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1. Introduction

o The p-Camassa-Holm (CH) equation

my + 2mugy +umy, =0, t>0, € R, (1)

where m = p(u) — ugy, p(u) = rqu(t,z)dr. If p(u) = 0, which
implies p(ug) = 0, then this equation reduces to the Hunter-Saxton
(HS) equation, which is a short wave limit of the CH equation.
(Khesin, Lenells, Misiolek, 2008, Math. Ann.)
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e |t is a dynamical equation for rotators in liquid crystals with external
magnetic field and self-intersection

e |t is an integrable equation and admits peaked solitons

e The ;-CH equation describes the geodesic flow on D?(S) with the
right-invariant metric given by the inner product

< u,v >= p(u)pu(v) + [gugvpde.
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¢ The CH equation

m¢ + 2u,ym 4+ umyg +yuy =0, m=u — Ugpy.

(Camassa-Holm, 1993; Fokas-Fuchssteiner 1981)

¢ The HS equation

m¢ + 2uym + umyg + yur =0, m = —Ugy.

(Hunter-Saxton, 1996)
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e Integrability, 2 x 2 spectral problem
e Existence of peakons

o Water waves

e Wave breaking

e Geometric formulations

e Quadratic nonlinearities

o Hl-weak solution
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¢ The Degasperis-Procesi equation

m¢ + 3uym + umyg +yur =0, m=u — Ugpy.

(Degasperis-Procesi, 1998)

e Intergrability, 3 X 3 spectral problem
e Existence of peakons

e Shock peakons

e \Water waves

e Wave breaking

e Quadratic nonlinearities
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¢ The pu-DP equation
m¢ + dmugy +umg, =0, t>0, x € R,

(Lenells, Misiolek, Tiglay, 2010, CMP) where m = p(u) — uyy. Set-
ting u(u) = 0, this equation becomes the short wave limit of the DP
equation or the Burgers equation. Geometrically, it describes an affine

surface (Fu, Liu, Qu, J. Funct. Anal., 2012)
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o The modified CH equation (with cubic nonlinear terms)

my + ((u2 — u%)m)x +yuUr =0, M =u— Ugy.

(Olver, Rosenau, 1996; Fuchssteiner, 1996; Qiao, 2006)

¢ The short pulse equation

—Ugt + (u2ux)x + ~yu = 0.

(Schafer-Wayne, 2004) The short-pulse equation is the model for the
propagation of ultra-short optical pulse approximation in nonlinear
Maxwell's equations, where u is the magnitude of the electric field.
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¢ The modified p~-CH equation

mye + ((2u(uw)u — u%)m)m =0, m=p(u) — ugg.
(Qu, Fu, Liu, J. Func. Anal., 2014; Liu, Qu, Zhang, Phys. D, 2013)

Remark 1.1 Applying the tri-Hamiltonian duality approach (Olver, Rose-
nau, Fuchssteiner, 1995,1996) to the KdV and the mKdV equation
yields the CH equation and the modified CH equation, respectively.
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¢ A generalized Camassa-Holm equation with cubic and quadratic non-
linearities
my + kq ((u2 — u%)m)x + ko (2mug +umy) + yuy =0, m = u — ugy.
(Fokas, 1995; Fuchssteiner 1996; Qiao, Xia, Li, 2012; Liu, Liu, Olver,
Qu, 2014)

¢ The generalzied ;-CH equation with cubic and quadratic nonlinearities

me -+ k(2w — w2)m), + ka(2ugm + umg) +yup =0, (2

where m = pu(u) — uge. (Qu, Fu, Liu, Comm. Math. Phys. 2014; Qui,
Liu, Liu, Zhang, Arch. Rat. Mech. Anal., 2014)
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¢ The two-component Camassa-Holm system

m¢ + umyg + 2mug = ppre =0,
pr+ (pu)y =0, x €R,
where m = 4 — Uypn.

(Olver, Rosenau, 1996 Chen, Liu, Zhang, 2006; Constatin, lvanov,
2012)

Remark 1.1. The above system does not admit the peaked solitions.
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¢ A two-component Camassa-Holm system
m¢ + 2mug + mau + (M), + nuy = 0,
ng + 2nvy + ngv + (nu)y + mug = 0,
where m = 4 — Uypyp, T = UV — Ugpry.
(Qu, Fu, 2009)
This system is equivalent to the following two-component CH system
&+ 0&x +260n + iy =0, €= (1-87)o,
e+ (no)e =0, n=(1-03)n, z€R,
via the linear change of variables £ = m +n, n = m — n, which was
derived by (Holm et al, 1996) from the Euler-Poincare equation.

