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Nonlinear Schrodinger Equation with Wave Operator

Consider nonlinear Schrddinger equation with wave operator (NLSW) in d
(d =1,2,3) dimensions:

{iatw(x’ t) — 20wt (x, t) + Ap(x, t) + F([eo(x, 1) P)ib(x, t) =0, (1)
1/)(Xa 0) = wO(X)’ atd)(xv 0) = wi(x)’ X € Rdv t>0,

0 < e < 1is a parameter that controls the perturbation operator, F : [0, +00) — R
is a real-valued function.

When & — 0+, the solution of (1) will converge to the solution of corresponding
nonlinear Schrodinger equation (NLS) (2):

iatw(xv t) + Aw(Xv t) + F(‘w(xv f)|2)¢(Xv t) =0, (2)
P(x,0) =o(x), xe€RY t>0,
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Initial condition

Assume the initial velocity ] has the form:

Yi(x) = i(Ado(x) + F(Jdo(x)[*o(x))) +®w(x), a>0, (3)

« is describes how close the initial value to NLS case.

«a > 2: well-prepared case, 01 is bounded.

0 < «a < 2: ill-prepared case, 9% is not bounded.

Asymptotic expansion for the solution ¢ (x, t) of NLSW ( denote ¢°(x, t)
to be the solution of NLS):

U(x, t) = ¥°(x, t) + £2{no oscillation terms}

- t 4
+ gZrmin{ahy (i, —) + {higher order oscillations}. )
£
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Previous result

Assume (-, t) € H™(RY):
Crank-Nicolson finite difference scheme :

O(h?> +7), well-prepared case,
O(h? 4 72/3), ill-prepared case.

Exponential wave integrator sine pseudospectral scheme:

O(h™ +72), well-prepared case,
O(h™ + 1), ill-prepared case.

Our target:

O(h™ + 72),  uniform for both well-prepared and ill-prepared case.
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General idea of NPI

Consider the case where d = 1, F(|1)|?) = —|¢|?, truncate the whole space
problem (1) onto a bounded interval Q = (a, b):

i0¢(x, t) — e20uib(x, t) + AY(x, t) — [¥(x, t)[?Y(x,t) =0,
¢(X7 0) = z/}0(X)7 5t"¢(><7 0) = wi(X)ﬂ X € (37 b)a t>0, (5)
1#(3» t) = w(bv t)u 3t¢(3» t) = 8t1/}(bv t): t>0

Time step 7 := At > 0, t, = n7, by variation of constants, from t, to t,;1, the
solution of equation (5) satisfies (¢)(t, + s) := (X, tn + 5)):

Uty +5) = €7 hy(¥(tn), Devb(tn)) + €7 Sha(W(tn), Oeti(tn))

+ iy /Os k(s — w)|(t, + W)|2’(/}(t,, +w)dw, 0<s<r.
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14+ V1 —4e2A 1
BT = 2¢2 :O(?)’
_ 1 —+v1—-4e2A
B ::2—5220(1),
_ W1 -—4g2A
B:=p"-p =T 2
1 —2A
=gt S == =0(1),
F=r-a 1++V1-42A W
1 1

V= 25 imaon
b (6(82), et (2)) = — L) * 9 (tn)
_ B+w(tn) + iat¢(tn)

6 b

ha(¥(tn), Ortp(tn)) :

K(t) =Pt — et = 0(1).
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General idea of NPI

Our target is to find a uniform 2nd order scheme from formula (6).
By Taylor expansion:

Bltn+5) = €7 Sy (4(tn), D (t0)) + € oW (tn). Dot (tn)
+wénc—mmewm

+ w(20e0 (tn) [0 (tn)|? + 206 ()1 (tn))
+ WA Y + 2070 + 20w [P + Veh®)(tn + E(w)))dw.

Oy not bounded for ill-prepared case. Using NPI can avoid 9;:¢) and
achieve 2nd order in time.
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General idea of NPI

Construct approximation ¥"K(s) to 1(t, + s) recursively:

"0(s) := (tn)
PREL(s) = €5y (1(tn), Dep(t)) + €= ho(16(tn), De(tn)

47 [Cnls —wlumHw)Puriwydw, 0<s <,
§E(s) = TR (s) — RE(s), 0<s<7
If RP(s) = O(7**1) for any k, it can be proved
b(ta +5) — ™ (s) = O(7F™).

