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Leray’s problem in Channels

Consider steady incompressible Navier-Stokes equations

u-Vu+ Vp=Au,
{ (1)

divu=0

in a nozzle domain € which tends to a straight cylinder Q) in the
asymptotic ends.
Leray's Problem: Find a solution of the system (1) satisfying the
no slip condition

u=0 on 0Q,

and tending to Poiseuille flows with the flux ¢ at far fields.
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Poiseuille flow and Hagen-Poiseuille Flows
The Poiseuille flows in the straight cylinder ¥ x R has the form
v = (0,0, v*(x,y)) which satisfies

Auv? = Constant in X
> =0 on 0L,

/ u?(x,y) dxdy = o.
pu

)

Clearly, the Poiseuille flow is uniquely determined by .
In the case that ¥ = B;(0), the Poiseuille flow has the explicit form

u=0(r)e, = ?(1 ~ e, 2)

where r = \/x2 + y2. This is also called Hagen-Poiseuille flow.



Progress and Problem

» Amick(1977): Existence of unique weak solution under a
smallness assumption on |®|.

» Ladyzhenskaya and Solonnikov(1980): Existence of a weak
solution without any assumption on |®|. However, there is no
global estimate for v.

> ...

Open Problem (Galdi's book): Existence and uniqueness of
solutions with large flux ®7 Far field behavior?




Linearized Problem
Hence we consider the following problem

¢

—Av+ U(r)d,v+v-V [U(r)e;] + Vp =F,
divv =0, (3)

fzv-ndSZO

with boundary condition
v=0 on 0Q. (4)

Question: Given F € L2(Q), can we show the existence of unique
solution v € H?(Q), with

IVl[2@) < ClIFl2)?



Linear Structural Stability in the Axisymmetric Setting

Theorem 1 Given

F=F(r,z)e, + F?(r,z)e, + F?(r,z)ey € L?(Q). There exists a
unique axisymmetric solution v € H?() to the linearized problem,
where the solution

v(x,y,z) =v(r,z) =v'(r,z)e, + v?(r,z)e; + viey,

and satisfies
VIl p2g) < C(1+ ®5)[[F 120 (5)
and
vl 50 < ClIFlz@),

where C is independent of ©.



Linear Dynamical Stability
> Linearized perturbation equations:

sv—Av+ U(r)o,v+v-V(U(r)e,) +Vp =F,

(6)
divv =0.
» Dirichlet boundary condition:
v(x,y,z) =0, when r’ =x*>+y?=1. (7)
» Zero flux condition:
/ vonds—o0. (8)
B1(0)

Problem: Does the spectral s of the problem (6)-(8) satisfy

Rs < 07

Progress: When the flows are periodic in the axial direction, the
spectrum analysis for the linearized problem has been obtained by
Gong and Guo (2016) and Chen, Wei, and Zhang (2019) in
axisymmetric and 3D setting, respectively.



Numerical Computations and Rigorous Analysis

The computation by Meseguer and Trefethen (JCP, 2003):

» The norm of the resolvent operator %Z(s) (as a map from L2
to L2?) is maximized at s = 0

> | 2(0)ll 1212 ~ Re?



Further Remark on the Norm of the Resolvent

Note v = Z(0)F if

2(1—1r? 2(1—r? 1
M@v%—v-v [(r)ez} +Vp:R—eAv+F,
T

divv = 0,
It follows from Theorem 1 that one has
V]2 < C- Rel|F[ 2.
This implies at least in the axisymmetric setting,

122(0)[| 212 < C - Re.



Uniform Nonlinear Structural Stability

Theorem 2 Given
F=F(r,z)e, + F?(r,z)e, + F?(r,z)ey € L?(Q). There exists a
positive constant ¢p, such that if

|Fll12() < €o,

the Navier-Stokes equations with Dirichlet boundary condition has
a unique axisymmetric solution u € H?(Q) satisfying

lu=U(rezll, 5 6, < ClIFlz@). (10)

and
Ju— U(r)es|lpeo) < C(1+ ¢4)”FHL2(Q)7 (11)

where C is independent of ¢.



Remarks on Structural Stability

» There is no restriction on the size of flux |®|.

» The Hagen-Poiseuille flow is uniformly structural stable with
respect to the flux ® for a given F.



The Linearized System

The linearized system for the axially symmetric solutions for the

Navier-Stokes system is

(_  Qu" 0P 10
U(f)a +8r_[r8r(

2 s

8r 0z 0z

r

8rur+02uz+u—:0,
r

ar

and B
U(r) - 0,u® — Au® = FP.

