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Cauchy problem

The Vlasov-Nordstrom-Fokker-Planck (VNFP) system:
AF +V, (VeI +p2) - VF =V, (\/¥+p7) -V, F
=eMV, -(A¢V F+[3pF) t>0,xeR}, peR?, (1)
(97 =809 =~ fys Txldp+p (),
with the initial data

F(O,X,p) = FO(X7P)7 (I)(O,X) - ¢0(X), 8t¢(0,x) = ¢ (X)

@ F =F(t,x,p) >0 is the density distribution of the particles,
@ ¢ gravitational field, B > 0 friction coefficient,
@ relativistic diffusion matrix

eXI4+pap
e +p? '

Ay =(Ng)yj =



Background of the model

Consider the collision particles under the influence of the self-
generated gravitational force governed by the Vlasov-Fokker-
Planck system with space-time given by the Lorentzian manifold
(R*,g), where

g=e"n.
Here n = diag(—1,1,1,1) is the canonical Minkowski metric.
Felix-Calogero derived the VNFP by applying the Nordstrém
theory instead of the general relativity as a toy model of the very
complicated Einstein-Vlasov system.
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Formulation

Juttner solution and stationary solution (8 = p(x) = 1):
‘](p):CJe_pO7p0: V 1+p2a [F,(P]:[J(P),O],

with [ J(p)py'dp = 1. Note that J, = Cje~ V' *7* satisfies
ApVpJy+pJy =0.Set F = J, +J'/%f, then VNFP becomes

o+ (Ve +17) -V =V (Ve 7)Y, f
__e¥9¢ /2 4 20 AN
Tl P (VETER)
=212y, [A¢V (J'2f) +pJ ' 2f] d‘*’/z OLyf,
(atz_A)‘P:_ewfR‘\/T_Fzp_ezd)fR? \/emiipzdp_}'p(x)‘

(@)
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Linearized collision operator L

Lf = Lof = —J 7PV (MY (I ) +pI ' Pf), - Ao = (Ao)y =52

Po

@ The null space: span{J'/?} (only mass is conserved);

o Positivity. Define {1—Po}f = —Pof with Pyf = L0 1/2 &
a(t,x)J'/? | then

(Lf.f) = /Rs v, ({I_\/I;O}f> AoV, <{I_\/l;°}f> dp > 0;

@ Coercivity estimate.

(Lf.f) Z |(X=Po)f|p.

Ly has similar properties as L if ¢ is small.
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Norms

Here

. 1 p?
lf|%) :/R3 {Agap-fgpjf+pf2}dp

p
—fo
pl ="

+p0 pf

p+/ *ff p.

R3 Po

Let w(p) = po and I € R, define

WP = [ wirPasdp, 'l = [ wifipas,

R3xR3

and

. 1p?
lr|12 21 ) 2
w/flp = /R3 w {Aéapfapf+ 410 }dP-
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Norms

The energy functionals:

Eva(t) ~ Y, LIO%FIP +119:0911> +[[Vx00* + |90 |1*}

|a| <N
2
+ y Hw’ag‘{I—Po}fH ,
||+ BI<N|a| <N—1
G~ Y {19%IP+00%] + |V.9%9|*}
I<|a|<N
+ ¥ lo-rolf+ Y|
a<N |a|+BI<Nal<N -1
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Norms

and dissipation rate

Ina(t) =Y, 10*{1-Po}flp+ Y [0°V.a9|?

|| <N |a|<N-2
+ ) (IV0%a 9l + )y w9 {1—Po}f[5,
lo]<N—1 lot]+|BI<N.|a|<N—1

where [ > 0.

Tong Yang VNFP



Main results

Theorem (Global Existence)

Let B =p(x) =1, and [fy,¢0.¢1] satisfy F(0,x,p) = Jg,(p) +
J'2(0)fo(x,p) > 0, there exists &y,(t) with N >4 and [ > 0 such
that if &y,(0) is sufficiently small, then there exists a unique
global classical solution [f(t,x,p),¢(t,x)] to the Cauchy problem

(1) and (2) with F(t,x,p) = Jy(p) +J*(p)f (t,x,p) > 0 and

t
Euilt) + /0 D a(s)ds < Exa(0),

for all time ¢t > 0.

Tong Yang VNFP



Main results

Theorem (Time decay rates)

Denote IN1 =max{l,1} with1>0. Let

Yo =1/ En.1n1(0) + [|[¢0, Vo, 91l zvpr + [foll 2,

be small enough, if N > 8, then
Ev-21() S (1+1) 775,

andifN > 11, then

7.0 S (1+0) 715,
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Related works

(Work for the Vlasov-Nordstrom system)

@ Calogero-Rein [2004], Global weak solution to VN.
@ Calogero [2005], Global classical solution to VN.

