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Full compressible Navier-Stokes equations

Full compressible Navier-Stokes equations:

Otp +div(pu) =0,
p(Oru~+ (u-V)u) — pAu — (p+ A)Vdivu+ Vp =0,
cvp(0:0 + u - VO) + pdivu — kA0 = Q(Vu),

where
Q(Vu) = g|Vu + VuT 2 + A(div u)?.

@ Unknowns: p density, u velocity, 6 temperature, p pressure;

@ Constants: pu, A viscous coefficients, x heat conductive
coefficient, satisfying

w>0, 2u+NX>0, N spacedimension, x >0.



The entropy s

Constitutive equations:

s R
p = Rpb = Aew p7, 7—1:C—,R,CV>O.

v

R
s=c¢, (IogA—i—IogH—(’y—l)log,o).

Equation for s:

2

p(Ors + u - Vs) — CﬁAs = k(y — 1)div

v

)

Ve, V) VO
(p>+ 9 + kK 0

where
Q(Vu) = %Nu + VuT 2+ \(div u)?.



Non-vacuum: local and global

@ Local 3!: Serrin 1959, Nashi 1962, ltaya 1971,
Vol'pert—Hudjaev 1972, Solonnikov 1976, Tani 1977, Valli
1982, - --

@ Global large in 1D: Kazhikhov—Shelukhin 1977
@ Global small in 3D: Matsumura—Nishida 1980s

l(po — 1, up, 00 — 1)||gs << 1 (smallness condition)

The solutions are obtained in Inhomogeneous spaces

...... uel>®0,T; Lz(RN))




With general vacuum (ignoring s): large solutions

o Global weak solutions:
Lions 98, Feireisl-Novotn'y—Petzeltova 2001, Jiang—Zhang
2003, Feireisl 2004, Bresch—Jabin 2018, ------

e Global strong solutions - 1D:
JL (SIMA 2019) — k > 0; JL (arXiv:1908.00514) — ~ = 0.

@ Local strong solutions - 3D: Cho—Kim 2006

The solutions are obtained in Homogeneous spaces

...... Vpu € L=(0, T; Lz(RN))

@ No information on s can be provided in the vacuum region




With general vacuum (ignoring s): small solutions

Global small strong solutions
o lIsentropic: Huang—Li—Xin 2012 3D, Li—Xin 2019 2D

1 P
/ <Po|uo|2 + (p0)> <egp << 1,
2 v—1

where €¢ depends on some higher order norms.
@ Full CNS: Huang-Li 2018 py, > 0, Wen—Zhu 2017 py, = 0.

@ The solutions are obtained in Homogeneous spaces

...... Vpu € L=(0, T; L2(]RN))

o Entropy s is unbounded in Huang-Li 2018 and Wen—Zhu
2017




With “strong” vacuum: A entropy-bounded solutions

0 # supp po cC RN

SN
e /1 in inhomogeneous spaces (Li-Wang-Xin 2019):

(p,u) € CH([0, T H™(RY)), m> |

NI

] +2

e 7 global solution with finite s:
e Xin 1998: No global solution such that

(p,u,s) € CY([0,00); HP(RY)), m > [F] +2
e Xin—Yan 2013: No global solution such that

peChy(ub)e Cr, if k=0,
pE Cit, (u,0) € Ci’tl,s is finitely valued, if kK >0



With “mild” vacuum: 4 entropy-bounded solutions

Theorems (global in 1D): JL-Xin (Adv. Math. 2019, & 2019

preprint)

------ po>0onR and |po(x) > forx >>1-.-.-.

global-in-time
exist entroy-bounded solutions
in inhomogenous spaces

Remark (local in 3D): JL—Xin in preparation

For 3D, local-in-time existence of entropy-bounded solutions can
be also achieved, under similar slow decay assumptions on pg.




