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Soving PDEs with FreeFem++

Archive to be downloaded:
http://ionut.danaila.perso.math.cnrs.fr/zdownload/FFEM/
0 Towards advanced features
@ From steady to time-dependent PDEs
@ Build FE-matrices
@ Mesh adaptivity

9 Linear elasticity problems
@ Linear Lamé equations
@ Simplified model for a dam
@ Deformation of a beam
@ Vibration of a beam

e Solving non-linear problems
@ From steady to time-dependent PDEs

° Summary of Part Il
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http://ionut.danaila.perso.math.cnrs.fr/zdownload/FFEM/

Basic features in FreeFem++

ﬂ Towards advanced features
@ From steady to time-dependent PDEs

I. Danaila FreeFem++ Introductory Course 3/43



Solving the time-dependent heat equation (1)

%—AQZO, for (x,y)€Q, 0<t< tpax

+Boundary Conditions(in space) + Initial Condition(t = 0).
¢ Discretisation in time (FD finite-difference type)

N-2
[O,tmax] == U [tn,tn+5t], tn:n5t, n:0,1,...,N—1, 6t: T/(N—1)
n=0

Notation 6"(x) = 6(x, ty).
9n+1 (X) o 9”(X)
ot

9n+1 (X) _ Gn(X)
ot

— A" (x) =0 (implicit scheme)

— Af"(x) =0 (explicit scheme)
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Solving the time-dependent heat equation (2)

e Discretisation in space (FE finite-element type): implicit scheme

9n+1 /—v+/ —vaem] =0
Q

9n+1 i 89n+1
ot v—/—v-l—/V9 Vv — /r an v=0

e Weak formulation ready to use with FreeFem++: impose (spatial) BC
on 61 as for the stationary problem.

e In programs, in the "time loop” we use only two variables:

u=0"" and uold = 6",
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Script for the time-dependent heat equation (1)

/ﬂv— UOld /VUVV—/—V_
q ot Q

(part 1 of) time/heat_time_v01l.edp

include "../../Part_01_Scripts/mesh/mesh circle v03.edp";

// FE space

fespace Vh(Th, P1l);

// Variational (weak formulation)

Vh u,v; // u=unknown, v=test function

real uhot=10, alpha=10;

//Time—evolution formulation

real tmax=0.1, dt=0.001, idt=1./dt;

Vh uold=0;

macro grad(u) [dx(u), dy(u)]//EOM

problem HeatTime (u,v)=int2d(Th) (idt*u*v)-int2d(Th) (idt*uoldx*v)
+int2d (Th) (grad(u) ' xgrad(v))
+int1d(Th, 1) (alpha*uxv) //from Fourier bc
+on (2, u=uhot); // Dirichlet bc
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Script for the time-dependent heat equation (2)

(part 2 of) time/heat_time_v01l.edp

//Time loop
real t=0; verbosity=0;
while (t <= tmax)

{

t+=dt;
HeatTime;
plot (u,dim=2, cmm="Time t="+t, £ill=1);
cout<<"Time="<< t<<" Max(u) ="<<u[] .max<<" Min(u) ="<<u[] .min<<
endl;
uold=u;

}

I. Danaila FreeFem++ Introductory Course 7/43



Basic features in FreeFem++

Q Towards advanced features

@ Build FE-matrices
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Time-dependent heat equation with matrices (1)

uold
/51‘ / +/Vqu—/v_

Alu, v) =
A(u, v —/ /VUVV—/ v = (matrix) A

Q
uv
Amass(U, V) = o St

+ impose Dirichlet BC by penalisation (tgv technique)
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Time-dependent heat equation with matrices (2)

(part of) time/heat_time_v02.edp

// matrix of the system
real tgv=1e30;
varf Vsys (u,v)

int2d (Th) (idt*uxv)
+int2d (Th) (grad(u) ' *grad(v))
+int1d(Th, 1) (alpha*uxv)
+ on(2,u=uhot); // + on(2,u=1); the same matrix

matrix Asys Vsys (Vh, Vh, tgv=tgv) ;