Uniform 2nd order scheme: ™2(s).
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Compute ¥™1(s)

Denote h] = h1(Y(tn), 0ep(tn)), h5 = ha((tn), Oeth(tn)),
7 = ¢ (t)*9(tn)-

His) =
Yhi(s) =

if we define:

S
ePTShr 4 &P s hY 4 i'y/ k(s — w)f"dw,
0

iL iB*s n . n iB~sn . n
e ?s(eﬁ hi + ivp-1(s)f") + (eﬁ hy — ivpo(s)f"),

s .
p(s) = / e#a1/2 g5, — O(7).
0
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Compute ¥™%(s)

67 (x, )12 = F§(s) + po(s) F{(s) + po1(s) F"a(s) + pu(s) Ff (s)

+ e = (Fy(s) + po(s)F7a(s) + pa(s)FE(s))

+ &5/ (F3() + po(s)FJ(s) + po1(s) F"s(s)) + O(+2),
).

F3(s) = (¢77*h0) (™7 *h]) + (e *h3)(e™"" *h]
F(s) = 2Re((inf")(e" *h3)),

F3(s) = (—infm)(e""*hY),

F3(s) = (¢77hf) (e *h3),

F(s) = (infm)(e”"*h]),

Fg(s) = (=infm) (e *hp),

Fi(s) = FI,(s).
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Compute ¥™%(s)

™Y (x, 5) 2" (x, )

= g0(s) + po(s)gl'(s) + p1(s)gd(s) + p-1(s)g3(s)

+ e/ (g7 (s) + po(s)gl(s) + pi(s)gd (s))

+ e5/% (g2(s) + po(s)gg(s) + p1(s)&d(s) + p_1(s)gi(s))

e2/< (gl (s) + po(s)efa(s) + p-1(s)efs(s)) + O(72),

g&(s) Fry(s)e’ s hi + Fy(s)e’™ *hy,
gl(s) = F4(s)e™"*hl + Fy(s)e™ *h] + F(s)(~inf"),
g5(s) = F"s(s)e’™ = + Ff(s)e *hg,
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Numerical quadrature

. . _ s
2(s) i TS R 4y [ s = w0 w) 20
0

Divide the integral term into 3 types:
Type 1: no oscillation term.

S e - s s
/o e T py (w)gg (w)dw = e 25p1 (3)gf (5) + O(7),

by applying midpoint method.
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Numerical quadrature

Type 2: highly oscillation term with O(7) amplitude.
s ; .
| e = mw)e e g ),
0

_/OS e_s%wpl(w)gzn(O)dW + O(T3)7
=q-1,1(5)g5(0) + O(7°),

if we define:

k(s // eks1/* 12/ g, dsy = O(72).
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Numerical quadrature

Type 3: highly oscillation term with O(1) amplitude.

S .
| e emeE g,

=5 [ B ag0) 4 (-5 (0) + ugg (0w + O,
0

= [ g (0) + w(-i ")
0

——£0(0) + &5(0)))dw + O(),

=2 (p 1()85(0) + g 10(s)(~1 " gg(0) + 5(0))) + O(+)

Replace unbounded operator 8* with bounded filter S'"(Tﬂ to achieve uniform
accuracy (at the price of higher regularity requirement).

Apply the same replacement to 9:g§(0) to compute approximation g§(0).
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Compute ¥™%(s)

1/)"’2(X,S) _ eiﬁ+shf + eiﬂ—shg
+iv(G{(s) + e /2Gl (s) + €5 Gy (s)
SRNENE G" 1(s) + e"ﬁ_sGiz(s)),
Gl (s) = €/ (sg?(s/2) + 52/288(5/2) + sp(s/2)gd (5/2)
+ sp-1(s/2)g10(s/2)),

Gra(s) = </ (p 1()86(0) + 9 10(5) (12" gg(0) + £6(0))
+p2()8f(0) + a-20(s)(~1 2" g7(0) + g2(0))

&11(0) + £71(0)))-

+ (9)gf3(0) + anofs) (22T
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G§(s) = €/ (g-1.0(5)&f'(0) + g-1.1(5)&5(0) + g-1,-1(5)&5 (0)

+q-20(5)gg (0) + 9-2.1(5)g5 (0)
+ qu0(5)e12(0) + q1,1(5)&3(0))
+q-1.0(5)g8 (0) + 9-1.1(5)85(0) + g-1,-1(5)28(0)
+ q1,1(5)89'(0) + a1,-1(5)810(0)
+ 42,0(5)e12(0) + g2,-1(s)e73(0),