@ Fajman-Joudioux-Smulevici [2017] and X. Wang [2018],
Global classical solutions to VN via vector field method.
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Related works

(Previous results for VNFP)

@ Alcantar-Calogero [2011], derivation of the VNFP

@ Alcantar-Calogero-Pankavich [2014], global strong solution
for spatial homogeneous VNFP system via some theory of
stochastic differential equations and diffusion processes.
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Vanishing diffusion

(Spatially homogeneous system, Felix-Calogero-Pankavich,

2014)
Under the assumption of B = p(x) =0, they show:
@ Global existence and uniqueness when initial data is in
LInHY;
@ Long time asymptotically to a non trivial profile;
@ ¢~ —ct.
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Wave structure

(2 —A)p = _62¢/ 17¢dp_62¢ ﬁdp—l—l.
R3 +/e2¢ _|_p2 R3 /20 +p2
Expand

J¢ J . 1+p0]¢+la J¢
Ve rpr J1+p2 B 27\ et p2

= Klein-Gordon type equation.

$=6¢

Tong Yang VNFP



Regularity loss type decay structure

Consider the linearized equations:

{ Uf +L-Vof =224 1f =,

1/2
(0} —A+2—Ca)9p = — fus Ll dp+ g,

where C4 = g3 ”(;(;)”Jdp < 2.

(Estimate in Fourier space)

AE(f,9)(t,8)+A

15

3 EEEEl 98 <

where

E(f,9)(1,8) ~ [fI* + 9.8 +1E2191* + .
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Sketch of the proof

Inner products of (3); with wo = J'/2, yi = (|p|> — &)J"/* and
v, = plJ'/? give

Cioa— ¢ +V,- <E{I—Po}f, 1I’o> = (h, yo),

(C2= &) + @R ) 4V (ZI-P}vi)
_<h Lf7w1>7
(O{I—Po}f,y2) + G Vsa+ V- <F%{I—Po}f, Vf2> = (h—Lf,yn).

Here,

|p|2-] 2
[v=cr, [ Plap=cs, [ pPadp=cs,
R? R3 PO R3
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Fourier transform in x gives

(0 + 227~ 28 124 1f =,

(P +E2+2-Ca)d = — fos L L dp,

C1o,a—a¢+i - (£{1-Po}f, o) =0, (5
(C2— €106+ ({1~ Po}f, ya) +i€ - (Z{1-Po}f, w1 ) = ~(iF, wa),

| (O{I—Po}f, y) + Zika+i& - <,,£0{I—P0}f, ll/2> = —(Lf,yn).
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The first two requations give
K [P +19:91 + G191 + (2 —64) @] + A[{T—-Po}f[} < 0. (6)
This combining with the estimation on
9 (({1-Po}f, y) li€a) = |&[*|al®
9 (& ({I-Po}f, v1)[E09) = |E[*[a9

and o .
9 (5a91EP) = IELP (IS + D)9

give the desired decay estimate.
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Comparison with other kinetic models

(Standard decay structure)
Heat kernel type in low frequency regime and exponential decay
in high frequency regime.

@ Boltzmann equation, Vlasov-Poisson-Boltzmann system, ...

@ Hyperbolic-parabolic system, cf. Kawashima and many
others

(Regularity loss type)

@ Vlasov-Maxwell-Boltzmann system, ...

@ Timoshenko system, Euler-Maxwell system, cf. Kawashima
and many others
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Decay estimate on the linearized system

Let U=U, =[f,9,V.0,0,0], then formally

Ut) = S(6)Up + /0 'S(t—5)[h,2,0,0]ds.
Hence

1V Vol S(1+075% (follz + 11190, 91, Vo]l )

+ (14072 [VI [fo, @0, 91, Vo).
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Energy estimates

(Estimate on the energy functional)

d
&gN,l([) + l.@NJ(l) <0,

and ;
EgNh’,(t) +A9n,(t) <0,

where N >4 and [ > 0.

These estimates together with the decay estimate on the lin-
earized system give the proof of the theorems
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Local existence

The local existence will be established based on the following
iteration regime

atfn-i-l +V ( /62¢" —|—P2) . an—}—l —Vx< 62¢" —|—P2) .fon-&-l

20" EX% 1/2 a¢n+l 1/2 62¢"+'3¢,n+1 12
B /e.Z,I)nt+ 2J ] / / ¢n+l+ 2‘] / - 62¢n+t1 +P2J /
( \/m) 1,,+ Ll g 20" [t

Lfn-H 2¢ Lq) fn+1

J¢n J1/2fn

el N
T ﬂ)zdp e s [0 2

(92— 8)¢" = =" [ dp+-1,

starting from

fo(t,x,p) :fo(x7p)7 ¢O(t7x) = ¢0(x)'
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@ If the background density is nontrivial, for instance a func-
tion depending on space variable only but small in some
sense, we believe the approaches presented here are also

available.
@ The vanishing diffusivity phenomena when 8 = p(x) = 0.
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(Vlasov-Poisson-Boltzmann system)