Question: Are there two-component p-CH systems which admit peaked
solutions and H!-conservation law?
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¢ A two-component p-CH system
my¢ + 2mug + mau + (M), + nuy = 0,
n¢ + 2nvg + ngv + (nu)z + mug = 0, (3)
where m = p(u) — ugy, 1 = w(v) — V.
(Li, Fu, Qu, 2019)

This system is equivalent to the following two-component 1-CH system

&+ 0r +260n + iy =0, €= (n—07)o,
e+ (no)e =0, n=(u—03)n, x€R,
via the linear change of variables E =m +n, 71 =m —n.
This system can also be obtained from the Euler-Poincare equation with

the Lagragian

1

2 2/ - 2 09
L = 2(# (o) +p7(n) + |lozl| 72 + |72 72).
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¢ The general two-component p-CH system

2k 2 ok
mp ¢ = zj2=1 g, MU 1 ]Zzl by jmij zuj, k=12, (4)

where uy.(t,x) is a function of time ¢ and a single spatial variable z,
and

my = p(ug) — Ug zos  p(ug) = [gug(t, z)de,
with S = R/Z which denotes the unit circle on the plane.
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¢ A two-component modified CH system

1 n 9 9 n
Mig =5 = [(uj — j,x)mz’]x - jgl(uiug‘,x — UjU; )M,

where m; = u; — Uj pz, 1 <7 < 1 (Qu, Song, Yao, 2013, SIGMA)

¢ A two-component modified p-CH system
I n 9 n
mit =5 E [(2#(%')%' — uj,x)milx - jgl(uiug‘,x — WU 3) T,

where m; = p(u;) —Uj ggr 1 <1< (Qu, Song, Yao, 2013, SIGMA)
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2. Integrability

¢ Bi-Hamiltonian structure
The generalized 1-CH equation (2) admits the bi-Hamiltonian structure

where

1
J = —k18,md; 'mdy — ko(mdy + Opm) — SV, K =—0A= 8

are compatible Hamiltonian operators, while
1
Hi = 2/R umdz,

and
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1
Hy = ki [g(p*(w)u” + p(w)uus — 121& + 2yuz)da
1
+ko [p(p(u)u + ZUU%)CZZU

are the corresponding Hamiltonian functionals.

¢ The Lax-pair
Equation (2) has the following Lax-pair

(), ~oemn (). (5], - v

¢1)
o |
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where U and V' are given by, for v =0

Ulm, A) = —kl)m?— ko Aén)
and
Vim,u, ) =
( —Shaur 153 — B A@u(w)u — u2)m — kyum
G %kQUa: |
with

1 1
G = kQ(Q)\ + Akgu) + 2)\/ﬂ,u(u) + BN Cu(w)u — ul)m

koA 2p(w)u — us — um)
and for v # 0
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B —A\/j% AT (A B
U<m’)\)_(—k1)\m—k2)\ )\\/—7% ) V(maua)‘)_ (G—AJ’
with
1 1
A = 4\/—27 ()\_1 + 2 A Qup(u) — ul) + QAkQu) — ngux,

1
B = _ZH)\ + 2\/—2%@ — kA 2up(w) — ud)m — Megum.
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o Conservation laws (v = 0)

Hy = [gudz,

1
Hy = Jo(u(u) + uz)de,

1 1
Hy =k [o |12 (w)u® + p(w)uus — uufﬁ, dx + ko [o(p(u)u + 2uu%)d1‘

¢ Short capillary-gravity wave equation

Applying the scaling transformation

r — ex,t — e_lt,u —

to (2) produces
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(62#(U) — Ugg)t + k1(<2€2uﬂ(u> - U:%)(EQN(U) — Ugz))y
Fho(2up (€2 () — upy) + ule?u(u) — Upy)z) + yug = 0.
Expanding
u(t,z) = ug(t,x) + euy(t,z) + €2 ug(t,z) + - -
in the small parameter ¢, the leading order term (¢, x) satisfies
—UQ xxt T k1 (u%,xuo,aﬁx>x — kQ(uO,xUO,ajx + UOUO,a;xaf) T YUY = 0.

