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Stein's Method (Gaussian Case ~ 1970)

Functional Characterization: depends on the limiting law
@ Three Main Steps: Differential /Difference/Integro-Differential Equation
Discerning: depends on the sequential structure

First Step: Let X= Z~ N(0,1), then for all fe F,

E(XAX)) = E( (X)),
CONVERSELY

If this last identity holds for all f& F, then it characterizes normal laws among all
zero mean unit variance ones, i.e., X ~ ./\/(0, 1).

(First Step is sometimes called Stein's Lemma: For the direct implication it is an
integration by parts fxf(x)e*XQ/zdx: S f’(x)e*XQ/zdx; for the converse “need to
know the solution”.)



Second Step: Given Y, if
E(YAY)) ~ E(f(Y)),

L
then Y & Z.
Stein's equation, for all x € R and any test function h,

Fi(x) = xfa(x) = h(x) — ER(2),

with [|A9 |0 < Ce (k=0,1) so that

En(Z) ~ ER(Y) if E(F,(Y) — Yf(Y)) ~0.



N
Applications

A Simple Example

Let (Xi)i>1 be iid and such that E(X;) =0, E(X?) = 1 and E(|X1|) < +o0. For
any n>1, let S, = \/Lﬁ Sor . Xi. Then,

CE|X |2
Wi (S,, 2) := sup |EA(S,) —Eh(Z)| < A7
heLip(1) Vvn
for some C > 0.
CE|X,[?
dx(S,,Z2) == su Eh(S,) — Eh <A
K( Z) h:l(};,x] | ( ) (Z)| ﬁ

for some C > 0.




Extensions/Interactions

@ More complex dependency structures where characteristic functions methods
have shortcomings.

@ Several variation on the method: multivariate normal approximation, Poisson
approximation, Compound Poisson approximation, geometric approximation,
exponential approximation, various Stein-type identities, many ad-hoc
methods, functional characterization changes from one law to another.

@ Statistical Physics, Spin Glasses, Spanning Trees, Concentration Inequalities,
Random Matrices, Number Theory.

@ Malliavin Calculus, Functional Inequalities, Optimal Transport, Dirichlet forms
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The Poisson Case (L. Chen = 1975)

Let X ~ P(A), then for any fon N,

EXAX) = AEAX+ 1), i.e.,

EXAX) = EXEAX) + EXE(AX+ 1) — X)).

Conversely, the above identity characterizes the Poisson law.
This then leads to a difference equation (to be solved) and Poisson Convergence
Theorems with rates follow.

Common Framework for Gaussian and Poisson Laws?

Infinitely divisible laws!



N
Infinitely Divisible (ID) Laws on R?

Definition
Let X ~ 1 have characteristic function ¢. Then, X is infinitely divisible (ID) if, for
each n > 1, there exists a characteristic function ¢, such that, for all £ € RY

©(€) = (enl8))".

Equivalently,
L
X=Xi,n+ oo + Xon,

where (X ,)1<i<n are iid with characteristic function ¢,.

Examples
@ Discrete Laws : Poisson, Geometric, Negative Binomial, etc.

@ Absolutely Continuous Laws : Gaussian, Stable, Laplace, Gamma, second
Wiener chaos, double Pareto, Gumbel, cube of normal, etc.

o Laws with bounded support not 1D

< €
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Some Very Classical Results

Closure Under Weak Convergence

Let (Xi)n>1 be a sequence of ID r.v.s converging in law to Xo. Then, X is ID.

4

Approximation by sequence of compound Poisson laws

Let X be ID with c.f. . For each n > 1, let X, be a r.v. defined via the c.f. ¢,
given by

©n(§) = exp (n (w(é)% = 1)) , feRY

Then, X, =¥ X

n—+00
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A Classical Limit Theorem

Let (rm)n>1 be a sequence of integers

2y | Zig | o | Lin

o S, T Zor | Zoa | oo | Zon
P(llZ

Ve > 0, maxi<k<r, P(||Z|| > €) ot 0 Zo | Zo | | Zon

Vn>1, (Zn,Zn2, -, Znr,) independent

Kolmogorov-Khintchine ~ 1937

If there exist a sequence of vectors of R? (c»),>1 and a probability measure u such that

'n

Law
E Zk+Cn —
= n—+00

Then, pis ID.




N ——
Self-Decomposable Laws on R

Definition

A rv. X ~ p with c.f. ¢ is self-decomposable (SD) if for any 0 < ¢ < 1 there exists a c.f.
@c s.t.

P(€) = p(c&pc(§), E€R? e,

Law

X2 ex+ X,
with X: independent of X, i.e.,
= Te(p) * pec,

where T (u)(B) = u(B/c), B Borel set of RY.