A summary: vacuum VS non-vacuum

The Compressible Navier-Stokes Equations

Non-vacuum

Strong vacuum

Mild vacuum

(po € RY) (po decays slowly)
. Existence in | Non-existence in Existence in
Solution | ] .
inhomogeneous | inhomogeneous inhomogeneous
spaces
spaces spaces spaces
Entropy Finite Can be infinite Finite
Entropy- . . : 1D Vv
Can exist Do not exist Exist
bounded
. globally globally globally 3D 2
solutions -




Motivation |: Global entropy-bounded solutions in 3D?

Available results:

@ 1D Global entropy-bounded solutions, if po(x) > lJ:‘(XIQ
@ 3D Local entropy-bounded solutions, if po(x) > ﬁ

@ 3D Global small solutions but with unbounded entropy, for
general vacuum, and requires po € L'(R3)

o

Il
=

po(x) > 1—i—K|x|2} N|LY(R3)




Motivation |l: scaling invariant property of CNS

If (p, u, ) is a solution to the full CNS with initial data (po, o, 6o),
then, (px, ux, 0)) is also a solution with initial data (pox, tox, fox)

for any A # 0, where

and



Global small solution in critical spaces: non-vacuum

Kato, Chemin, Koch, Burgain,
Dachin, Paicu, Mucha, Q. L. Chen, C. X. Miao, Z. F. Zhang, P.
Zhang, Ting Zhang, C. Wang, D. Y. Fang, J. Xu, R. Z. Zi, ------
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Global small: smallness on scaling invariant quantity

Theorem (JL arXiv:1906.08712)
Assume 2 > A, g € (3,6], po, 6o >0, po < p, and

po € H* N W9 /poby € L%, (uo,bo) € D§ N D?,
—pAuy — (p+ AN)Vdivug + Vpo = \/pogi,
kA0 + Q(Vu) = \/pog2,

for some p > 0 and (g1, ) € L2, where py = Rpobo.
— There is

‘EONRawvl‘La)‘N‘{“

such that the Cauchy problem of the heat conductive CNS in 3D
with initial data (po, o, fp) has a unique global solution provided

No = allleolls + 2l1v/Aouol3) 1V wl3 + 7ll VAo Eol3) | < <o,

2
where Eo = % + Cveo.




Remark: comparing with the known results

@ The quantity

No = allools + 7llv/Zoeol3)(I Veol3 + 7l poEol)

is scaling invariant, with respect to the natural scaling of full
CNS on the initial data.

@ The smallness assumption isimposed only on Ny, and the
smallness depends only on R,~, i1, A, k, but not on any
norms of the initial data.

@ The theorem cleans the way to the global entropy-bounded
solutions to full CNS in 3D:

K
po(x) > I_HX’Q} ﬁ‘ {(po, uo, 60) | No < €0} ‘ + )

{(p07 up, 90)




@ Assumptions in Huang—Li 2018 and Wen—Zhu 2017:

R
/ <p20|uo|2 + R(polog po — po + 1) + o 7Po(fo —log o + 1))
< €0 = o(l[pollos, [16olloo, I Vuol|2, R, v, 11 A &)

and

/podX S €0 = EO(HPOHOO? ||\//T090”2/ HVUOH27 R, u, )‘7’%)7

respectively.

The scaling invariant quantities on which the smallness
guarantee the global existence can not be identified there.
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Key observation: an equation for p3

An equation:
2+ A . 21
MZ (0ep® + div (up®)) + p°p + p> A7 Hdiv (pu):
+p3 A tdivdiv (pu @ u) = 0.
=

.
wp lol3+ [ [t 5 sup (llvaul VAPl olE)
0<t<T 0

+A|w&wwww%uwm@

[e.e]
@ Indicates the smallness of / |V ul/3dt | may be sufficient.
0

@ Provides extra estimate fooofp3pdxdt.



If using the continuity equation

pt +div(pu) =0

)
sup [1ol3 < looll3 +2 / / (divulp3 ddt.
0<t<T 0

Requires

oo
/ ||div u||sodt < 00|,
0

and thus requires faster decay on Vu.



Where does Ny come?