Then v = wy , satisfies the integrable equation
1
Vpt — klv:%vm + ko(vvgy + 22}%) — v =0,
which describes asymptotic dynamics of a short capillary-gravity wave,

where v(t, x) denotes the fluid velocity on the surface (Faquir, Manna,
Neveu, 2007).
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3. Preliminaries

Consider the Cauchy problem

my + k1(2u(u)u — u%)m)x + ko(2muy +umy) =0, t > 0, x € R,

u(0,x) = ug(z), m=pu(u) —uzgy, € R, (5)
u(t,z+1)=u(t,z), t>0, =€ R.

In the following, all space of functions are defined over S = R/Z.

Definition 3.1 If u € C([0, T]; H*)NCY([0, T]; H*~1) with s > 3 and
some T > () satisfies (5), then u is called a strong solution on [0, 7.
If u is a strong solution on [0, 7] for every T' > 0, then it is called a
global strong solution.
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Applying the inverse operator of A = ;1 — 02 to equation (2) results in
the equation

1 B 1
ur + k1 |(up(u) — 3u52,;)u5,; +0,A 1(2u2(u)u + ,LL(u)u?L,) + 3,u(u536)
1
ko |uug + A0 (2upu(u) + ng) = (.

The Green function of the operator A is (Lenells, Misiolek, Tiglay, 2010)

1 1o 23
9(x) = 2@ - 2) T or
lts derivative can be assigned to zero at x = 0, so one has
(z) = 0, x =0,
Jeit) =1 ¢ L o<z <l.

The above formulation allows us to define a weak solution as follows.
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Definition 3.2 Given initial data ug € Wl’g, the function u €&
L®([0,T), W3) is said to be a weak solution to the initial-value prob-
lem (5) if it satisfies the following identity:
0 L fupr+ R (pu)uPer + Jul o — go* (207 (u)u + plu)uz) ¢
—5u(u)p) + kp(3u”pr — go * Qup(u) + 3u3)e)) da dt
+ rug(x) (0, x) dr = 0,
for any smooth test function p(t,z) € C2°([0,T) x S). If uw is a

weak solution on |0, T") for every T > 0, then it is called a global weak
solution.
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A local well-posedess result is the following.

Theorem 3.1 (Qu, Fu, Liu, 2014) Suppose that ug € H?(S) for
s > 5/2. Then there exists T > 0, which depends only on ||ug|| s,
such that problem (5) has a unique solution wu(t,x) in the space
C([0,T); H5(S))nCY[0,T); H*~1(S)). Moreover, the solution u de-
pends continuously on the initial data u in the sense that the mapping
of the initial data to the solution is continuous from the Sobolev space

H? to the space C([0,T); H%(S))nC([0,T); H*~1(S)).
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4. Stability of solitons of the g-KdV equation

Consider the generalized KdV equation

for p > 1 an integer, which, in the cases p = 2 and p = 3, are the
KdV equation and mKdV equation, respectively. The case p = 5 is
interesting due to the mass-critical property. For p > 1, it has the
soliton

uft, z) = M PNQ(M (2 — xy — ct)) (7)

where

Q)= (- PFL -1

Y CoshQ(pglx)
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Is a positive, smooth, rapidly decreasing solution to the ODE

Qxx+@p — Q

Define the ground state curve
£ ={Q(- — x) : 79 € R} C H'(R)

consisting of all translates of the ground state (), then we see that u(t)
stays close to = all £.

Theorem 4.1 (Benjamin, 1972; Bona, 1975; Weinstein, 1986) Let
1 <p <5 Ifuye HYR) is such that dist 7r1(ug, =) is sufficiently
small (say less than o for some small constant 0 > 0), and w is the
solution to (6) with initial data wug, then we have

dist ;1 (u(?), X) < dist 71 (ug, ¥)
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for all . Here we use X - Y or X = O(Y) to denote the estimate
| X'| < CY for some C' that depends only on p, and X . as shorthand
fOI’ X < Y < X

Proof. Find a functional u — L(u) on H' with the following prop-
erties:

1. If wis an H' solution to (6), then L(u(t)) is non-increasing in t.

2. @ is a local minimizer of L, thus L(u) — L(Q) > 0 for all u suffi-
ciently close to Q in H1.