Observation: The system for swirl component velocity and the

other two components (radially and axially components) are
decoupled.

0 gyt (L2 (00 0] .

(12)

(13)



Vorticity and Stream Functions

Let w? = 9,u% — d,u". Then w? satisfies
_ W0
U(r)d,° —<a2+a2+ 8)w9+r2:f, (14)

where f = 9,F% — 0,F". Introduce the stream function ¥ (r, z)
satisfying
0,(ry) = —ru" or(ry) = ru.

, 0 (10 ,
w 8r< P (r1/1)>+82¢.

1 satisfies the following equation

U(r)o(L + 02) — (L+ 0% = f, (15)

0 (10 2?2 10 1
E—((f'))—aﬂﬂarrz

where



Fourier Transform and Boundary Conditions
Taking the Fourier transform in z variable yields

iEU(N(L — ) — (L - €)= F. (16)
Note that the boundary conditions for u” and u? are as follows

u'(1,z) = v*(1,z) =0,

/1 ru*(r,z)dr = 0. (17)
0

When we are working with classical solutions, we need the
following compatibility condition (by Liu and Wang)

$(0,2) = (£ + 82)9(0,2) = 0.
So the boundary conditions for ¢ are as follows.

{&(p) — b)) =¥ (1) =0, .
£(0) = 0.



The First Estimate and Hardy Inequality-I
Multiplying the both sides of the equation with tr and integrating
over the domain yield

/|£w\2rdr r¢ fdr+£ / [2r dr

_ _3%/ f¢rdr—§d/o Lj’r( w)rw]

and L -
u(r)
e[ =

1
= —%/ ?&r dr.
0
Lemma 1 Let g € CY([0, 1]) satisfy g(0) = 0, one has

! A2 2(1—r2)
/Org( )

d .2
E(”/’)

1
dr + 53/ U(r)|dPr dr
0

| dle) dr. (19)




The first Estimate and Hardy Inequality-I|

Applying Lemma 1 to the imaginary part,

1 1
¢2§2/ |1ﬁ|2rdr§C/ 1712r dr. (20)
0 0
Hence one has
40 (Td . = 1 (d, ~*1 Lo
= - <= [ |= ~dr + Co? 2/ 2rd
Ze [ Gtibar < [ S| Larscor [ pipear

1 1 R 1 R
g/ |L|2r dr + C/ |f|?r dr.
4 Jo 0



A Priori Estimate and Existence

Basic a priori estimate:

54 /01 ‘12,‘2 rdr+§2 /01

1
< C/ \7|2r dr.
0

High order a priori estimate:

54 /01 “C&‘z rdr+€6 /01

1
< C(1+d>)/ 7 dr
0

d [*1 b2
E(riﬁ) rdr+/0 |L2|“r dr

2 1
1 ~|2
‘ dr+§8/ ‘1/;‘ rdr
0

d ~
E(”ﬁ) p

and

1 1
/ \E%ﬁ\zr dr < C(1+ ¢2)/ |1?]2r dr.
0 0



Estimate for the Case with Small Flux

A more careful estimate shows

/[ {(\&W FEIP) - 42

<C(L+ &) [F |z,

d ~
E(”/’)

2
1} drd¢
r

where F* = F'e, + FZe,. Note that w¥ = (£ + 92)1ey, one has
VIl @) < CIVVli2i@) = Cllw’lliz@) < C(1+ @)IF*l2(q)

where v* = v"e, + vZe,. Applying the regularity theory for Stokes
equations gives

IVl 2@) < CIF(2(0) + POV [l 2(0) + PllV lli2(@) + ClIVFllH(o)
< C(1+ 0%)|[F| 20



Case with Large Flux and Low Frequency (|¢| < 61%)

The energy estimate gives

1 1 L 121 1
/ \ﬁz/z2rdr+2§2/ ) rdr—|—§4/ ||2r dr
0 0 0
;L (21)
§C(el)/ |F*|?r dr.
0
Let 1
17 ’€| S N
x1(§) = e
0, otherwise,
and 1., be the function such that J/;, = Xl(g)@z?. Define
ar w * r z
VIC)W = Zw/OW7 Vliw = _Mv Viow = Viow®r t Viow€z-

r

HVIOWHH2 < C||FIOWHL2(Q) (22)



Case with Large Flux and high frequency (|¢| > e;v/®)-I

The energy estimate yields

/|/~‘¢|2 d *dr—i-& / |¢|2rdr
o (23)
gcraz/ rF*Frdr,
0
and
1
ol / \ "+ ol [a-ipra
0 (24)

<cle| /0 Flrar.