T 2 1 1
sup HpH§+/ /p3p < sup (el llveull3 velull31013)
0<t<T 0 0<t<T

.
+/0 o313l V7 ull3dt + [l pol 13-

2 1 1
sup_[lpll+--- < sup_(llpllllv/pull3 Iv/olullI3 1o113) -
0<t<T 0<t<T

2 1 1
~ smallness on [|pl%lv/pull3 |v/5lul?|I3

2 1 1
~ smallness on ||polI%lv/Pouoll3||v/poluol®[l3 €~ (part of Ao)
~> smallness on Ny  «-- (due to the coupling)



Local existence and blow-up criteria
Local existence: Cho-Kim 2006

Under the conditions in the theorem, there is a unique solution
(p, u,0), on R3 x (0, T,), satisfying

p e C([0, T.; H n Wh9),  p, € C([0, T.]L? N L9),
(u,0) € C([0, T.]; D§ N D?) N L2(0, Ty; D>9),
(ur,0¢) € L2(0, To; D§),  (\/pue, /pb:) € L(0, T,; L?).

Blow-up criteria: Huang-Li 2013

Let T* < oo be the maximal time of existence of a solution
(p, u,0), with initial data (po, uo, o). Then,

|-
A

PHLoo(o,T;Loo) + ”u||L5(O,T;L’)) = 00,

for any (s, r) such that %+% <land3<r<o0.




Main difficulties: absence of dissipation estimates

@ The basic energy identity does not provide any dissipation
estimates

2 2
/p (|UZ| + cV9> dx = /po <|ng| + cV90> dx.

@ The entropy inequality does not hold for the far field vacuum
case.



Unconditional ||ul|;s(;2) inequality

/ {p(@tu—i— (u-Vu) — pAu— (p+ N)Vdivu+ Vp = O} - udx

—
d 2 2 L2
S IVpullz + ullVullz + (e + M) divullz
= /pdivudx: R/p&divudx < R|pll3|0]|6]|divul|2
< lplislIVOll2lldiv ull2 < nlidivullz + Gllpll31 VO[3
—

T T
sup [lv/pul3 + / IVul2 < ( sup pu§> / 1013 + IIv/Aouol3
0 0<t<T 0

0<t<T




Unconditional ||,/pE ||;(;2) inequality — Step 1

E=L1 10
> T oy

{p(@tE + u-VE)+div(up) — kA0 = div(S(Vu) - u)} - Edx

S IVPEIR + re VI3

_ /[_2V6-VU2+(UP—S(VU).u)- <cvv9+v|2“|2>} dx

ulVul3 + C/p292|u|2dx,

IN

H\fEHerchHVHH% S IIIUIVUI2+/p292U2dX




Unconditional ||,/pE || (.2 inequality — Step 2

/{p(atu—l—(u-V)u) —pAu—(p+A)Vdivu+Vp = 0} - ul? udx

3 5 VAPIE = [ (ubu+ (4 ) Veive) - |uPudx
= —/pdiv(!u!2u)dx§n/|u|2\Vu\2dx+Cn/p202|u|2dx
and

- / (B + (1 + N Veliv ) - [u2u > (2 — \) / W2V uf?

d
S IVRLuPl3 + 2020 = N [ulVull3 S/pQQZIUFdX




Unconditional ||/pE |12y inequality — Conclusion

d
S IVPEIE + ke[ V013 < [[[ulVull3 + /p202IUI2dX

d
SIVAPIB + 220~ NV ul < [ FoRlufax

J :
S IVPEIZ +11(V0, [ulVu)]3 < C/ p20%|uldx,

: 1
/0292IUI2dX < S VA2Vl Y ul? (|2l pllso o113

d 1
E\I\fPEH% + 10V, [u| V)3 < (lplZllpllsllveo13) 211(V6, |ul V)l




An equation for p3

p3A1div{8t(pu) +div(pu@ u) — pAu—(u+AN)Vdivu+Vp = 0}

—

p> A~ Ydiv (pu)e+p* A7 tdivdiv (pu@ u) — (2u+N)div up® + p°p = 0.