Remarks
@ SD laws are ID

@ SD laws are absolutely continuous with respect to Lebesgue measure

@ Some classical examples: stable as well as gamma laws but many others!
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Another Classical Limit Theorem

(bn)n>1 is a sequence of strictly positive reals

(Zk)k>1 independent s.t., Ve > 0, maxi<k<n P(bn]|Zk]| > ) — 0

n——+o00

Khintchine-Lévy ~ 1938

If there exist a sequence of reals (¢;),>1 and a probability measure i such that

So=byY Zitcn =3 p
n—

400
k=1

then p is self-decomposable (subclass of ID laws) (when p is non-degenerate, then
necessarily bnt1/b, — 1 and b, —+> 0. Moreover, the converse is also true, i.e., any
n— 400

self decomposable p is the weak limit of sums as above.
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Stein’s Method For ID (SD) Laws

C. Stein, 1986

"Two other cases that seem likely to introduce interesting new features but no
insuperable difficulties are infinitely divisible laws and the multivariate normal case.”

Questions // Program
@ ID versions of characterizing identity?
@ Quantitative versions of the previous results?

@ Which quantities allow for a control of usual distances implying weak convergence?

@ Explicit rates of convergence?

12/34
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Representation

Lévy-Khintchine Representation

Let X be a r.v. with law p and characteristic function ¢. Then Xis ID if and only if for
all ¢ € R?

d

o(©) = exp (itbi€) = 365 + [ (9 1= i) tpuyer) o))

beRY ¥ >0, and v is a positive Borel measure on R? s.t. Jra (LA ||lull?)v(du) < +o00
and v({0}) = 0. X~ ID(b, %, v).

Remark
@ No Gaussian component <= > =0
@ For d =1, Poisson<=> ID(), 0, \d1)
® Jiuiz1 |ullv(du) < 400, then,
(€)= exp (KEX;€) + [ (€9 =1 = (1)) v(a))

o [ <1 lullv(du) < +oo, then, p(€) = exp (i(bo; &)+ [ (e"<“%f> - 1) V(du)), with
bo=b— fI\U\Iﬁl uv(du)

13 /3




Characterizing ID Laws With E||X]| < +o0

Theorem [B. A. and C.Houdré, 2017]

Let d =1. Let X with E|X] < 400 and v be a Lévy measure on R such that
f\U\Zl |ulv(du) < 4o00. Then,

“+oo
CovX,f0X0) =E [ (AX+ ) = 1%0) uv(d,
for all f, bounded Lipschitz on R, if and only if X is an ID random vector with Lévy
measure v (and b=EX— [, uv(du)).

u|>1

Theorem [B. A. and C.Houdré, 2019+]

Let X with E||X]| < 400 and v be a Lévy measure on R? such that
fHU\Izl |lullv(du) < 4+o0. Then,

EXF(X) = EXEF(X) + [E/[Rd (AX+ 1) — X)) u(du),

for all f, bounded Lipschitz on R?, if and only if X is an ID random vector with Lévy
measure v (and b=EX— [ . uv(du)).




E—
Some Observations

Corollary [B. A. and C.Houdré, 2019+]
Let @ € (1,2) and let vy be the Lévy measure

Ca,
Vo (dt) = Do 400) (Nlsa-1 (%) 55 dror (dx),

with ca,¢ > 0 and with o the uniform measure on 841 Let X, ~ ID(ba, 0, va) with
ba = = [ ,y=1 UWa(du). Then, for all f€ S(RY),

EXof(Xa) =E /

R4

((Xo + ) — fiXa)) waldu) — EZAZ) = EV(£)(2),

where Z ~ N(0, 1).
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E—
Some Observations

Theorem [S. Cohen and J. Rosinski, 2007, Bernoulli]
Let e > 0 and X ~ ID(b:,0,ve) with be = — [, | uve(du) such that

I / uutllg(du)7
Rd
is non-singular. Then, as ¢ — 07, X. = 922X, =52 N(0, ly) <

/@71 > (27w yve(du) — 0, K> 0.
e WU)>K

e—0t

Corollary [B. A. and C.Houdré, 2019+

Let the above convergence hold. Then, for all f€ S(RY),

EX-AX.) = [E/

Rd

(AX. + ) = AX.))u(d) — EZAZ) = EV(A(2),

with Z ~ N(0, ).