OFc+1v-V.Fe + 1V, @, .V, Fe = LO(Fe, F),
qu)g = fR3 ngV_ 1,

with hard potential
1
0.8)=7 [, [ Bllv=r.|,0)(l¢ +/'g. ~f.g—fg.)dv.do,
where

fﬂi :f(tﬁ'x’-?‘/{k)? f, :f(t’x’v,)7 f* :f(t’x’v*)’ f :f(t7x7v)7

V=v—[v—w) olo, V.=v.+[v-v) 0o, ©ocS.
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(Works on VPB)

@ Renormaized solution: Mischler, ‘00;

@ Perturbative solutions: Guo(’01), Y.-Zhao('06), Y.-
Yu-Zhao(’06), Duan-Y.(’10), Duan-Y.-Zhao(’13), Duan-
Strain(’11), ...;

@ Spectrum structure and Green’s function, Li-Y.-
Zhong(’16,'19);

@ Compressible fluid limit: Euler-Poisson(Guo-Jang '10); the
bipolar VPB system towards a solution to the incompress-
ible Vlasov-Navier-Stokes-Fourier system( Wang '11);
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(Incompressible Navier-Stokes limit from the Boltzmann equa-

tion)

Bardos-Golse-Levermore, ('91, 93);

Bardos-Ukai ('91);

Golse & Saint-Raymond, Navier-Stokes limit ('04);
Guo, diffusive limit beyond Navier-Stokes ('06);
many others, ---
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Diffusive limit of VPB

Set
F :M+8\/Mf£7 P, = g¢e,
with | ,
_ e 3
M:M(v):We 2, VGR

(VPB system for perturbation)

Ife + %V “Vaife — %V\/M Vi¢e — éLfe =G (fe) + %Gz(f&‘%
Ace = fR3f8\/Mdva

with the initial condition

f8(07x7 V) :f()(xa V).
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Here,

Lfe = 7=[0(M,VMfe) + O(VMfe, M)],

Gl(fe) (V Vx(l)s) e— x¢s vf£>
Gz(fs) = F(feafs) = ﬁQ(\/Mfe;\/Mfs)

And

with
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The nullspace of the operator L is spanned by

(12— 3)viE

XO:\/M; x]:v]\/M(]:Lz??))? X4 = \@

Denote

f = Pof +Pif,
Pof = Yi—o(f- x) Xk Pif =f —Pof,

(Lf.f) < —pl|PifII*,  feD(L),

where D(L) is the domains of L given by

D(L) = {f e *(R?)|v(v)f € L*(R?)}.
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(Incompressible Navier-Stokes-Poisson-Fourier (NSPF) sys-

tem)

Vem=0, nty/2g-¢=0,
om—KoAym+Vyip =nVyd — V.- (m@m),

d:(q— \/gn) — KA = \/gm -V, — %Vx - (gm),
Ax(P =n,

where p is the pressure, and the initial data given by

m(0) = (fovx0),  4(0) —/3n(0) = (fo. 24— \/320)

Vem(0)=0, n(0)~A;'n(0)+/24(0)=0.

Ko=—(L '"Pi(vixa),vix), ki =—(L'Pi(vixa),vixa)

v
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(Theorem Li-Y.-Zhong, 2019))

Let (fe, 9:) = (fe(t,x,v),9¢(t,x)) be the global solution to the VPB
system and (n,m,q,9) = (n,m,q,¢)(t,x) the global solution to the
NSPF system. There exists a small constant &, > 0 such that if

ollzs + foll 2y + VAL (o, x0) Iz < S0 with p € (1,2), then

fe (2) —u(@)ll = (2) + ([ Ve (t) — Va9 (2) |
< Coo(e(1+1)"2 4+ (1+£711)7?),
where
u(taxa V) = ”(ZaX)XO +m([ax) VX0 +Q(t>x)%4a

with b = min{1,p'}, p' =3/p—3/2 € (0,3/2), and a = b when
b<1;a=1+2log,|Ing| whenb=1.
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(Theorem, continued)
Moreover, if the initial data f; satisfies

fo(x,v) = no(x) o + mo(x) - vo + go(x) x4,
Vx‘m():Oa nO—A;]no—k\/qu:O,

and HfOHHf ¢ HfOHLg(L}) < &, then we have

fe(£) — w(t) | =12 + 1| Ve (1) — Vo ()| < CHoE(1+1)73.
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(Idea of the proof)

@ Apply the approach by Bardos-Ukai, ‘91 for the classical
INS from the Boltzmann equation;

@ Sharpen the spectrum estimate including € effect;
@ Give preciese estimate on the initial layer.
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THANK YOU!