3. Furthermore, the minimum is non-degenerate in the sense that

L(u) — L(Q) > ||lu — QH%{L for all u sufficiently close to @ in H'.
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5. Peaked solutions of (2)

Recall that the single peakon and multi-peakons for -CH equation and
modified ;i-CH equation. Their single peakons are given respectively by

12
U(t, x) — BCQ(SE o Ct)?

(Khesin, Lenells, Tiglay, 2010, CMP) and
24/3c
5

u(t, r) = g(x — ct),

(Qu, Fu, Liu, 2014, JFA) where
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1 1 23

9(x) = 2<95 — [z] - 2)2 T o4

with |x| denoting the largest integer part of x. Their multi-peakons are
given by

ult,z) = X pit)gle — ¢'(t), )

where p;(t) and ¢'(t) satisfy the following ODE system respectively for
the u-CH equation (Khesin, Lenells, Tiglay, 2010, CMP)

pi(t) = — jzlpz-pjgx(qz —¢’),
QZ@) - jglpjg(qz(t) o qj<t>>7 1=1,2,--- N,
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and for the modified u-CH equation (Qu, Fu, Liu, 2014, JFA)

pi(t) = 0,
1 N N 49

(i 25p7 > — ¢ >\
+ N (¢ —q" +¢ 1),
i<k k;ézp]pk C] (]
where
L i<y
Aij = —1, > 7,
GET o, k—j<1, )

The existence of the single peakons of Eq.(2) is governed by the follow-
ing result.
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2
Theorem 5.1. For any ¢ > —112();59(%, equation (2) with v = 0 admits

the peaked periodic-one traveling wave solution u. = ¢.(§), £ = v —ct,
where ¢.(&) is given by
1 1, 23
S P 10
with

—13ko &+ 169k3 + 1200ck
a2 = : ¢50k2+ Tk #0, (11)
1

for £ € [—1/2,1/2] and ¢(&) is extended periodically to the real line.

Remark 4.1 Note that the equation is invariant under u — —u, ko —
—ko. So it suffices to consider the peakon with amplitude aq .
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Furthermore, Eq.(2) admits the multi-peakons of the form (8), where
p;(t) and ¢'(t), i = 1,2,..., N, satisfy the following ODE system

| N |
pithy X pipj(d — ' =) =0,
Gi — k1[1(23 s (pj+pp)” + 25p7)
12" jdti ! !
1. 5 49
—_—mM- _ 7)\.. o
pz<]7ézp]<q q > + zg) + 12)
2
- — " +
s k#zp]pk@ ¢+ €1.)
N o1
_k 3 A (At _ _ ]
2 2 pilg @) !q ¢’| +

where );; and ¢, are given by (9).

(12)

13

0.
12)
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In particular, when N = 2, system (12) can be solved explicitly, which
yields

B aeb(t_t()) B a
PL= 1 oblt—to)y P27 1 blt—t)
kia? (1 1 1
1 _ M S a)?

Ty (12 Ty a) ) 1 4 eblt—to)

+f;(23k1a + 6aq(a; — 1)kg + 13k9)(t — to)

+g§)(k1a — 3ay(ay — Dky) In(1 + "=0)) 4 ¢,
¢ =q +a,

where a, a1, b > 0 and ¢ are some constants.
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6. Stability of peakons

¢ Case 6.1. k1 >0, ko > 0
Theorem 6.1 (Qu, Zhang, Liu, Liu, 2014, ARMA)
Let ¢ > 0 and assume that v = 0, k1 > 0, ko > 0. For every € > 0,
there is a 0 > 0 such that if u € C([0,T); H'(S)) is a solution to (2)
with

Ju(-,0) — %H}ﬂ(s) <0,
then

Ju(-1t) = pel- — EE) | prs) < € for t €0,T),

where £(t) € R is a point where u(- + %, t) attains its maximum.
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Lemma 6.1 The peakon ¢.(x) is continuous on S with peak at x =
i%. The extrema of .. are