// Mass matrix
varf Vmass(u,v) = int2d(Th) (uxvxidt) ;
matrix Amass = Vmass (Vh,Vh, tgv=tgv);
// right-hand side term + (boundary conditions)
Vh BC;
varf Vbc(u,v) = on (2,u=uhot);

BC[] = Vbc (0, Vh, tgv=tgv);
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Time-dependent heat equation with matrices (3)

(part of) time/heat_time_v02.edp

// array for boundary conditions
// BCO = 0 for nodes on Gamma2, BC0=1 elsewhere

varf VbcO(u,v) = on (2,u=1l);

Vh BCO;

BCO[] = VbcO0(0,Vh,tgv=l);// BCO=1 for nodes on Gamma2, 0 elsewhere
BCO = —-BCO;

BCO[] +=1; //now BCO = 0 for nodes on Gamma2, BCO=1 elsewhere
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Time-dependent heat equation with matrices (4)

(part of) time/heat_time_v02.edp

//Time loop
real t=0; verbosity=0;
real [int] rhs = BC[]; // fix the correct dimension

set (Asys, solver=UMFPACK) ;
while (t <= tmax)
{

t+=dt;

// prepare the rhs

rhs = Amass*uold|[];
rhs .*x= BCO[]; // set to zero the value for nodes on Gamma2
rhs += BC[]; // set the correct value on GammaZ2

// solve the linear system
u[]l= Asys”-lxrhs;

plot (u,dim=3, cmm="Time t="+t, £ill=1);
cout<<'"Time="<< t<<" Max(u) ="<<u[].max<<" Min(u) ="<<u[].min<<
endl;
uold=u;
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Basic features in FreeFem++

Q Towards advanced features

@ Mesh adaptivity
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Time-dependent heat equation with mesh
adaptivity

(part of) time/heat_time_v03.edp

//Time loop
real t=0; verbosity=0;
real errorAdapt=0.01;

while (t <= tmax)
{
t+=dt;
HeatTime;
plot (Th,u,dim=2, cmm="Time t="+t, £ill=0);
cout<<"Time="<< t<<" Max(u) ="<<u[] .max<<" Min(u) ="<<u[].min<<
endl;
Th=adaptmesh (Th, u, uold, inquire=1, err=errorAdapt) ;
u=u;
uold=u;

}
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Solving the wave equation (1)

d9?u
W—AU:O, for (X,y)EQ, Ogtgtmax

+Boundary Conditions(in space) + Initial Condition for u, %(t =0).
e Discretisation in time (FD finite-difference type)

N-2
[0, tmax] = | J [t ta+6t], ta=nst, n=0,1,... N1, t=T/(N-1).
n=0

Notation u"(x) = u(x, tp).

u™(x) — 2u"(x) + u"(x)
5t2

— Au"(x) = 0.
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Solving the wave equation (2)

e Discretisation in space (FE finite-element type): implicit scheme

n+1 n1 N
v+/ —vAUu'| =0
v | S [ v | vaw

Un+1 N
o /61‘ 5t /V“ Vv - a

e Weak formulation ready to use with FreeFem++: impose BC on u" as
for the steady problem.

e In programs, in the "time loop” we use only three variables:

u=u"" uold = u", uvold = u"1.

v=0
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Script for the wave equation (1)

(part 1 of) smiley_heat._D.edp

/* Wave equation on a Smiley */
include "../../Part_01_Scripts/mesh/mesh_smiley v0l.edp";

// New FE mesh (close the eyes and the mouth)
Th = buildmesh (bsl (nbseg*Lh)+bs2 (—nbsegxLy) +bs3 (nbsegxLy)
+bs4 (nbseg*Lm) ) ;plot (Th, cmm="New mesh of a smiley");