16 /34
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Characterizing SD Laws With f||u||§1 |ullv(du) < 400

Theorem [B. A. and C.Houdré, 2019+]

Let X be a random vector in RY. Let b € R? let v be a Lévy measure with
fHu\|<1 ||ul|v(du) < 400, and with

k
v(du) = [I(O,_,,oo)(r)ﬂgd_l(X)@dra(dx),
where o is a finite positive measure on S?~! and where k(r) is a nonnegative continuous
function decreasing in r € (0,4o00) and such that

lim ek(e) =0, lim k(R) =0.

e—0t R—+c0
Let & be defined by o(du) = (0,1 c0)(r)lsi—1 (x)(—dk(r))o(dx). Then,
EQGV(000) = E{bo V(AX0) + [ (AX-+ ) = 1) 7(c,

where by = b— [, , uv(du), for all fe S (RY) if and only if X is SD with b and Lévy
measure v. B
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Characterizing SD Laws

Theorem [B. A. and C.Houdré, 2019+]

Let X be a random vector in RY. Let b € RY, let v be a Lévy measure with

k
v(du) = U(o,+°o)(r)l]sd_1(X)era(dx),
where & is a finite positive measure on 59! and where k(r) is a nonnegative continuous
function decreasing in r € (0, +00) and such that
lim ek(e) = k(1), lim k(R) =0.

e—0t R—+o00

Let 7 be defined by 7(du) = (0, 100)(r)lsi—1 (x)(—dk(r))o(dx). Then,

E(X V(X)) = E(b; V(H(X)) + [E/ (AX +u) = fX) = (V(O(X); )y <1) P(du),

Rd

with b= b— k(1) [os, xo(dx), for all f€ S (RY), if and only if X is SD with b and
Lévy measure v.
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Characterizing SD Laws

Remarks
@ Extend to the general case k«(r) (under additional technical conditions)
@ In the stable case, 7(du) = av(du)

@ Direct part of the proof: a truncation procedure and an integration by parts
(boundary terms!)

@ Converse part of the proof: PDE techniques in the Fourier domain
® Let X be SD with b, v such that [, [lullv(du) < +occ and with k as in the
previous theorem. For all f€ S(RY),

EQGV(0(0) = E(B V(000) +E [ (AX+0) = 1) = (T (900 iy 1) 7(c)

An integration by parts

E(X V(H(X) = E(EX V(H(X) + [E/ (V(H(X+ u) = V(H(X); y)r(du).

Rd




N ——
Stein’s Equation For SD Laws with finite first moment

Let X ~ ID(b,0,v) be SD such that E||X|| < 400, with c.f. ¢ and with v such that
sup ke(a") < +oo, a>0.

xg§d—1
Let h € C2=(R?) with Mo(h) = sup|h(x)| < 1, Mi() = sup [V (h) () lop < 1,
M) = sup 02 (A) ) < 1.
(EX= 59 (B)R) + [ (V) 6+ ) = V() () = ho) — ER), € R

Semigroup methods to solve the equation:
fa(x) = — /+00(Pt(h)(x) —Eh(X))dt, xeR?
with i
P = [ hxe™ + Y)ty)
where 11, has characteristic function (&) = p(€)/¢(e €). Moreover,

Mi(fy) <1, Ma(fy) <

N | =

20/34
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Stein’s Equation For SD Laws without finite first moment

Let X ~ ID(b,0,v) be SD with c.f. ¢ such that v
kx
v(du) = I](O,_,_OO)(r)I]Sdﬂ(x)#dra(dx),
with ky(r) continuous in r € (0, 400), continuous in x € S9!, with

lim Pkd(r) =0, lim k() =0, xeS
r—0+ r——+4o0o

Assume that
@ There exists € € (0, 1) such that E]|X]|* < +o0.
@ There exists 81 > 0, f2 > 0 and 3 € (0,1) such that

k(e
Y1 = sup eﬁ“/ Lr)dm(dx) < +o0,
>0 (1,400)x3d—1 r

"2 = sup e‘gzt/ rke(e'r)dro(dx) | < +o0,
(0,1)xgd—1

/sd—l * (/16r kX(r)d’) a(dx) ) < +o0.

and that,

>0

v3 = sup <e(163)f

21/34
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Stein’s Equation For SD Laws without finite first moment

Assume also that, X, t > 0, with c. f. (&) = p(€) /(e €) satisfies:

sup E || X¢]|® < +o0.
£0

Then, for all h € C°(RY) with Mo(h) <1, Mi(h) <1 and Mx(h) < 1,
+oo
fu(x) = —/0 (Pi(h)(x) — ER(X))dt, xe& R’

exists with My () < 1, Ma(f,) < 1/2 and is a strong solution to

(b—x V(f)()) + /

Rd

(x+0) = 500 = (VBN s ) () = () — EX),
where v is given
P(dt) = Yo, toey (N1 () (— () (@9,

and where b= b — Jsi—1 kx(1)xo (dx).

22 /34
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Stein’s Equation For SD Laws

Remarks

@ Stable laws with « € (0, 1]

@ If the above assumptions hold and X such that

/ |ullv(du) < 400, lim eke(e) =0, xe ST,
llull <1 =07
then, f4 is a strong solution to

(bo — x V(f)(x)) + /

Rd

(fh(X+ u) — fh(x)> 7(du) = h(x) — Eh(X).