My, = ma{pcla)} = g | = 1 Holed,

= 2 12
. 23
My, = min{pe(z)} = ¢e(0) = 5 Holpdl
Moreover, we have
1 , 1
hm pex(T) = 2H0[gpc], hm1 per(x) = —2H()[SOC]7
xTQ xT_?
with
13 - 1043 47
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Lemma 6.2 For every u € H'(S) and € € R,

1
Hy[u] = Hilpd] = [lu — @e(- = Il + ar(ul€ + 3) — My,).
Lemma 6.3 For any function v € H'(S) with p(u) > 0, define the

function
Fy:{(M,m)e R>: M >m} — R
by
Fy(M,m)
= k(@M + m) Holu Hfu] — k(M — m) (2Holul(M — )’
+§k1(2M ) H ] — ;Lklm(élM — m) H3Ju] + 2k (2m + M) H2[u
32

+2ko M Hi|u| — 4ko Mm Hylu] — 7162 M —m) \/QHO — 4 Ho|u]
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Then it satisfies
Fy(My, my,) > 0,

where M,, = max{u(x)} and m, = min{u(x)}.
reS reS
Proof. Introduce two functions

uz +y2p(u)(u —m), <z <,

9l2) = Uy — /QM(U)(U —m), n<z<E+1 (13)
and
hz) — [ ey (u(u)u + %\/Z,u(u)(u —m) ug — %ug) Fhou, €<z <,

ki (p(w)u — 320(u)(u —m) up — 3u3) + kou, n <z <&+1.
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Lemma 6.4 For the peakon ., it holds that

OF,
FSpc(MSOc? m@c =0, Tﬂ MSDO m906) 0,
OF, O°F
%(Mépm m@c — O B—éL M@c’ m@c) — O
O*Fy,

OM2 (Msf?cv m#%) — 136le0 pc| — 4k Holepel,

O*Fy,
Om2 (M@m m¢c) — gle(%[Spc] o 4]{2]{0[@6]

Moreover, (M., my,) is the unique maximum of F, .
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Lemma 6.5 Let w € C([0,T); H'(S)) be a solution of (2). Given a
small neighborhood U of (M., my,) in R?, there exists a § > 0 such
that

(M

U

(t),mu(t)) cU for te [O,T) (14)
if Hu(,O) — SchHl(S) < 0.

Proof of Theorem 6.1: Let u € C([0,T); H'(S)) be a solution of (2)
and suppose € > 0 be given. Pick a neighborhood U of (M., my,)

2
small enough such that |M — My | 25k1€2 if
—78k9+6+/169k5+1200ck;

(M, m) € U. Choose a 0 > 0 as in Lemma 5.5 so that (14) hold-
s. Taking a smaller § if necessary, we may assume that p(u) > 0
and
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2
Hifu] — Hiled| < o if [lu(-0) = el (5 < &

Then, by Lemma 6.2, we get
Jul-,t) — @el- — EO)1s
< 3lu(-,t) — @el- — W)
= 3(Hi[u] — Hilpc]) + 3a1(My, — M) < €, t €[0,T),

where £(t) € R is any point where u(&(t) + %, t) = M, ;). Thus The-
orem 5.1 is then proved. O
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o Case 6.2. k1 >0, ko <0

Theorem 6.2 Let k; > 0, ky < 0, and assume that ¢ > 23k3/(64k1).
For every € > 0, there is a § > 0 such that if u € C([0,T); HY(9)) is
a solution to (2) with

Ju(-,0) = gell s <
then

Ju(-,t) = gel- — Ol ) < € for t € 0,7T),

where £(t) € R is a point where u(- + %, t) attains its maximum.
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Lemma 6.6. For any function v € H'(S) with u(u) > 0, k; > 0,
ko <0, and 4kju(u) + 3ky > 0, define the function

Fy:{(M,m)e R*: M >m} — R

by
Fy(M,m) = ;k‘l(QM +m) Ho[u] Hy [u] — igkl(M — m)3(2Ho[u))?
—|—1k1(2M -+ m)ng _ 1]€1m(4M B m)Hg[u] (15)

3 3
1 |
+ ka(2m + M VHAu) + S Ko M H, [u] — koM mHy[u]

_185]@2(]\4 — m)QW — Holu].