G”1(s) = sgg(s/2) + */2&{(s/2) + sp1(s/2)g5 (s/2)
+sp-1(s/2)g3 (s/2),

G a(s) = p-1(5)88(0) + a-10(s) (1" g(0) + 7(0)
+pu(s)7(0) + arofs)(— D) o £2(0) + £2(0))
T pa(s)813(0) + a20(s)(—i s'”(ﬁ ™) g1(0) + &01(0)).
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Compute 0,1)™2(s)

Bep2(s) = iBteP hy + iB e ohg
w1 [ s = e w0 e,
K(t) = igtePt —igelft.
Apply similar numerical quadrature:

V"2 (x,s) = iBTeP o hY + i e® S hy
+iv(Gg(s) + 772Gl (s) + PGl y(s)
+eP72G ((s) + €726 o(s)).
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63(s) = iSO /2 gy (5180 (0) + 91115 (0)

+q-1, 1( )&3(0) + g-2,0(s)gs (0) + g-2,1(s)gg (0)
+ q1,0(5)812(0) + g1,1(5)g15(0))

+/5”1(€T)(q 1,0(5)gs (0) + g-1,1(s)gg (0)
)89

+q-1,-1(5)gg'(0) + g1,1(s)gg (0) + q1,-1(5)&10(0)
+ 92,0(5)812(0) + g2,-1(5)813(0)).

G\ (s) = jSin(BT) G (s), k=12
b 7— b

G (s) = (87T W(s), k=12
b 7— b
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Semi-discretized scheme

¥"(x) and 1)"(x) are approximation of 1(x, t,) and du)(x, tp).

Yo%) = do(x),  ¥°(x) = ¥i(x).

Then compute

B = ha(ym "), RS = b, ), A = Ry,

Submit into the expression:
FY(s) = (€7 *h{M)(e 77 IRy + (77 *hT) (e 77 2 hT),

and thereby compute expressions F["], g,[("] . G(gn], Gi",l and G[:',]k.
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Given approximation 1"(x) and 1/}”(x), compute numerical approximation
at time t = t,41 by:

¢n+1(X) _ ei,B*Thgnl + ei,B_Thg’]
+ (G (r) + €7 TGN () + T GLY(r)
+ 7261 (1) 4 P77 G (7)),

b (x) = iBteP A 1 g e L)
+in(&r) + 726l (r) + €7 6l()
+ e 7261 (1) 4 P77 G (7)),
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Numerical Implementation

Mesh size h:= Ax = %. Denote x; = a + jh to be the grid points, wj'

and z,Z}Jf’ to be the numerical approximation of the exact solution v(x;, t)
and 0:(x;, tn).
Initially,

) =1o(x), ¥ =v5(x).

Given approximation wjf’ and 1[3}’ at time t = t,,, to compute the next

approximation, starting with h[l'j hgj 6-["] (,6’,jE Lhy/144e? ”’)

2e2
M/2—1 o~
n B (") + (W) iuxi—a
T S ACa B
I=—M/2

— 1 M-1 ) M—
(17/)”)/ = o Z ¢J{7€_’NI(XJ_3)7 wn — Z no—in(xj—a)
Jj=0 —
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() = b’ h[nl iy hg} ’
Fl(r/2) = (e /2h) (7724,
_|_( i577/2h[”])j(e—iB’T/Zhgn])_

Sln(ﬂ* )

hl)h” + hi (=i

hY),
LR

n
~ ),

sin(3'7)

Fg;(0) = (i
(;M

+

h3)iha .+ h (i

where (8] = g 2nly

Lry/irag M

M/2-1 o
(@, = T )
I=—— M/2

h["] Z h[”] —im(g—a)
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g1(0) = FI (o)l + F(s)h,

85 (7/2) = FI(0)(e” 2 + o) 72,
o n n sin(8*1) ,,
£5,(0) = F 0+ if7 o) gy,

+E O]+ iF7 0 )(S'”“ Dhg);

0) W Zg["](o —ip(xj—a)

—_—~ o~ —_~

Similarly compute (g,[("]),(O), (g,En])l(T/2) and (g,{”]),(O) for all
ke{1,2,---,13}.
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and compute (G'}) (7), (G")) (7) for | = —M/2,~M/2+1,--- ,M/2 — 1.
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—_—~ e~