Thus one has

thlthHl(Q) < CHwhlthL2 < Co™ 2 HFhlthL2(Q)7



Case with Large Flux and High Frequency (|¢| > e;v/®)-lI

where

* . 0 f¢h' h
Vhigh = Vhigh®rTVhigh€z With Vi = 0,0nhigh,  Viigh = —r(rlg)
and Ynigh = x2(€)¥ with

v =L zave
2 pr—
0, otherwise.
The regularity estimate for the Stokes equations gives
* 1 *
IVhighll2@) < C(1 4 ®3)[|Fhignll2(0), (25)

Using interpolation gives

H"zithHg(Q) < ClIFhignll2()



Large Flux and Intermediate Frequency

1
(75 Sl < ave)
Inspired by the work by Gallagher, Higaki and Maekawa(2019), v
can be decomposed into four parts,

~

D(r) = Ps(r) + ah(|€]r) + b(xpL + Pe)- (26)

> @: is a solution to the following problem
{ iEU(r) (L — ) — (£ — €)% = F,
¥(0) = ¥s(1) = Ls(0) = Ls(1) = 0.

> JB\L is the boundary layer profile, which is the exact solution
(exponentially decay away from r = 1) of the equation

® 42 d? —
(ifﬂ4(1 —N-get 62) (dr2 - §2> veL=0. (28)

One can represent 1g; in terms of the Airy function.

(27)



The Error Term and Irrotational Flows

> 1. is a remainder term, which satisfies the problem

{ iEU(r) (L — €2)(x¥pL + be) — (£ — €22 (x¥pL + V) = O,
De(0) = Ye(1) = L1e(0) = Lipe(1) = O,

where x is a smooth cut-off function satisfying

1
x(ry=1 if r2§ and x(r)=0 if r<

Ny

» l1(p) is the modified Bessel function of the first type,
satisfying /1(z) is the modified Bessel function satisfying

d? d

2 2

23 h(z)+ zdzll(z) —(z°4+1)h(z) =0,
h(0) =0, h(z) >0 forz>0.

This implies
(£ —&)h(l¢lr) = 0.



Match the Boundary Conditions

The no-slip boundary conditions give

{ aly (|€]) + bg(1) = O,

d — d —~
SIEI(IE]) + b2 Tor(1) + b (1) = -

One can get the following estimate

vaedHH2 < C”FmedHL2

d —
0.

(29)

(30)



Estimate for the Swirl Velocity

Multiplying the equation for v? by rvo yields

/

2
Ly

1 1 R
( fdr—&-ﬁz/ |v9|2rdr:§R/ FovOrdr,
dr r 0 0

1/\?
§/ |v9|2rdr—%/ FovOrdr,
0

Multiplying the equation for v? by r(£ — 52)\;\9 yields

1 —
/ (Mzmz Ld
0

and

o
r dr(rv )

2 . 1
—|—§4|v9|2> rdr < C/ |FO|2r dr.
0

Hence,
IVl g0y < ClIF2(q)- (31)



Nonlinear Problem and Large Solutions

» Nonlinear stability can be obtained via a fixed point argument.
» In fact, we have the following results on the existence and
uniqueness of large solutions.

Theorem 3 Assume that F € L?(Q2) and F = F(r,z) is
axisymmetric. There exist two independent constants ¢ > 1
and (p, such that if

®>dy and [|Fl|;2q) < P, (32)

the problem for Navier-Stokes system has a unique
axisymmetric solution u, satisfying

lu—0] 1 < Cod%
H12 Q

and
HurHLz < Co™ 32 (33)



Key Ingredients to Get Large Solutions-|

If v satisfies the equation
EU(r)(£ — ) — (L~ &) = 3, F. (34)

Then one has

L0
o =
Thus

¢§2/01|¢|2rdrscs2/01/010£r)

and consequently,

2 14 =
drg/ Fz—(ry) dr.
0

dr

d, -
E(”ﬁ)

d |2 L,
- < Fz
dr(n/)) dr < C/o |FZ|“r dr,

1 3
||v’||Lz(m—( / & / |w|2rdrd§) < CoH|IF .



