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Part |. Introduction.
$1. Formal derivation of low Mach number limit.

Non-dimensional Full compressible Navier-Stokes equations

Pt + le(p’LL) — 07
(pu)t + div(pu ® u) — pAu — (p+ \)Vdivu + 5Vp = 0,
co((pO); + div(pOu)) + Pdivu — kAO = €2(2u|D(u)]? + A(divu)?).

p : density, u = (ul,...,u™) : velocity, © : temperature,
p = RpO : pressure (for perfect gases),
cy, R > 0: constant, x > 0 : heat conductivity constant,

> 0,A> —%,u . viscosity constants,
e : Mach number<<1 (the fluid is “nearly incompressible”)



Low Mach number expansion and limit:

compressible flows ~ background incompressible flows

+ high order corrections(acoustic waves)

Let € — 0 = pO=constant, and (p, @i, 7) satisfies the following non-isentropic
low Mach number Navier-Stokes equations:

ﬁt + le(ﬁ’L_l,) — 07
(pu) + div(pu ® u) — pAu — AVdiva + Vrr = 0,

~vdiva = div {gv(%)}, y=1+2




In particular, for isentropic fluids or p = const or k =0
The third equation < divu =0 (Incompressibility)

Then the low Mach number limit reduces to the incompressible limit, where the
limiting system is the homogeneous isentropic Navier-Stokes system (for the
isentropic case, or the non-isentropic case with small temperature variation)

Uy +u-Vu — pAu+ Vi =0,
divu = 0.

or inhomogeneous isentropic Navier-Stokes system (for the case of kK = 0 and
large temperature variation)

1575 + U - vﬁ — 07
(pu); + div(pu ® u) — pAu + Vr = 0,
divu = 0,




$2. Rigorous verification:

(1) Derive uniform estimates with respect to the Mach number € € (0, €] in
a time interval [0, T independent of ¢

(2) Verify rigorously the limit as € — 0.



$3. Known results on low Mach number limit/ incompressible limit

1. Incompressible limit of isentropic Navier-Stokes equations.

(a) The incompressible limit of local-in-time smooth solution with well-

prepared initial data.

o S.Klainerman & A.Majda (1981): R"™ or T, divug = 0 or divuy = O(e)

in high-norm (well-prepared initial data)

Uniform estimates: using the anti-symmetric structure of singular

differential operator
Convergence: compactness theory

(b) The incompressible limit of global weak solution for t € [0,T], with

ill-prepared initial data (divug = O(1)).

Uniform estimates: energy estimates of global weak solutions with finite

energy which is developed by P.-L. Lions

Convergence: using the “rescaled group method” which is developed by

S. Schochet 1994 and E. Grenier 1997 independently
o P.-L. Lions & N. Masmoudi (1998): weak convergence,
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various boundary conditions, ill-prepared initial data.

o B. Desjardins & E. Grenier (1999): strong convergence in R™ (Strichartz
estimates)

o Desjardins, Grenier, Lions, Masmoudi (1999); N. Jiang & N.Masmoudi
(2015): strong convergence in bounded domains (spectrum method)

o Feireisl, et al (2011, 2013,...): strong convergence in exterior domains
o Feireisl, Novotny, Petzeltova, et al (2010,... ): strongly stratified fluids,
various boundary conditions

The incompressible limit of long-time solution for ¢ € [0, +00): difficult
to get the uniform estimate for both € € (0, €] and t € [0, +00).

o D. Hoff (1998):

weak solutions in R> with compatible data, but require the global
smoothness of the background incompressible solutions.

o H. Bessaih (1995), O0.(2009), O. and D. Ren (2014)

strong solutions in bounded domains with & well-prepared initial data:
difficult to get uniform high-norm estimates
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(d) Unsolved problems: IBVP & ill-prepared initial data, free boundary
problems, multi-scale limits, ......

2. Non-isentropic Navier-Stokes equations

The pressure variation =~ p + O(e)p1(p,T) (for isentropic case, pressure
variation =~ density variation), which leads to the different structure on
the singular differential operator and the difficulty in deriving the uniform
estimates, in particular, for the case with solid boundary.