(prt1), = &P T (Rl e T (R,

P —_~ e/~

+im((GM)(7) + €PIT2(G) (1) + €9T7(G1D) (7)

+ e (G (1) + €77 (6I) (1)),

—~— P

(lbn—i_l)/ _ I-Bl—&-ei,@frf(hgn])l + iﬁl—eiﬁf‘r(hgn])l

+im((G4M)(7) + €PIT2(GI) (1) + €9T7(G1D) (7)

+ e"B'_T/z(Ggll)/(T) + eiﬁrT(GLIt]?)/(T))’
1

M= ———.
\/1+ 422
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Finally the numerical approximation for t = t,.1 can be obtained by:

M/2-1
wj('H: Z (¢n+1)/eiw(xj-—a),
I=—M/2
M/2—1
q/}Jf’+1: Z (¢n+1)leiu/(Xj*a).

I=—M/2

One time step t, — t,y1: 37 times FFT/IFFT in CM (cost: O(M log M)).
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Error estimates

Assume 9)(x, t), solution of NLSW (5) within time T > 0 satisfies the following:

L(fo. Twree(@)) T I9eWliee (o, T @) S L
Il + 0 S

7

191l Lo (o, T2 @)nHm (@) + 196l Lo (0, T2 () S 1
1 and 0y are perodic on Q.

Denote vector space Y)y:

YM = {V = (V07 Vi, - aVM)T S CM+1|V0 = VM}7
and interpolation operator Iy : Yy — L2(Q) by:

M/2—-1

(b)) = 3 Gt

I=—M/2

.o M .
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Error estimates

Theorem

Assume the solution ¢(x, t) satisfies the above assumption, ¥" € Yy and 1L" be
the numerical approximation of 1(t,) and 9y(ty), and ¥ (x) = Im(¢"),
Yi(x) = Im(¥"). There exists 0 < 79, hg independent of €, such that if 0 < h < hg
and 0 <7 <79, forany0<n< T/T,

19, ta) = BT Ol 2@ + 21068 (-, ta) = D7 (2@ S H7 + 75,

IV((-, ta) = ¥7 (Dllize) + IV (s t) = Y7 (Dl 2@y S A" + 72,

and there exists M > 0 such that

97 (Ve < M, 7l < M,
[P0 ta)llee <M =1, [0e(:, ta) e < M =1,
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An numerical example

Computation domain: Q = [a, b] =[-16,16], T =1
Initial value:
wo(x) — 7r71/4e7x2/2, wE(X) — efx2/2'
"Exact” solution: computed with fine mesh h = 1/64 and 7 = 107°.
Error function: e"(x) = ¢(x, t,) — ©](x), measuring the norm
1"l = lle”( 2 + [1Ve ()l 2.
Choose o« = 2 for well-prepared case and a = 0 for ill-prepared case, and
compare the error at T = 1.

NPI-FP for NLSW November 21, 2019 30/ 35



Spatial error

”enHHl h0:2 h0/2 h0/22 h0/23
g0 =05 1.16E4+00 7.81E-02 6.17E-04 2.63E-08
£0/2  8.95E-01 8.79E-02 7.56E-04 3.82E-08
£0/2>  9.19E-01 5.26E-02 6.03E-04 3.13E-08
c0/2>  9.58E-01 3.22E-02 4.67E-04 3.33E-08
g0/2*  9.21E-01 521E-02 1.29E-04 3.10E-08
g0/2°  9.21E-01 4.74E-02 1.39E-04 2.89E-08
£0/2°  9.25E-01 4.10E-02 1.22E-04 2.87E-08
e0/2"  9.30E-01 3.77E-02 1.17E-04 2.80E-08

Table: Error with different h and €, 7 = 1078, well-prepared case
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Spatial error

”enHHl h0:2 h0/2 h0/22 h0/23

eo =05 1.36E+00 9.19E-02 7.25E-04 3.09E-08
€0/2 9.94E-01 9.76E-02 8.41E-04 4.24E-08
50/22 9.67E-01 5.54E-02 6.34E-04 3.29E-08
50/23 9.12E-01 3.07E-02 4.45E-04 3.17E-08
g0/2* 9.21E-01 5.21E-02 1.29E-04 3.10E-08
£0/2° 9.21E-01 4.74E-02 1.39E-04 2.89E-08
50/26 9.25E-01 4.10E-02 1.22E-04 2.87E-08
g0/2" 9.30E-01 3.77E-02 1.17E-04 2.80E-08

