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The equations of a compressible viscous barotropic fluid in

(x,t) € Q x RT have the following form
{ Op + div(pu) = 0, (1)
¢ (pu) + div(pu ® u) = div(P) + pf.

p-density; u = (u1, ug, us)-velocity; P-the stress tensor; f-the vector of
external mass forces; the operators div and V act with respect to the
space variables x.

The initial data is given by

(ps pu)le=0 = (po, mo)(z), = € Q,

and the no-slip boundary condition on the velocity

u |aQ= 0.



The system (1) must be closed by some constitutive equation for
the stresses IP. Taking the Stokes axioms for the (only) criterion of
its " physical validity,” we restrict ourselves to constitutive relations
of the following form

2

P= Z ax(p, divu, | Du|?)DFu. (2)

k=0
Du-the deformation velocity tensor with components
Dij’LL = %(ajul + al-uj);
3

Duf? =Du:Du= Y (D, u)?

i,j=1
One particular case of equation (3)

P = —p(p) + A(|divu|?)divul + 2u(|Dul*)Du (3)

which is a natural generalization of the constitutive relation in the

classical fluid model.



The incompressible non-Newtonian fluids

pt + div(pu) =0,
(pu) 4+ div(pu @ u) — div(T') + VP = pf,
divu =0

where I" denotes the viscous stress tensor and
-2
Lij = (po + pa|Du|)" "D ju

with pg > 0, 1 > 0 are constants.
This form of I" is proposed by O.A. Ladyzhenskaya 1970.



The incompressible non-Newtonian fluids

—Existence of weak solutions

Ladyzhenskaya, Lions, Netas, Zhikov, Kaniel, Frehse, Malek,
Steinhauer, Boling Guo......

—The global attractor

Boling Guo, Guoguang Lin, Yadong Shang, Caidi Zhao, Yongsheng



The compressible non-Newtonian fluids

o+ div(pu) =0,
(pu)¢ + div(pu @ u) — div(T') + VP = pf.

where T" denotes the viscous stress tensor and
Ty; = (o + pu1|Dul)" %Dy ju

with pg > 0, g > 0 are constants.



These models are called :
Newtonian, for o > 0, u; = 0;
Rabinowitsch, for g, 1 > 0,7 = 4;
Eills, for pg, 1 > 0,7 > 2;
Ostwald-de Waele, for pg = 0,1 > 0,7 > 4;
Bingham, for po, 1 > 0,7 = 1;
For up =0, if r < 2, it is a pseudo-plastic fluid; if » > 2, it is a
dilant fluid;
In the view of physics:

1 < r < 2: shear thinning fluid
r > 2 : shear thickening fluid.



¢ One-dimension
—Local existence of strong/classical solution

@ Hongjun Yuan and his team, Qin Yumin,
Guo Zhenhua, Fang Li, Wang Yuxin......
—Asymptotic stability/Large-time behavior of solution
@ Shi-Wang-Zhang (2014): Asymptotic stability
e Guo-Fang (2016): Zero dissipation limit to rarefaction wave
with vacuum

@ Guo-Dong-Liu (2019): Large-time behavior of solution to an
inflow problem on the half space

@ Guo-Su-Liu: The existence and limit behavior of the shock
layer for 1D steady compressible non-Newtonian fluids

@ other results ... ...



¢ Multi-dimension
—Existence of weak solution

Feireisl, Liao and Mdlek, Zhikov and Pastukhova, Mamontov, ......



Feireisl-Liao-Malek considered the following compressible
non-Newtonian fluid in (z,t) € Q x R4,

Op + div(pu) = 0,
de(pu) + div(pu ® u) + Vp(p) (4)
= div(2u0(1 + [D%u[2) =" D% + y(diva)divul)
where i) D%y = Du — £ (trDu), po > 0 is a constant, 7 € [&, 400);
ii) the bulk viscosity coefficient 7 is a continuous function of divu,

n(z) : (—3,3) = [0,+00) such that there is a convex potential

A:R — [0, 0]

A0) =0, A(z)=2n(z),

A(z) = oo if z— £1,
Az) =00 if [2] = ¢;

i) the pressure p = p(p) and the Helmholtz free energy ¢ = 1 (p)

satisfy
p=p*Y'(p), pe C[0,00)NC(0,+00), p(0) =0, p'(p)>0forp>0.