Key Ingredients to Get Large Solutions-I|

If ¢ satisfies the equation

ieU(r)(L — ) — (L — 2D = §,F". (35)

Then one has

o [ 2
<l ([ |ﬁ|2rdr)l/2 (52 [

1 1
/ \ﬁ\zrdr < 4)_2/ \F’|2rdr.
0 0

d

d dr<

/ fF’@/)rdr

1/2
dr> .

d, -
= (ri)

Thus



Key Ingredients to Get Large Solutions-IlI

Furthermore, one has
LO(r
0 r

Again, we have

d - 2 = 1 __
—(ry)| dr < ‘/ E2Frirdr| < C/ \Fr|rdr.
dr 0 0

1 H
||v'|Lz(m=( / & /0 |w|2rdrd§) < COH|F ey,

Therefore, we always have
IV [li2(y < CO™2[Fl12()-

Using the interpolation, we get the smallness of ||v||ys(q) for

s< % Similarly, we can get the smallness for A, v0, 9,07,



Key Ingredients to Get Large Solutions-1V

The nonlinear equation for 1 has the form

U(noL(L+ 02)¢ — (L + 02)*y
=f — (V7O + vZ8,)w’ + %ﬁazv" + VTwG.

Yy satisfies

The swirl velocity v/ = v
U(r)ov® — Aav? = F9 — (v o, + vZa, v’ — VTVG. (36)

Observation: The nonlinear terms are small.



Asymptotic Behavior

Theorem 4 Assume that F = F(r, z) is axisymmetric. There exists
a constant g depending only on ®, such that if F = F(r, z)
satisfies

HeazFHl_z(Q) < 400 (37)

with some a € (—ag, o), and u is an axisymmetric solution to
the steady Navier-Stokes system in a pipe, which also satisfies

lu = Ul () < +o0, (38)

then one has _
€% (u — U)|lp2() < +oo. (39)



Remarks on Asymptotic Behavior

» Similar results were proved when ® is small:
Horgan-Wheeler(1978), Ames-Payne(1989), Galdi, - - -

> The key point of Theorem 4 is that there is neither smallness
assumption on the flux ® nor the smallness on the deviation
of u with U.

> It is clear that the solutions obtained in Theorem 3 must
converge to Hagen-Poiseuille flows exponentially fast, if F
decays exponentially fast.

. 1
» The convergence rate of v? can achieve ®2.



Asymptotic Behavior for Small Perturbed Solutions

Proposition Assume that F € L2(Q), and F = F(r, z) is
axisymmetric. There exists a constant ¢, independent of F and &,
and a constant ag(< 1) depending on ®, such that

[ QZF”B < 400, with some «a € (—ap, ap), (40)

and u is an axisymmetric solution to the steady Navier-Stokes
system, satisfying
Ju = Ullp2(q) < €0, (41)

then the solution satisfies

1% (u = O)l[ 20 < Clle®*Flli2(q) (42)



Observation for Small Perturbed Solutions
Let v=u— U, and % is the corresponding stream function. Then

U(r):(L + 9Z)(e**) — (L + 52)2(6°”w)

az, 0

=e"f — (V'O, +vZ0,)(L + 82)(e"%Y) + (£+62)(e°‘z ) — 2w S
+ U(r) [aL(e™*y) + a®e™® — 300, (e “Zw) +3ad2(e7y)]
— [4003 (")) — 60202 (%)) + 403D, (%% 1)) — a* e )]
~ [40L0,(7 ) — 202L(e74)] + ( ‘0, _r> 2a0(e™ ) — a?e7y]
+ aviLe® i+ v* [3002(e77Y) — 30%0,(e™y) — o’ y]

and
r

U(r)d.(e™v") = Ae**v’) = e7F’ — (v - V)(e"v") — (")

+ U(r)ae®®v? — 200, (e**v’) + a?e**v’ + vZae?v’.

Observation: The right hand side is either nonlinear small or has a
small factor a.



Observation for the General Solutions
Choose a smooth cut-off function 7)(z) satisfying

Note that (¢, v?) satisfy
U(r)dz(L + 02) (i) — (L + 022 () = nf +F

V9
=0, [V (4 )] - 0. [vA (e + )] + 0 |

and

r

U(r)o:(v') = Av") = nF 4+ F = (v70, 4+ v20) ") = =-(v").

. Lo ~0 . . .
Observation: The terms in f and F always contain the derivative
of 1 so that they are finite.



Axially Symmetric Flows under Navier Boundary Conditions

Navier boundary conditions

v-n=0 and 2n'D(v)r=av-7, whenr=1, (43)

where . .
i + o
D(v); = iy + ju .
2
The Poiseuille flows can be written as
T

R A

> Using the similar idea, we can obtain the similar and better
results for axially symmetric flows with Navier slip boundary

conditions.
» Stability results: Ding, Li and Xin(2018), etc.



Summary and Further Problems

Summary

» Viscous flows in pipes

Problems:
» Global uniqueness/Liouville type theorem
» Viscous Steady flows in general nozzles

» Hydrodynamical stability and instability of Poiseuille flows



Thanks!