//Time-evolution data

real tmax=5, dt=0.01, idt2=1./(dtxdt);
// FE space

fespace Vh(Th, P1);

// Variational (weak formulation)

Vh u,v, uold=0,uvold=0;

macro grad(u) [dx(u), dy(u)]//EOM

problem SmileyW(u,v)=int2d(Th) (idt2*u*v)-int2d(Th) (2xidt2*uold*v)+int2d
(Th) (idt2*uvoldx*v)

+int2d (Th) (grad(uold)’ xgrad(v))

; // only Neumann boundary conditions
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Script for the wave equation (2)

(part 2 of) smiley_heat_D.edp

//Time loop

real t=0; int iter=0, nplot=2;

// Initial condition (u is Gaussian and du/dt=0)
uvold = exp (-2 ((x-xh) "2 + (y-yh)~2));
uold = uvold;
u = uold;

verbosity=0;
while (t <= tmax)
{
iter++; t+=dt; SmileyW;
if (! (iter%nplot)) // visualisation every nplot
{
plot (u, cmm="Wave t="+t, £fill=1,dim=2);

cout <<"t="<<t<<" u min= "<< u[].min
<<" u max="<< u[].max <<endl;
}
uvold=uold;
uold =u;

}
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Basic features in FreeFem++

e Linear elasticity problems
@ Linear Lamé equations
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Linear elasticity (1)

e Let us denote by f the external force field acting on a solid €.

Let = (X —x,Y —y) = (uy, u2) the displacement vector of (x, y).
Let 5() = (oji(0)) the tensor of constraints,

and &(i) = ¢jj(U) the deformation tensor:

e For small displacements & and an elastic solid, the Hook law:

oji(U) = NojV.0 + 2puei(l), & = N(V.0)] + 24 (1)
with §;; the Kronecker symbol, and
_1 ou; an - _1 S, 271
E,/(U)—2<axj+axl>, g(U)—2<VU+VU . (2)
The constants )\, 1 (Lamé coefficients) are expressed as a function of
E (elasticity modulus) and v (Young modulus)

E Ev
A () M (T R} @)
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Linear elasticity (2)
e Lamé system of equations for linear elasticity:

Al — (p+ N)V(V.0) = f dans Q, (4)
¢ To write the weak formulation, we use the equilibrium between efforts
and constraints:

0 0
o1+ o012+ fi

9 0
- = 0 o) ’

~div(F)=F, o { 4 (5)
670‘12"‘@0’22"‘@ = 0

We multiply the previous system with a vector test function v = (v4, v2)
and integrate over Q. After integration by parts:

8V1 3V1 8V2 % _/
/Q<0118X+0'12 8}’) + <0’12 Ox + 022 ay) Q(7‘:1 Vi + Hvo)

—/ (o111 + o122) V4 —/ (012M + o22mp) Vo =0 (6)
29 09
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Linear elasticity (3)

or:

/QA(V.U)(V-V)+/QE'M?(U):?(\7)—/9?-?—/89 (#3) 7=0. ()

with @: b = Z ajjbj the tensor contraction (inner product).
i
Astutely compute the contraction of the tensors:

2oy Doy 8U1 8V1 8U2 8V2 1 8U1 3U2 8V1 8V2
0 an =G e e () (5 ) @

pull

=

~

\/l
Il

) Ay [ e 1 (u 0wN]' 0w dve 1 (0w Ove
' ox’ dy 2\ dy  Ox ox’' oy’ 2 \dy Ox

(9)
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Basic features in FreeFem++

e Linear elasticity problems

@ Simplified model for a dam
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Simplified model for a dam (1)

Boundary conditions
The dam is (hopefully) well anchored on
the ground: W (W)

©0)]  x(u)

U =u=0, sur TIy.

On the right side I, the constraint is null: P=-pgy
— FZ
7n=0, on TI,. eau T
Q

On the left side I'; the water pressure,
p = —pgy, acts perpendicularly to the
surface of the dam:

O-H) T, ©CH)

.N=pég, on Ta.