Replace divup® by using

Oep® 4 div (up®) + 2divup® = 0

24+ A

5 (0ep? +div(up®)) + p’p + pP A7 div (pu).

+p3 A divdiv (pu @ u) = 0.



Unconditional |[p]|;x(;3) inequality

2 A
/{ M;_ (atp3+diV(UP3))+p3p+p3A71div(pu)t

+p3 A divdiv (pu @ u) = O}dx

]
sup_[lp3+ [ [ ppot
0<t<T 0

1
S (sup pl!ﬁollﬁﬁllﬁuz\%)ﬁ sup_|lpll3
0<t<T 0<t<T

]
+< sup ||p\|i|p§> / IVl + -
0<t<T 0



Conditional ||ul| sty inequality — Testing with w;

/ {p(atu + (u-V)u) — pAu— (p+ \)Vdivu + Vp = 0} - updx
=

1d .
5 Wl Vullz + (o + N)lldivul3) + |v/ouel3

2dt
/pdivutdx:—/p(u-V)u- urdx.



Conditional ||u|;o(41) — about — [ pdiv uydx and [ p, Gdx

G+p

ESY it follows

Note that divu =

' d
—/pdiv ug = pdiv udx+/ptd|v udx

1 .
= —/pdlvu—|— +)\) dt” ”2 )\./ ptG

Note that
pr = (v — 1)(Q(Vu) — pdivu + kAf) — div (up),

and, thus, integration by parts gives

/ pe Galx = /[(7—1)(Q(Vu)—pdiv )G+ (up—r(y—1)V)-VC]



Conditional ||ul| s (1) inequality — Estimate for VG

1d (o 1G] :
3t (el 522 ) el

= —/p(u~V)u-utdx+ /(n(’y—l)V&—up)-Vde

v—1
2+ A

2+ A

(Q(Vu) — pdiv u)Gdx.

/{p(ut—i—u-Vu):VG—quw}~(VG—/LV><w)dx

—
VG5 + IV x |3 < Clly/puell5 + -



Conditional ||ul|s () inequality — Conclusion

o Conditional [[ul|ec(p1y:

sw|ww@+ATM¢why;%Qﬁm

0<t<T

-

_ = 1
S p+p2<sup |f)||3ﬁ9||3>2 / 1(V6, [u[ V)3
0<t<T 0
3 2 2 T 2
+p7| sup_[[(Vu, vov/pd)ll2[Vull2 / Vullz +---,
0<t<T 0
as long as

sup_[lplloo < 45
0<t<T

where G = (2u+ AN)divu — p and w =V X u.



Conditional L* inequality for p

@ L™ of p:

IN

i
ﬁexp{Cﬁ / uwuzu(vc,w,ﬁve)uzdt}
0

1
_2 :
XeXP{CP3 ( sup \IWUIlzllepIUIzllz) :
0<t<T

sup_ |l
0<t<T

as long as

sup_[|pllec < 4P,
0<t<T

A~1div (momentum eqn) ~ divu ~ (continuity eqn) =

& ((2u+ N logp+ (&7 div (pu)) +p = [, R © R(pu).



A priori estimates

Key a priori estimates

Denote

Nt = P sup_(llells + P lVpull2)(IV ull3 + Allv/PE3)-

Then, there is a positive number eg ~ R, v, i, A, K, such that

NG

sup_|[[pllc <2p and N7 < =
0<t<T 2

as long as

sup ||p||00 < 4p, NT < +V/¢o, and No < &p.
0<t<T
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CONCLUSION

Jinkai Li Full compressible Navier-Stokes equations



Conclusion

@ Global existence of small strong solutions to the full CNS was
established, and a scaling invariant quantity was identified,
on which the smallness condition ensures the global existence.

@ Different from the existing works, the smallness depends only
on R,~, u, A, k, but not on any norms of the initial data.

@ The theorem cleans the way to the global entropy-bounded
solutions to full CNS in 3D:

po(x) } N {(po, uo, o) | No small } #0

{(007 uo, o)

>
— 14 x]?




Conclusion

Thank You!
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