The definition of weak solution in the work Feireisl-Liao-Mdlek
A pair of functions (p,u) is said to be a weak solution to the
problem (4) on (0,T) for any fixed T' > 0 if the following
conditions hold:
o p € C(0,T); L () N L™(Q x (0,T)),
u € L7(0,T; Wh" (), n(ldival)|divul? € LY (€ x (0,T));
@ The equation of continuity in (4) is satisfied in D'(2 x (0,7));
@ The following weak formulation of the momentum equation
jﬂ plu|?dx] | [Jq, pu- @dz] |o+jo Jolpu-0vp+pu@u : Voldzdt
+ fy Jo Du["'Du : D(u — )dxdt + [ [, p(p)div(p — u)dxdt
< [y Jo[A(dive) — A(divu)]dzdt (control the term n(|divul)divu)
n(divu) : (=3, —1) — [0,400)

b

for any 7 € [0,T] and any test function ¢ € C2°(Q2 x [0,T]).



Feireisl-Liao-Malek (2015) showed the large-data existence result
of weak solutions to the initial-boundary problem to the system (4)
with nonlinear constitutive equations that guarantee that the
divergence of the velocity field remains bounded, provided the

initial density is without vacuum.



Zhikov-Pastukhova (2009) considered a compressible fluid in
(x,t) € Q x R4, described by

Op + div(pu) = 0,
O (pu) + div(pu @ u) + Vp? )
= div(|Du|"~2Du + v|divu|"~21)

where v > 0 is a constant, v > 1, r > 1.



The definition of weak solution in the work Zhikov and Pastukhova
A pair of functions (p,u) is said to be a weak solution to the
problem (5) on (0,7") for any fixed T' > 0 if the following
conditions hold:

(1) p € C(0. 7] LM©) N L=(0,T3 L7(Q)),

ue L(0,T; Wy (Q)), pu € L®(0,T; LH(Q));

(2) The equations (5) is satisfied in D'(Q2 x (0,7));

(3) lim p = po in L'(€2),

%i_r}réfgpu ~pdr = [,mg - pdx Yo € C(Q).



Zhikov and Pastukhova (2009) proved that the initial-boundary

problem to the system (6) admits a weak solution such that

pu? € L—1(Q x (0,7)), p” € L™1(Q2 x (0,T))

provided that py € L7(Q), ™ ¢ L1(Q), v > 3, > 3.

> po



Mamontov (1999) considered a compressible fluid in

(x,t) € Q x R, described by

Op + div(pu) =0,
O (pu) + div(pu ® u) (6)
= div(2u(|Dul?)Du + A(|divu|?)divul)
where 1(s) = exp(s) (eg > 0 a constant), A(s) = exp(/s).
Mamontov showed the existence of global solutions of
multidimensional equations of motion of a compressible
non-Newtonian fluid in Biirgers approximation (in the absence of

pressure), on the basis of the techniques of Orlicz spaces.



Global weak solution to the multi-dimensional compressible
Navier-Stokes equations for general initial data with finite energy:
—Lions (Oxford 1998), Feireisl-Novotny-Petzeltova (JMFM,
2001), Jiang-Zhang (CMP, 2001), ......

Question: For general initial data with finite energy, what about
the existence of global weak solution to the multi-dimensional
compressible non-Newtonian fluid containing vacuum for the

general case r > 17



Main results

Consider the initial-boundary value problem for the isentropic

compressible non-Newtonian fluid with vacuum

Op + divg(pu) =0,
O (pu) + div(pu ® u) + Vp (7)
= div(|Du|"~2Du + n(|divu|)divul),
with the initial data

(9. p0)|i—0 = (o, mo)(x), = € Q2 (8)
and the no-slip boundary condition on the velocity
u |an= 0. (9)

Notice: This model can describe the motion of electrons in an

electric field.