Qu
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Simplified model for a dam (2)

elast/dam_v01l.edp

// Build the mesh

//
real L=1, H=1; ‘y (Uz)
border Gammal (t=0,L) ({x=t; y=-H;}
J// !Q,ng)(,( Y )

down
real L1=L; p=-pgy
border Gamma2 (t=L,0) {x=t; y=—-H*(x/L); } ™

// I L,

right eau 3
real L2=sqrt (L*xL+HxH);
border Gamma3 (t=0,-H) {x=0; y=t ;}

// left (in contact with Q

water)

real L3=H; (0,-H) rl (L-H)

int nbseg=10;
mesh Th = buildmesh( Gammal (nbseg*Ll) +
Gamma2 (nbseg*L3) + Gamma3 (nbsegxL3) );
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Simplified model for a dam (3)

elast/dam_v01l.edp

// Vectorial FE spaces
//

fespace Vhl (Th,P1l);
fespace Vh(Th, [P1, P1]);
Vh [ul,u2], [v1,v2];

Vhl p = —-0.05xy;

// Problem
//

problem pb([ul,u2], [vl,v2]) =

int2d(Th) (
2. xmux (dx (ul) *dx (vl) +dy (u2) »dy (v2)
+0.5% (dx (u2) +dy (ul) ) » (dx (v2) +dy (v1l)))
+lambdax (dx (ul) +dy (u2) ) * (dx (v1l) +dy (v2))

)

- int1ld(Th, Gamma3) (p*vl)

+ on(Gammal, ul=0, u2=0);
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Simplified model for a dam (4)

elast/dam_v01l.edp

// Solution
//

pb;

plot (ul, value=1l, wait=1, cmm="ul: Deformation following x");
plot (u2, value=1l, wait=1, cmm="u2: Deformation following y");
plot ( [ul,u2], wait=1, cmm="Deformation vector field

// Deformation

//

mesh Thl = movemesh(Th, [x+ul, y+u2]);
plot (Th , wait=1, cmm="Dam before deformation");
plot (Thl, wait=1, cmm="Dam after deformation");

plot (Th, Thl, [ul,u2], wait=1, cmm="Deformed dam");

real ulmax = ul[] .max;
real u2max = u2[] .max;

cout << "dep. max x = "<< ulmax<< endl;
cout << "dep. max y = "<< u2max<< endl;
cout << "dep. au top = ( "<< ul(0,0)<<" , "<<u2(0,0)<<" )'"<<

(ul,

endl;

u2)");
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Simplified model for a dam (5)

elast/dam_v02.edp

// Problem using macros

/7

real sqrt2=sqrt(2.);

macro epsilon(ul,u2) [dx(ul),dy(u2), (dy(ul)+dx(u2))/sqrt2] // EOM

macro div(u,v) ( dx(u)+dy(v) ) // EOM

problem pb([ul,u2], [vl,v2]) =
int2d(Th) (
2.xmux (epsilon(ul,u2)’ xepsilon(vl,v2))
+lambdax (div (ul,u2) xdiv(vl,v2))
)
— intld(Th, Gamma3) (p*vl)
+ on(Gammal, ul=0, u2=0);
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Basic features in FreeFem++

e Linear elasticity problems

@ Deformation of a beam
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Deformation of a beam under its own weight
f=-ge,

elast/beamv0l.edp

fespace Vhl(Th,P1);
fespace Vh(Th, [P1, P1]);
Vh [ul,u2], [vl,v2];
Vhl p = -1;