Then it satisfies

Fu<Mu7 mu> > 0,
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where M, = rg]/glg%({u(x)} and my, = glel%{u(x)}

Proof. Let u € H'(S) C C(S) with p(u) > 0. Denote M = M

u
max{u( )}, m = my = min{u(z)}. Let £ and 1 be such that u(§) =
TES TES

M and u(n) = m. Define

ofu) = ko fs () = )+ () — ) — b do
ko f () (o — ) 4~ m)u| d
= kyJ1[u] + koJo[ul,
with ,
Tilu] = fs 42 ) s — m)? 4 paon)os — 2 — b i

hlul = fg plu)u = m)? + (u = m)u] do.
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By the Cauchy inequality, we have the estimate

DAY (16

The equality holds if and only if u is the peakon of Eq. (2). On the
other hand, a straightforward computation leads to

~

Ji[u] = Ji[u] — mHS ] + m?Ho[u)® — mHo[u]H[u], and

~

Aol = Holu] — kym ]~ mHifa + Holul )
~heym (Hflul — mHolul + ) Hilul.

where

Rl = s [ + plwpuasd — ut) do.

12
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By virtue of the result in (Liu, Qu, Zhang, Phys. D, 2013), we have
| h(x)g*(w)dz = 4Jy[u] — 2mH{[u] — 2m Holu] Hy[ul

> (m - AM) 2Holu)(M — m)?,
where
) = [ 20Ut %m(u)(u —m) Uy — ;iug c<a<n,

= 2w — 2oulu)u—m) up — ik, g <w<E+l,
and g(x) is given by (13). Notice that

h(z) < 2M Hofu] + g(M ) Hlu] = §(4M — ) Holul.
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It then follows that
8

AJ1[u] —2m H[u] — 2m Holul Hi[u] = - (m + 4M) (2Hou](M — m))”
< 240 — ) Holo] (B o] + Hu] — 2mHyu
4 3
o CHOl (M = m)2)

Using this inequality and combining expressions, we can get (15). This
completes the proof of the lemma.
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7. Classification of the 2-,-CH system

In this section, we classify the system (4), specifically, we consider the
following system:

my = m(uy + ajvy) + me(bu + cqv)
+n(diug + flve) + na(gru + hv),
ng = n(vy + agug) + ng(bov + cou) (17)
+m(dovy + foug) + mg(gov + hou),
where m = p(u) — ugz, n = p(v) — vgz, a;,b; ¢, d;, iy 9i, and
h;,© = 1,2 are some constants.
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e Step 1. Assume that system (4) possesses the weak solution

fS(M<ut)¢ — Ut%:a:)da? = fS(F1¢ + Fogy + F3¢azx)d$>
15(p(vt) @ — Vg )dr = 15(G1¢ + Gady + G304y )dx,

for some functions Fj(u,v,uz, vy), Gi(u,v,uz, ve), © = 1,2,3 and

o(t,x) e CF(]0, +00) x.9).

Then we find the constants satisfy

al—cy=dy — g1, ap—co=dy— go.

In this case, p(u) and p(v) are conserved.
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e Step 2. Assume that system (4) admits two-peaked solutions of the
form

u=pi(t)g(x —qi(t)) + pa(t)g(z — qa(t)),

v=r1(t)g(z — qi(t)) + r2(t)g(z — qa(t)), (18)
where g(z) = %(m — ] — %)2 + %2 and [x| denotes the largest integer
part of z, are the usual weak solutions in the sense of distribution, then
the constants must satisfy

gp=h1=go=ho=0, by =cy, 0by=cy,
ap—c1=dy, ag—co=dy.
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o Step 3. Assume that system (4) enjoys the H '-conservation law
hifu] = fs(uz + v3)da.
then the constants satisfy
ay=ay=bj=by=ci=cy=fi=fo=1,
di=dy=g1=g2=h1=hy=0.
Hence system (4) reduces to (3).




