed intensity 1 and event time 7.

{

Volume sent by the kth market maker
Sk(p) = K(p_ IST,:"’")7 with '57":"’” = PTkm"’ + 8k-

@ Market takers arrive on the market and send v market orders in the
auction with intensity v.

<> Poisson processes N? and N’ (ask and bid orders resp.)
o After the clearing of the ith auction, the exchange opens the auction

at time 7° as soon as a market order is set during a duration h so
that the clearing time is 7/ = 7P + h.

— It determines the clearing price ensuring to match the most orders.
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In a nutshell

Market orders

A market order is set
End of the (i-1)™ auction i auction starts Trade at the clearing price
| L |
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Limit orders

Auction duration

* Assumptions:
o For each auction i: (N2 N"*) and N"™ are independent of P.
o After each auction clearing the market regenerates.
o The first market maker always arrives before the auction clearing.
<> Technically speaking, (Nsl”"’")ogs@;uh has the law of a Poisson

process with intensity u conditional on {m" < 7§ A 7 + h}.
o Clearing price sets to ensure the larger number of transactions.
e What is the optimal duration h? Comparison with the LOB (h = 0).



Clearing rule

The clearing price P, of the ith auction is determined as an equilibrium

TS
i

between supply and demand curves. Hence, P is solution to

H#shares{buyers MM and MT}(p,h) = Fshares{sellers MM and MT}(p, h).



Clearing rule

The clearing price PTC_’C/ of the ith auction is determined as an equilibrium

between supply and demand curves. Hence, P is solution to

N
SUUSp) = (he—la) =0,
’ 1
k=N™m +1 —
Ti—1 MT buyers+sellers volume

MM buyers+sellers volume

with / = vN? — vN® where v is a (constant) volume v of market orders.



Clearing rule

The clearing price PC’/ of the ith auction is determined as an equilibrium

between supply and demand curves. Hence, P is solution to

N
Sl Sp) - (g—lw) =0,
I 1
k=N™7 +1
Ti—1 MT buyers+sellers volume
—_—

MM buyers+sellers volume

with | = vN? — vN® where v is a (constant) volume v of market orders

Thus:
e La—1_
1 i - 1 c/ oP*
cd
P < mm __ p\Jmm Z P+ K Nmm — Nmm
el Ty k=N 41 el i




Optimal duration

N7e
PC/ 1 2 "5 n 1 ITI.Oprh - /‘rfpf
| = k —— .,
™ Nmpo— Nmm K Nmr , — Nmm

TP +h Ty k=N 41 i +h
i—1

i—1



Optimal duration

N,
ol 1 : ~ 1 ITI-Oprh - /T;JP*
PT/-C/ = Nmm o pymm 2 Pk + ? Nmmo_ pymm :

wh Vel ke 41 wiben e

i—1

Criterion to measure the fairness of the transaction price:
Quadratic error between the clearing price and the fundamental price:

t
"zl = J (PS' = Ps)*ds.”
0



Optimal duration

N,
ol 1 : ~ 1 ITI-Oprh - /T;JP*
PT/-C/ = Nmm o pymm 2 Pk + ? Nmmo_ pymm :

wh Vel ke 41 wiben e

i—1
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A duration h* is optimal when it is a minimizer of the function

h— E(h) = E[(P%,, — P )7].
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We get
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o E(h) depends on the market takers' behaviours during the auction
only through E[/%, .

@ Until here, we have considers "unsophisticated" market takers having
a fixed intensity v of arrival between AND during the auction.

> B[, ,] = v2(vh+ }).

So that, we can compute h* for "unsophisticated" market takers.
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Nash
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7% is still the event time of a Poisson process with intensity v.

During the auction: MTs optimize their trading costs w.r.t. their arrival
intensities.
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Verification procedure: it reminds to solve a a bang-bang type integro-
differential system of PDEs with Hamiltonian:

H*(z,Z,e) = z10\5(2) + 22X} (2, ¢), Hb’*(z,i,a) =2, (z) + 10\ (2, e),

where

(fOC) )\;(Z,{:‘a) = 121>0>\7 + 121<0>\+ + 63121:0
)‘Z(ngb) = 122>0>\7 + 122<0)\+ + 5b122=0.



Finding Nash equilibrium...

We mollify the functions A} and A} by introducing

At ifz<—1
A'(z) =4 A ifz>1
nA*;Mz + A*;A* ifze (-1 1)

so that there exists a solution to a (Lipschitz) system of BSDE which
gives a sequence (¢7,¢p) of (Markovian) processes converging to a Nash
equilibrium.

@ We extend Hamadéne and Mu (2014) to the Poisson case by using
BSDE theory.

@ The proof is constructive and gives a way to approach numerically
this value.



Market takers and Nash equilibrium

Market orders

Nash
A market order is set
End of the (i-1)" auction i auction starts Trade at the clearing price
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Limit orders

I

Auction duration

Proposition

There exists a Nash equilibrium for the simultaneous optimization
problem given by some Markovian controls (X3, \}) and so that

2] = VE(ASAD) + Vi (A3, M),

where V2 and V® are the values of (Nash).
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Calibration model parameters on Euronext

Unknown variables
@ MTSs’ arrival intensities v between two auctions.
e MMs' arrivals given by p,
o MMs' supply parameter K.

Euronext Data: details on the volumes of each stocks exchanged along
the day.

— U= ¥ where T: duration of the trading day, V: average daily volume
of market orders.

— K =(2e—2%)and p=v(g —1), where e and ¢ are the average and
squared volumes (resp.) present in the first limit of the LOB.

For sophisticated MTs we take A_ = v/4 and A, = v.



Application to some stocks traded at Euronext exchange

DiffNash | DiffPoiss | Poisson | Nash

Aperam 0.389 0.159 536 375.1
Sodexo 0.072 0.0 0.0 30

Air France - KLM 0.821 0.452 295 218
Hermes 0.296 0.02 295 202
ArcelorMittal 0.465 0.126 87 59
Credit Agricole 0.398 0.048 88 57
LVMH 0.497 0.155 121 87
Valeo 0.326 0.0 0 97

Air Liquide 0.916 0.647 627 459

Table: Optimal auction durations of a sample of stocks traded at Euronext (in
seconds) and comparison with the LOB E(0) — E(h™).



Thank you.