// Problem using macros

//

real sqrt2=sqrt(2.);
macro epsilon(ul,u2) [dx(ul),dy(u2), (dy(ul)+dx(u2))/sqrt2] // EOM
macro div(u,v) ( dx(u)+dy(v) ) // EOM
problem pb([ul,u2], [vl,v2]) =
int2d (Th) ( 2.*mux (epsilon(ul,u2)’ *epsilon(vl,v2))
+lambdax (div (ul, u2) *div (vl,v2)))
— int2d(Th) (p*v2)
+ on(4, ul=0, u2=0);
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Basic features in FreeFem++

e Linear elasticity problems

@ Vibration of a beam

I. Danaila FreeFem++ Introductory Course 31/43



Model for the vibration of a beam

2_’ —
g_tg _div@) =F in
. e ou
Initial condition dp = (0, 0), <6_t> =(0,—-1)
0

Weak formulation:

2 -
82 / (V.0)(V.V)+ /2M€(u &v) /fv/ Eﬁ V=

Consider f = —gé, and <5.ﬁ) on the free borders.

We use an implicit scheme with 2nd order finite difference for:
024 Ot —20n 4 gn-1
o~ (51)2
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Vibration of a beam (1)

elast/beam_v02.edp

// Vectorial FE space
//

fespace Vhl(Th,P1l);

fespace Vh(Th, [P1, P1]);
Vh [ul,u2], [v1,v2]; // solution (n+1)
Vh [ulp,u2p], [ulpp,u2ppl;// solutions (n) et (n-1)

// Time evolution
//
real T=1000, dt=5, idt2=1/(dt=*dt);

real [int] vO0=[0,-1]; // initial velocity=du/dt
[ulpp, u2ppl=[0.,0.1; // cond initiale sur u

[ulp,u2pl=[ulpp, u2ppl+[dt*v0[0],dt*v0[1l]]; // init condition using
du/dt
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Vibration of a beam (2)

elast/beamv02.edp

// Time evolving problem (using macros)

//

real sqrt2=sqrt(2.);
macro epsilon(ul,u2) [dx(ul),dy(u2), (dy(ul)+dx(u2))/sqrt2] // EOM

macro div(u,v) ( dx(u)+dy(v) ) // EOM

problem pbinst ([ul,u2], [vl,v2]) =

int2d (Th) (
2.xmux (epsilon(ul,u2)’ xepsilon(vl,v2))
+lambdax (div (ul,u2) *div(vl,v2))

)

+int2d (Th) ([ul,u2]’ *[vl,v2]xidt2)

—-int2d (Th) ([ulp,u2p]’ *[vl,v2]*2xidt2)

+int2d (Th) ([ulpp,u2pp]’ *[vl,v2]*idt2)

+ on(4, ul=0, u2=0);
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Vibration of a beam (3)

elast/beam_v02.edp

// Time evolution

//

for (real temps=2*dt;temps <=T; temps +=dt)
{
Thl= movemesh (Th, [xt+coefxul, yt+coefxu2]);
plot (Thl, cmm="time="+temps);
cout << "time="<<temps<<" displacement at the top = ( "<< ul(0,L)<<"
"<<u2(0,L)<<" ) "<< endl;

pbinst;
[ulpp,u2pp]=[ulp,u2p];

[ulp,u2p]=[ul,u2];
}

See also the script elast /beam_v02.edp for a nicer visualisation!
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Basic features in FreeFem++

e Solving non-linear problems
@ From steady to time-dependent PDEs
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Solving a non-linear simple PDE (1)
Consider the following non-linear problem:

—V2u+Y(uy=f inQ, u=0onT=209Q, (10)

with y is the derivative of a given real function y. With respect to the
scalar product of L?(Q),Q C R?,

<u,v>—/uv, (11)
Q

this problem corresponds to the minimization of the functional:
J(u) :/Q;V(u).V(u) + x(u) — fu. (12)

The variational formulation of (10) is: find u € H}(Q) such that
v e Hi(Q), /QV(U).V(V) (U — /Q =0  (13)
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Solving a non-linear simple PDE (2)

The Newton method to solve the non-linear equation F(u) = 0 consists
in the iterative procedure:

1
Unit = Un— [‘;’Z(un)] [F(un)]. (14)

Since up, is known, solving the previous equation is equivalent to find
gn = Up — Upy1, solution of the PDE:

oF
)| an = F(wn) (15)
In our case:
F(u) = —V2u + x/(u) — f,
and

[g’;(un)] .q=-V2q+x"(un)-q
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Solving a non-linear simple PDE (3)
Since gn € H}(Q), the variational formulation of (15) becomes:

Yv e HY(Q), / [Van.VV+ X"(Un)gnV] _/ [Vun. Vv + X' (up)v — V]
Q

Q

(16)
A good starting solution for the Newton method is the solution of the
linear problem corresponding to (10).
We consider in the following

x(u) = u*, — Y'(u) =43, X" (u) = 1202, (17)
and, in order to have an exact solution
Uex(X,y) = 9(x,¥) = 9(x,y) = sin(aix) * sin(azy)
we set the second member
f(x,y) = (& + &) g(x, y) + X'(9(x, ¥))- (18)
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Script for the non-linear equation (1)

nonlin/lap-nonlin Newton.edp

// macros for chi

macro chi (u) (pow(u,4))//
macro dchi(u) (4*pow(u,3))//
macro ddchi (u) (12xpow(u,2))//

// exact solution
Vh uex = sin(alxx)*sin(a2xy);

// source term
Vh fs = (alxal+a2+xa2)*uex + dchi (uex);

// macro for energy
macro energ (u,chis, fsource)
(int2d (Th) (0.5% (dx (u) *dx (u) +dy (u) *dy (u) ) )
+int2d (Th) (chis)-int2d (Th) (fsourcex*u)) //
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Script for the non-linear equation (2)

nonlin/lap-nonlin_Newton.edp

//
// variational formulation of Newton method

//

Vh q;

problem ANLIN(q,v) = int2d(Th) (graduv(q,v))

+ int2d(Th) (ddchi (uold) xqx*v)
— int2d(Th) (graduv (uold,v))
int2d (Th) (dchi (uold) *v)
int2d (Th) (fs*Vv)
on(1,2,3,4,9=0);

+ +

See also the script 1ap_nonlin Newton matr.edp using a
formulation with matrices!
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Summary of Part Il

Working with matrices
e matrix, varf,

e select the solver for the linear system (direct, iterative);
e up-to-date libraries (UMFPACK, MUMPS, PETSC), etc.
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Summary of Part Il

Working with matrices

e matrix, varf,
e select the solver for the linear system (direct, iterative);
e up-to-date libraries (UMFPACK, MUMPS, PETSC), etc.

Time evolving problems

e use you preferred finite-difference scheme;

¢ implicit/explicit schemes;

e Newton methods for fully implicit formulations.
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Summary of Part Il

Working with matrices

e matrix, varf,
e select the solver for the linear system (direct, iterative);
e up-to-date libraries (UMFPACK, MUMPS, PETSC), etc.

Time evolving problems

e use you preferred finite-difference scheme;

¢ implicit/explicit schemes;

e Newton methods for fully implicit formulations.

Vectorial FE spaces: fespace Vh(Th, [P1,P1])

e useful for many problems (elasticity, Stokes, etc)
e (warning) mixed entries in the arrays (following the dof);
e plot vector fields plot([ul,u2]).

I. Danaila FreeFem++ Introductory Course 42/43



Final remarks

Many other problems can be solved with FreeFem++
e incompressible fluid dynamics,

e Schroedinger (NLS) equation,

e eigenvalue problems,

e moving boundaries,

e domain decomposition methods (parallel computing),
... and many others!
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Final remarks

Many other problems can be solved with FreeFem++

e incompressible fluid dynamics,

e Schroedinger (NLS) equation,

e eigenvalue problems,

e moving boundaries,

e domain decomposition methods (parallel computing),
... and many others!

Thank you for your attention, and ...

e use the doc pdf-file to find an example close to your application,
e check the web site and the mailing list,
¢ do not hesitate to contact us!
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