(a) Heat-conductivity coefficient k = 0. (diffusive effect << convective effect)
e Bresch, Desjardins, Grenier & Lin (2002): show the formal expansion in
periodic domains when the entropy is purely transported.

e Kim & Lee (2005): incompressible limit of strong solutions in R?, with
well-prepared data and large temperature variation.

e 0. (2009, 2011); S. Jiang & O. (2011): incompressible limit in boundary
domains, with well-prepared data and large temperature variation:
uniform high-norm estimates



(b) Heat-conductivity coefficient x > 0: .

e T. Alazard (2006): Low Mach number limit of local-in-time classical
solution in R™, with ill-prepared data, for perfect gas (P = RpT ).
Uniform estimates: the methods of pseudo-differential operators
Convergence: due to Metivier and Schochet

e Feireisl, Novotny, Petzeltova, et al (2007, 2008,2010, 2013, ...... ): Low
Mach number limit of global variational weak solution for Navier-
Stokes-Fourier system with various boundary conditions and ill-prepared
data and require that the temperature variation is small (but excludes
the case of perfect gas, and the limiting velocity is divergence-free, that
is, divii=0)

Convergence: rescaled linear group

e C. Dou, S. Jiang & 0.(2015): Low Mach number limit of local strong
solutions with well-prepared data for perfect gas, and require that the
temperature variation is small: T~ 1 + O(€) = the limiting velocity:
divii=0. In this case, it is difficult to get the uniform estimates due to
the solid boundary.
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Question:

Low Mach number limit of local strong solution of full Navier-Stokes
equations for perfect gases (k > 0) in bounded domains in case of large

temperature variation? (ydiva = div {%V (%)})
Difficulties of this problem
e The system is nonlinear and strongly coupled.

e The singular differential operator of O(%) is no longer anti-symmetric (after
the transform).

e Unlike the cases of the whole space or the torus, integrating by parts cannot
be applied for the estimates of high-order spatial derivatives.
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Part Il. Incompressible limit of local strong solutions for full

Navier-Stokes equations in 3-D bounded domains
(Joint work with Qiangchang Ju (IAPCM, Beijing)).

In what follows, we drop the superscript € for simplicity. We introduce the
change of variables:

p=1+¢eq O =140 (large temperature variation),
where the pressure p satisfies
P +u- Vp + 2pdivu = kAO + ¢2[2u|D(u)|? + A(divu)?], (1)

by using the density equation and the temperature equation, and the pressure
law p = RpO.

Then the full Navier-Stokes equations are converted into into an
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“overdetermined” system

( Pt =+ le(pU) — 07

1
p(u; +u-Vu) + qu = pAu + (p+ A)Vdivu,

2
) p(0; +u- V) + (1 + eq)divu = kA + *[2u|D(u)]? + \(divu)?], (2)

2
e+ 1 Vg + 2qdiva + “diva — ZAf = e[2| D(w)[2 + A(divu)?),
€ €

where any of these equations coincides with the others. Suppose that (p, u, g, )
satisfies the following initial and boundary conditions:

1

(p;a,4,0)|t=0 = (po, 1o, g0, o) := (po, uo, E(Po@o —1),00 —1). (3)
00

u-nlpg =0, nxcurlujpg =0, —| =0. (4)
on oo

where Q C R3 is a simply connected, bounded domain with C*-boundary 69Q.
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We introduce the change of variable:

k
=u-— —Vo.
V=u 2V

(5)

Then (p, v, q, 0) satisfies the following initial-boundary value problem

( Pt + le(,OU) — 07
1

\ (p,V,q, 9)‘75:0 — (/007V07q0790)($)7

p(vi+u-Vv)+ qu — pAv — £Vdivv—5V AL = f,

1 1
i(qt—I—UVQ)—FEdIVV:g,
<
p(0y +u- Vo) —%AHerivv = h,
v-n=0, nx curlv =0, %:O,
on

14

in Q x (0,7,

in Qx (0,7,
in Qx (0,7,

in Qx (0,7,

on 0N x (0,7],

x € (),



(6)

where the constants £ := pu+ A+ %, 8:=£(2u+ A — 2k), and the functions
Vo = Ug — gV@O,

f = g[Vp(Qt +u-V0) + pVuVve — VA,
—gdivu + g[zum(u)ﬁ + A(divu)?], (7)

g =

h := —eqdivu + €2[2u|D(u)]? + A(divu)?].
Although the singular differential operators of (6), 5 of the order < are in anti-
symmetric form in the current formulation, however, the third order differential

operator is introduced in (6),, which creates essential difficulty in the uniform
estimates.
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The aims of our problem:

(1) Derive uniform estimates with respect to the Mach number ¢ € (0, €
and the time ¢t € [0,7T]) for some € and T.

(2) Verify rigorously the singular limit as Mach number ¢ — 0.