Definition of weak solution

Definition A pair of functions (p,u) is said to be a finite energy
weak solutions to the problem (7)-(9) on (0,T") for any fixed
T > 0 if the following conditions hold:

o p>0, p € C([0,T]; L'(Q)) N L=(0,T5 L (2)),
we L0, T; Wy (), n(|divul)|divul? € LY(Q x (0,T));
@ The equations (7) hold in D'(©2 x (0,7")) and

| [loono+ pu- oldade = (| podly
0 Q Q

for any 7 € [0, T and any test function ¢ € C*°(Q x [0,T7)
with ¢(x,0) = ¢(z,T) =0 for z € ;
@ The functions p and pu satisfy the initial conditions in the

weak sense.



Remark
@ Any weak solution in Definition satisfy the equations (7) hold
in D'(2 x (0,T)), which is different from the definition of
weak solution in the work Feireisl-Liao-Malek.
@ Any weak solution in Definition satisfies the following weak

formulation of the momentum equation
(3 Jo plul?da]|] — [fg pu-edz]| + [y [olou- 0o+ pu@u : Vldadt

+ fy Jo Du[""'Du : D(u — )dzdt + [ [, p(p)div(e — u)dxdt

< [y [olA(dive) — A(divu)]dadt
for any 7 € [0, T] and any test function ¢ € C°(Q2 x [0,T7),
where A'(2) =n(z)z and A”(2) 20



Theorem 1 Let © C R3 be a bounded domain of class C? for
some v > 0 and 7(z) = |z|771. Suppose that the following
conditions hold:

(i) the pressure p(p) is given by p(p) = p? with the adiabatic
exponent y > %;

(ii) the initial data satisfy

{ po € LY(Q),po = 0on Q,

Imal? = 11(0))-
o €L (Q);
(iii) the positive constants r and ¢ satisfy the case that

% < r < 3 and ¢ > max{~,9}, or the case that » > 3 and ¢ > 1.

Then, the initial-boundary value problem (7)-(9) admits a finite
energy weak solution (p,u) on © x (0,7") for any given T" > 0.



Theorem 2 Let Q C R3 be a bounded domain of class C?*" for
some v > 0 and 7(z) = |2|7~!. Suppose that the following
conditions hold:
(i) the pressure p(p) is given by
p'(s) = a7 forall s >0, p(s)<as? forall s >0,
{ p € C[0,00) N CY(0, 00), p(0) =0
with the adiabatic exponent v > %;
(ii) the initial data satisfy
po € L7(Q),p0 = p>0on Q,
{ ol e 11(62);

(iii) the positive constants p and ¢ satisfy the case that

% < r < 3 and ¢ > max{~,9}, or the case that » > 3 and ¢ > 1.

Then, the initial-boundary value problem (7)-(9) admits a finite

(10)

energy weak solution (p,u) on € x (0,7) for any given T > 0.



Remark
(i) The solution constructed in Theorem 1 -2 admits that

12
p” eL’s (Qx (0,7)) ( when 5 < r < 3 and ¢ > max{y,9}),

or,oeL (Qx( T)) (when r >3 and ¢ > 1),
divu € L9(Q x (0,T)) and Vu € L"(Q x (0,T)).

(ii) The solution constructed in Theorem 1 and Theorem 2 will
satisfy the continuity equation in the sense of re-normalized
solutions.

(iii) Our results also hold for the bulk viscosity coefficient
n(|divu|) ~ |divu|?~!, where the symbol ~ refers that there exist

positive constants 1 and (5 such that
C1|divu|?™t < n(|divu]) < Co|divu)d—?

and 7(z) + zn'(z) > 0 holds for any z > 0.