Dec. 26, 2019 NUS, SINGAPORE

We have shown that system (3) has the two-peaked solutions (18) with
satisfying

p1 = ((1 = by)pipa + (a1 — ¢1)(p1r2 + pory)

+fir1ra)sgn(e — q) (=g — o] + 3),

ph = ((b1 — V)p1p2 + (1 — a1)(p172 + par1)
— fir1ro)sgn(gx — q1)(—|q1 — o] + 3),
i = ((1 = bo)rira + (a2 — c2)(p172 + par1)
+fop1p2)sgnlgs — q1)(—|q1 — qo| + 3),
rh = ((by — 1)riry + (c2 — a2)(p172 + par1)

—|q1 — qo| + 1),

/—\

— fop1p2)sgniqe — q1)
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q

T

= —3(bip2 + c1r2) (a1 — o] + 3)?
~33(b1p1 + c1r1) — 33(01pa + 1),

= —3(bip1 + err) (a1 — @2l + 3)
—5(bip2 + c17m9) — 52 (bipy + e177).
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8. Stability of peakons for the cubic systems

Consider the following integrable two-component Novikov system

me + uvmg + (20ug +uvg)m =0, m =u — ugy,
ne + uvong + 2uvg + vug)n =0, n=v — vUgy. (19)

It has the peaked solitions

u(t, ) = pelz — ct) = ae~le—ctl,
v(t,x) = he(x — ct) = be [Pl 20)

where ¢ = ab # 0, and the following conserved densities
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Eplu, v| = /R(mn)é dx,
Eylul = 1p (u2 + u%) dr, FEylv] =g (v2 + v%) dx,
Hlu,v| = 1p (uv + ugzvy) do

and

1 1 4 1
F[U,U]Z/R 2,2 2,2 2,2 2,2

u vT + SU (e 371 Uy + 3uvuxvx — Suxvx

while the corresponding three conserved quantities of Novikov equation
are

dzx,

2
Ho[u] = ipm3dx, Elu] = g (u® +u2) d,
Flu] =1p (u4 + 2utul — %uf}c) dx.
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Theorem 8.1. (He, Liu, Qu, 2019) Let ¢, and 1. be the peaked
solitons traveling with speed ¢ = ab > 0. Then . and ). are orbitally
stable in the following sense. Assume that ug, vy € H°(R) for some
s>3,0% (1—02)ug(z) and 0 # (1 — 92)vy(z) are nonnegative, and
there is a 0 > 0 such that

H(’LLO,’UO> o (9067 wc)HHWR)XH%R) < 0.

Then the corresponding solution (u(t, z),v(t,x)) of the Cauchy prob-
lem for the two-component Novikov equations (19) with the initial data
u(0, ) = ug(x) and v(0, ) = vg(x) satisfies

SUPte(0,T) H(u<t7 ')7 U(t, )) — (900(° - f(t)), %( — g(t)))HHl(R)le(R)
< Aézll,
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where T > 0 is the maximal existence time, £(t) € R is the maximum
point of the function u(t, z)v(t, x), the constant A depends only on a,
b as well as the norms |[ug|| s r) and |[voll s g)-

On stability of the train of peakons, we have the following result.

Theorem 8.2. (He, Liu, Qu, 2019) Let be given N velocities
c1,c9,---,cysuchthat0 <a; <ars < ... <apn,0< b <by <..<
by and ¢; = a;b; for any ¢ € {1,..., N}. There exist A > 0, Ly > 0
and €y > 0 such that if the initial data (ug,vg) € H*(R) x H*(R)
for some s > 3 with 0 % (1 — 02)ug(z) and 0 % (1 — 02)vy(z) being
nonnegative, satisfy

up — igl eel- — 2)

N
vy — 'Zl Vel — Z?)

1=

< €

Hl—l_

Hl
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for some 0 < € < € and 2V — 2 > L with L > Lg, then
there exist x1(t), ..., zy(t) such that the corresponding strong solution
(u(t,z),v(t, x)) satisfies

ult, ) — =N el — i(t))] 1+ ot ) — 5 el — )]
< A (e}l + L_é) 7
for all t € [0,T"), where x;(t) — x;_1(t) > L/2.
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Conclusions and remarks

e Orbitally stable of peaked solutions to (3) in the energy space H1?
e The classifications of the nonlocal equations with cubic nonlinear
terms?

2 l 2 ]
mi++ X a;iruuimi.,.+ X brcouwitus oy =0
th Z,],k‘:]_ Z,]’k v k7x ijak:]. Z,]’k‘ PR k ’

[=1,2, my = p(ug) — uy gy oF My = up — Uy 4pr. (Zhao, Qu, 2019)
e Geometric formulations to the cubic-type equations?

e Inverse scattering method for the p-type equations?

e Nonlocal equations for the classical integrable systems?
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Thank youl!!!