16



Theorem 1. (Local existence) Let € € (0,1] be fized and 2 C R3 be a simply
connected, bounded domain with smooth boundary OS). Suppose that the
initial datum (p§,vS, q5) € H>(Q), 05 € H*(Q) satisfies p5 > m > 0 and
1 4+ 60§ > m for some constant m, and

(97 p(0),05v<(0),9¢¢%(0)) € H*(Q), 876°(0) € H™*(Q), k=0,1.
Assume the following compatibility conditions are satisfied:

v n=v;(0)-n=0, nXcurlvjg =n X curlvi(0) =0 on 02, (8)

005  00:(0)
on  On

Then there exists a positive constant T = T(p§, v§, q5, 05, m, €), such that
the initial-boundary problem (6) admits a unique solution (p¢,ve, qc,0°),

=0 on ON. (9)
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satisfying p¢ >0 and 1 + 0 > 0 in Q x (0,T°¢) and
(0F p¢, OFve, 0Fq%) € C([0,T°], H*™%), OFve € L*(0,T¢ H>™%),
orec e C([0, T, H>*) N L?(0, T, H* %), k=0,1.

Definition 1. We define the uniform energy

Me(t) =||(p%, v, qe)”%OO(O,t;HQ(Q)) T ||9€H%OO(O,75;H3(Q)) + H(P6)_1||2Lgf>t
(P%: Vi QtG)HzLoo(o,t;m(Q)) + Hefuioo(o,t;]{l(g))

_|_
+ [[(vS, v96>Hi2(o,t;Hi’>(Q)) +[1(vi, v95)‘@'42(0,75;H1(Q))
_|_

e(p Vi 45, VO | oo 0.1 () + 1€VE VOO T2 00,0522
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Remark 1. We can derive from (5) and (2),, and the definition of M€(t)
that, for anyt > 0,

€ll2 €ll2 €2
[0l Zoo0.t:m20)) T 10El 20 4:22(0)) T 10022006230
+ ||u§||%2(0,t;H1(Q)) < CM*(1),

e oo 0,003 () + 1€WE T o0 (0,011 )
+ ||€u§|‘%2(0,t;H2(Q)) < C[(Me(t))z + (Me(t»g]-

We first show the following energy estimates which will give the uniform
estimates.

Proposition 1. For any t € (0,1] and € € (0, 1], we have
ME() < Co(M) exp{Ca(tt + ) (M(1))*}, (10)

where Cy(-) is a positive and continuous function and Ci is a positive
constant, and both of them are independent of M(t) and M§ := M*(0).
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Theorem 2. (Uniform estimates) Suppose that  C R> is a bounded domain
with 00 € C* and > 0. Assume that M < «, and 1 + 05 > A, where
a and A are positive constants independent of €. Then 3 positive constants
€0 = e0(Q, a0, A), T:=T(Q,, A) and C := C(eg,T) independent of €, such
that (6) 3! (p, v, q¢, 0% in Q x (0,T), with

Me(t) < C, €€ (0,¢), t €(0,T], (11)

1+ 6%z, t) >C™ 1t (x,t) € Qx[0,T]. (12)
Remark 2. To ensure that M5 < «, it suffices to suppose that
1(06: v ao) || rr2(e) + 1061 3y < €, e(l(06: V65 46) | 30y + 106] 5re(0) < €
ps > C~ 1 and

Idivvgll Lz + IVl 2 < Ce,
for some constant C' > 0 independent of €. The last inequality is the minimal

requirement on the incompressibility of the initial data.
Remark 3. 5 > 0: thermal diffusion < wviscosity effect.
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Using the compactness theory, we canverify the following results.
Theorem 3. (Low Mach number limit) Let (p¢, v€, ¢, 0°) be the solution of
(6), satisfying the uniform-in-e estimates established in Theorem 1, and u¢ =
ve — EV0°. Then (p,uc,0°) — (07!, w,0) weakly-+ in [L>(0,T; H*(Q))]* x
L>®(0,T; H*>(Q)) as € — 0, moreover, there exists a function w(x,t), such

that (w,0,7) satisfies the following initial-boundary value problem of low
Mach number model:

[ divw = A6, in Qx (0,77,
0wy +w - Vw) + V1 = pAw + (u + \)Vdivw, in £ x (0,71,
L0710 +w- V) = %AO, in Qx (0,7],
w-n:O,nxcurlw:O,g—z:O, on 08 x [0,T],
\ (w,0)]t=0 = (w0, 00) (), z €,

where (wo, 0p) is the weak limit of (u§, 05) in H*(Q) x H3(Q).