Main difficulties and the countermeasure in proof of
Theorems

(1) The initial density containing vacuum and strong degeneracy of
the term div(|Du|"~2Du) in momentum equations
Inspired by Jiang-Zhang-2001 and Chapter 7 in Feireisl-2004, we

introduce an approximate problem

Op + div(pu) = eAp,
O(pu) + div(pu @ u) + V(p + 0p°%) +eVu - Vp (11)
= div((6 + [Dul?) "z Du + n(|divu|)dival)

with the initial-boundary conditions

{ Vp-nlag =0, pli=o = po,s.

U|8Q — 0) Pu|t=0 — mO,(Sa



(2) The strong nonlinearity for the pressure term p(p) and the
term div(|Du|"~2Du).

The difficulty comes from the nonlinear term
(8 + [Dul?) 2" Du + n(|divu|)divul

in the approximate problem.
Recall that n(z) = |27, A’(2) = n(2)z and A”(z) > 0, one can
deduce that

n(divu)divu = n(divu)divau.

So we need focus on the first term of the above nonlinear term.



Sketch of Theorem 1's proof

Step 1. Limit in the Galerkin approximation

The approximate problem (11)-(12) with fixed positive parameters
€ and 6 can be solved by means of a modified Faedo-Galerkin
method.

Step 2. The vanishing limits of the artificial viscosity ¢ — 0.

The common difficulty in the Step 1 and the Step 2 :

The nonlinear term

(5 + [Dul?) 2 Du

in the approximate problem.



The key tool to deal with the nonlinear term above

Let Ac(x,€) and A(z, &) be Carathéodory vector functions.
A(z,6), Az, &) : QxR? — R?, where Q is a bounded domains
in RZ. The Carathéodory property means continuity with respect to
£ € R? for a.e. = €  and measurability with respect to  for any
&. These vector functions are assumed to satisfy the minimal

monotonicity and convergence conditions

(A€<x7§) - Ae(x777)) ’ (5 - 77) 20, Ae(.%',()) =0
Az O <aole) <o, lim A, 8) = (2,8)

for a.e. z € Q and any € € R%.



Lemma
Suppose that v. — v, Ac(z,ve) — z in LY(Q). Let K C ) be a
measurable set such that z -v € L'(K). Then

lim inf / Ac(z,v) - vedx > / z - vdx
e—0 K K

and, in the case of equality,

zlk = Alg, A= A(z,v).




We employ the following weak formulation of the momentum
equation in the approximate problem

1 T
5 [ ouds) ([ pu-pda]
Q 0 Q 0
—|—/ /(pu-@tgo—l—pu@u:Vgo)da:dt
Q
+/ / p) + 6p°)(divep — divu) dxdt—/ /eVp Vu - pdxdt
0o Ja
+/ 6+|ID)u\ )72 |Dul? — (5 + [Duf2) =" Du : ]D)ga) dadt

/ A(divyp) — A(divu)|dzdt for a.e.m € [0,T) (13)

T

=)
iO

=)
10



The family of regularized Kernels

1

1
() = 3 L-n0)(t) and 7-p(t) := 5 Lo p () (h > 0),

together with the cut-off functions

gUECgO(OaT)a nggl, gU(t):l

whenever t € [o,7 — 0], o > 0. Noticing that
Ny * U = %ffrh uds € W (0, T; Wy (Q)), we can take the
quantities

Oho = Eol—p * Ny * (§ou) (0,h > 0)

as test functions in (13).



By careful calculation, we can arrive at

/ / ((5  |Duf2) = [Dul? — (6 + [Dul?) - Du Du) dadt < 0,
0 Q
based on the fact that

o—0h—0

lim lim / / (A(divey, o) — A(divu)) dzdt = 0,
0o Ja

[/ pu - o oda]l5 = 0 (For all o, > 0),
Q



So together with Fatou's lemma,

lim lim/ /((5+yDuP)%QuDuP—(5+\Duy2)TDu:D¢h,g> dxd
oc—=0h—0 Jg Q
>0

it ensures that

(6 + |Duf2) = Du = (5 + |Duf?)"= Du

and

(5 + [Dul2) 5" |Dul? = (5 + [Dul?) = |Dul>



Step 3. The artificial pressure coefficient § — 0.
3.1 The density estimates.