Table: Error with different h and ¢, 7 = 1079, ill-prepared case
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Temporal

error

le"lnr  m=01  70/2 70/2 70/2° 70/2* 70/2° 70/2° /2

eo =05 129E-02 2.02E-03 2.81E-04 3.60E-05 4.45E-06 5.73E-07 7.01E-08 8.98E-09
order - 2.67 2.85 2.96 3.02 2.96 3.03 2.97
€0/2 1.36E-02 2.55E-03 4.22E-04 6.22E-05 8.79E-06 1.18E-06 1.49E-07 1.88E-08
order - 2.42 2.59 2.76 2.82 2.90 2.98 2.99
60/22 5.62E-02 1.22E-02 2.62E-03 4.35E-04 6.47E-05 8.69E-06 1.14E-06 1.47E-07
order - 2.20 2.22 2.59 2.75 2.90 2.93 2.95
60/23 1.60E-01 3.25E-02 7.66E-03 1.78E-03 2.96E-04 4.46E-05 6.30E-06 7.81E-07
order - 2.30 2.09 2.11 2.59 2.73 2.82 3.01
50/24 2.45E-01 6.06E-02 1.49E-02 3.11E-03 6.74E-04 1.19E-04 2.09E-05 3.25E-06
order - 2.01 2.03 2.26 2.20 2.50 251 2.68
c0/2° 4.24E-01 1.06E-01 251E-02 5.75E-03 1.33E-03 2.75E-04 5.55E-05 9.71E-06
order - 2.00 2.07 2.13 211 2.27 231 2.52
80/26 4.08E-01 9.89E-02 2.45E-02 6.04E-03 1.53E-03 3.78E-04 7.57E-05 1.32E-05
order - 2.04 2.01 2.02 1.98 2.01 2.32 2.53
60/27 3.79E-01 9.37E-02 2.50E-02 6.54E-03 1.58E-03 3.76E-04 9.55E-05 2.10E-05
order - 2.02 1.90 1.94 2.05 2.07 1.98 2.18

Table: Error with different 7 and ¢, h = 1/64, well-prepared case
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Temporal error

le"lnr  m=01  70/2 0/2 70/2° 70/2* 70/2° 70/2° 0/27

eo=05 219E-02 3.51E-03 4.91E-04 6.35E-05 8.10E-06 1.01E-06 1.23E-07 1.57E-08
order - 2.64 2.84 2.95 2.97 3.01 3.04 2.96
€0/2 2.41E-02 4.46E-03 7.53E-04 1.04E-04 148E-05 1.97E-06 2.54E-07 3.22E-08
order - 2.43 2.57 2.86 2.80 291 2.96 2.98
60/22 1.04E-01 2.22E-02 4.58E-03 7.44E-04 1.21E-04 1.52E-05 1.97E-06 2.50E-07
order - 2.23 2.28 2.62 2.62 3.00 2.95 2.97
60/23 2.59E-01 5.78E-02 1.12E-02 2.77E-03 4.57E-04 7.43E-05 1.02E-05 1.33E-06
order - 2.17 2.37 2.02 2.60 2.62 2.87 2.94
50/24 4.19E-01 1.01E-01 2.55E-02 5.31E-03 1.15E-03 2.01E-04 3.58E-05 5.56E-06
order - 2.05 1.99 2.26 2.20 2.52 2.49 2.68
c0/2° 7.37E-01 1.68E-01 4.06E-02 9.55E-03 2.13E-03 4.54E-04 8.82E-05 1.59E-05
order - 2.14 2.05 2.09 2.16 2.23 2.37 2.47
80/26 6.37E-01 1.45E-01 4.09E-02 9.90E-03 245E-03 6.21E-04 1.33E-04 2.25E-05
order - 2.13 1.83 2.05 2.01 1.98 2.22 2.57
60/27 6.35E-01 1.46E-01 3.96E-02 1.00E-02 2.44E-03 5.78E-04 1.52E-04 3.52E-05
Order - 2.12 1.88 1.99 2.03 2.08 1.93 211

Table: Error with different 7 and &, h = 1/64, ill-prepared case
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Conclusion

The result shows our method is uniformly spectral accurate in mesh size h.
For temporal error, the convergence order stays uniformly over 2 for
well-prepared and ill-prepared case.

Future study can be focused on proving the error estimation for a wider
range of «, (for example o < 0) or increasing the number of Picard
integration to achieve higher order uniform temporal accuracy.
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