21



Difficulties (compared with previous results):

e The singular differential operator of O(%) is no longer anti-symmetric after
the transform p =1 +¢q, © =1+ 0, and the third order term —3VA0H
appears in the momentum equation after the change of variable v = u—%V@.
Thus the classical strategy cannot apply.

e The unsigned integrals of highest order spatial and time derivatives need to
be absorbed carefully in the energy estimates.

Crucial points:

e Determine the uniform energy M€(t)
e Carry out the estimates of high-order (weighted) estimates

e Cancel the unsigned integrals
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Strategy of uniform estimates:

1. Energy estimates of the density p© and weighted estimates of pg
2. Low estimates and weighted high order estimates of q; and v;
3. Energy estimates of curlv® = curlu® and weighted estimates of curlu;

4. High order estimates and weighted high order estimates of 65
(the order of ;= the order of v; +1)

5. High order spatial estimates of ¢, v and 6°.
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Part lll. Sketch of the proof

1. Energy estimates of the density p¢ and weighted estimates of p5.

Lemma 1. For any t € [0,T], we have

—_ 1
73, + 1ol a2y + 100l e 22y + leptl e iy S Moexp {Cthna (1)}
(13)

It is done by the method of characteristics and the energy method (no
singular term occurs in the density equation).
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2. Low estimates and weighted high order estimates of ¢; and v;.

Lemma 2. For any t € [0,T], we have
”(\/ﬁ%avt)HQL?O(L% T HVtH%2(H1)
(14)
< Co(My) + 5/ / Abidivvidxdt.
Lemma 3. For any t € [0,T] and € € (0,1], we have
€(\/p—1vqt, leVt)H%(t)o(LQ) —+ HEdiVVt”iQ(Hl)
< Co(My) exp {C(t4 + €)M*(t) p —Be€? / / p VA, - Vdivv,dzdt.

(15)

The terms in blue are unsigned highest order terms which cannot be absorbed
by the left-hand side.
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3. Energy estimates of curlv® and weighted estimates of curlvs.

Note that v =u — §V6 and curlV = 0. To estimate curlv and its spatial
and time derivatives, it suffices to evaluate curlu and its derivatives.

Applying the operator “curl” on (2), and set w := curlv = curlu, we obtain
pwi; +u-Vw) — pAw=F, in Q x (0,71, (16)

where F := F1 4+ F5 := [p, curlju; 4 [pu - V, curlju with [a,b]:=ab-ba. Note
that the above equation is associated with the boundary condition

n X Wl@QX[O,T] = 0. (17)
Lemma 4. For any t € [0,T], we have
||Curlu|\%§o(H1) + ||ecurlut|\%§o(L2) + ||cur1u||i%(H2) + HecurlutHQL%(Hl)

< Co(Mp) exp {C’t%Mi)’(t)} . (18)
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4. High order estimates and weighted high order estimates of 6.
(the order of 5= the order of v{ +1)
Lemma 5. For any t € [0,T] and € € (0,1], we have

|20,V 0017 012 + | (V8 A61) 172

t (19)
0 JQ

Lemma 6. For any t € [0,T] and € € (0,1], we have

||€A(9t’|%fo(L2) T HEVA@tHQJ;?(LQ)

I
2

t
< Cy(Myp) exp {C’(t% +e)M (t)} +€2/ / p VAl - Vdivv,dzdt.
0 Jo

(20)

Now we can balance the extra terms of high order derivatives in Step 2.
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5. High order spatial estimates of ¢¢, v and 6°.
Lemma 7. For any t € [0,T] and € € (0,1], we have

VI3 a2y S Co(Mo) exp { C(t1 + e)M*(2) |,

||V2QH%§0(L2) + HVQdiVVH%%(L%

t
< My + (t5 + ) M3(t)—p3 / / 0; VA - 9;Vdivvdadt.
0 JQ

Lemma 8. For any t € [0,T], we have

|AVO|F o 12) S Mo + £2M3(8),

[0:V A6I1%2, ) <ColMo) exp{(t1 + €) M(t)}

(L?)

t
+/ / &VAH . (%Vdivvdazdt.
0 JQ
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Part IV. Future Works.

e The (multi-scale) singular limit of 3-D full N-S equations in bounded domains.

e Low Mach number limit of isentropic/non-isentropic N-S equations in 3-D
bounded domains with ill-prepared initial data (in preparation).

e The singular limits of multi-dimensional free boundary problems of N-S
equations (in preapration).
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Thank you!
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