Lemma

There exists a positive constant C, independence of §, such that

/ / o T Vdzdt < C,

holds for the case that ¥ <r < 3 and q > max{v,9}, and

e
/ / =TT 4 b T ) dudt < C,

holds for the case that r > 3 and q > 1.




3.2 The amplitude of oscillations.
For the cut-off operators introduced in Feireisl-2004 and
Jiang-Zhang-2001, we consider a family of functions

Ty (2) ZkT(%) forzeR, k=1,2,--- (14)
where T' € C*°(R) is chosen so that

T(z) =z for z <1, T(2) =2 for z> 3, T concave.



Lemma

There exists a positive constant C, independence of k, such that

I T —T; sC
g%supH k(ps) k(p)HL%l”(Qx(O,T))

holds for the case that < r < 3 and ¢ > max{~, 9},

}i_I)I(l) sup || Tk(ps) — T ()|l Lr+1(x(0,1)) < C

holds for the case that r > 3 and q > 1.

Remark. The limit functions p and u satisfy the continuity

equation (4); in the sense of renormalized solutions.



3.3 The momentum equation.
The first key point is to prove p7 = p7. The following integrability
properties of the limit functions p and wu, play an important role,

which are stated as

g+1
q

12
pleLl « (2x(0,7)) (E <r < 3and ¢ > max{y,9}),
or pl € errl(Q x (0,T7)) (r=>3and ¢ > 1),
divu € LY (Q x (0,T)) and Vu € L"(92 x (0,T)),

pu? € L1 (Q % (0,7)).



Difficulty from vacuum in initial density in Theorem 1

The second key equality |Du|” = |Du|" is obtained by applying the
technique in the following inequality

1 'LL2Z'T7 U - X
5 ot = (f o]

—|—/ /(pu-atgo—i—pu@u:Vgo)dxdt

T

+/ p7 (dive — divu) dwdt+/ / [Du|™ — |Du|™2Du : ]D)go) dxdt
0o Ja

/ A(divp) — A(divu)) dzdt for a.e.7 € [0, T] (15)
0

Z)



Proof of Theorem 2

In Theorem 2, the pressure p(p) is given by

p'(s) = a5 forall s >0, p(s)<azs? forall s >0,
p € C[0,00) N C*(0,00), p(0) =0

with the adiabatic exponent ~ > %; and the initial data satisfy

{ po € L7(§2),p0 = p > 0on Q,

[mol? 1
S € L),



The approximate problem is still adopted as

Op + div(pu) = eAp,
O(pu) + div(pu @ u) + V(p + 5p°) + eVu - Vp

= div((§ + |Dul?) "2 Du + 5(|divu|)dival)

with the initial-boundary conditions

Vp . n‘aﬂ - Oa P|t=0 = pO,(Sv
ulon =0, puli—o = mo 5,



The difference between proof of Theorem 2 and Theorem 1 is the
pressure term.

The limit in the Galerkin approximation and the vanishing limits of
the artificial viscosity € — 0 can be settled by the similar way in

proof of Theorem 1.



In the artificial pressure coefficient § — 0, one can arrive at

/ / p(p)divu — p(p)divu)dzdt < 0 for a.a 7 € [0, T).

To deal with pP(p) — pP(p), the convexity of the function zP(z)
with P(z) = [T ps(s) ds and the initial density without vacuum play
an important role.

Since the initial density is without vacuum, the convexity of the

function zP(z) implies that there exists a certain o > 0 such that

/[/)P(p) — pP(p)ldz ahmsup/ o5 — pl*da.
Q

The constant « > 0 in above inequality depends on the positive
lower bound of the initial density This is different way to deal with

the initial density being without vacuum.



Thank you for your attention!