@ If the above assumptions hold and X such that

/ l|ullv(du) < +oo, lim Rk(R) =0, lim e’k(e)=0, xe5 ",
flul|>1 =iares e—0*t
then, f, is a strong solution to

(EX = x V() () + / (V(F) (x+ u) = V(5)(x); u)v(du) = h(x) — EA(X).

R4

R
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Why Does This Work?

Decomposability property
o e Mi(RY)
D(p) = {c € (0,1), p = Te(u) * e, pc € Mi(R)}
@ If uis SD then D(u) = (0,1). In particular, (€= %0 C D(p).
@ Setting ¢ := fo—t, then

Ht+s = [t * Teff(lis) s, t> 0.

® Then, Pi(h)(x) = [ps h(xe™* + y)dpuc(y) defines a semigroup on Cs(R?) whose
invariante measure is p.
@ Strong links between Urbanik decomposability semigroup (Urbanik, Jurek, Bunge)

and Generalized Mehler semigroup (Réckner, Bogachev, Schmuland, Lescot,
Wang.).

24 /34
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An Application To Extreme Value Theory

Let X be a Gumbel random variable with distribution function F(x) := exp (— exp(—x)),
for x € R, and Lévy Khintchine representation

—u

oo )
©(§) = exp (iﬁv + /O (e'f” -1- i&u) ﬁdu) , E€R,

where v is the Euler constant. Let (Yk)«>1 be a i.i.d. sequence such that Y; ~ Exp(1).
Fact 1: max (Y1,...,Ys) —logn Lo x.

n——+o0o

Fact 2: S, :=max(Y1,...,Y)) taw S %

j=1

Theorem, [B. A. and C.Houdré, 2019]
Then, for all n>1

S0

dwy(SmX)i=  sup  |EA(S,) — ER(X)| <
hecge (R), Mo (h)<1
My (h),Mg (h)<1

for some C > 0 independent of n.

25/34
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Sketch of Proof: 1

Let h € C2°(R) with Mo(h), My (h), My(h) < 1.

—+oo —u
IEA(S, ‘[E'y SA( n)+/ (5 (S0 + 1) — £'(S0) =~ du
0 (1—e)
+oo —u
‘[E (ES, — Sn)fa'( Sn)+/ (' (Sn+ u) — " (Sn)) ei_ud“
0 (1—ev)
+ |y — ES,|.

First, forall n >1

n

7+lnn—2%

k=1

|y — ESy| =

for some C; > 0.

26 /34
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Sketch of Proof: 2

Second, for all n > 1

ES.f(S,) = EYify'(Sok+ k' Yi) —InnEf,'(S,),

(-
x| =

k=1

s |l

1
k

=1

+oo
/ e "Efy'(Sn+ k' u)du — InnEf, ' (S,).
0

x~

Thus,

e
7(1 p— du

+oo
‘IE(IESn - Sn)fh/(sn) +/ (fhl(sn + U) - fh /(Sn))

—nu

e

e”—ldu

_ ‘[E/Om (2 (S0 + 1) = £/(S))

27 /34
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Sketch of Proof: 3

Observe that, for all n > 1

+oo e
/0 euiludu:§(27n+1)7

where ( is the Hurwitz zeta function given by

00 1

C(zv”“):va

k=0
and, as n — 400

§(2,n+1)z%. a

28 /34
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An Application To Poincaré-type Inequalities for SD laws

Definition, [B. A. and C.Houdré, 2019]

Let v be a Lévy measure on RY. Let Y be a centered random vector with law py. A
Stein kernel of Y with respect to v is a measurable function 7y from R? to R? such that,

s tmartan) = [ ([ 40 = vty ) = vt ) vl

for all R%valued test function f for which both sides of the previous equality are well
defined. The Stein’s discrepancy of uy with respect to ux ~ ID(— f\lull>1 uv(du),0,v) is
given by B

St = nt ([ [ 1m0 v — olPvtenia))

where the infimum is taken over all Stein kernels of Y with respect to X, and is equal to
+o00 if no such Stein kernel exists.

29/ 3.
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An Application To Poincaré-type Inequalities for SD laws

Let X ~ ux be SD centered with finite second moment and with v such that
kx
v(du) = ﬂ(0,+oo)(r)|]5d71(x)#dm(dx),
with

sup ke(a") < +oo, a>0.
x€8d—1

Let Y ~ uy be centered such that
QO vy << [y
o E[[V]? = fy llul*v(du) < +o0
@ There exists Uy > 1, for all regular f: RY —s RY

EItY) = EAY)|* < vaE/[Rd 1Y + u) — AY)|[*v(du).

Theorem, [B. A. and C.Houdré, 2019]

Then,
1
b o) < 5 ([ NelPvia)) O =T

30/34
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Sketch of Proof: 1

Let h € Ha NC(RY).

—(x;, V(fn)(x)) +/ (V(f)(x+ u) = V(fa)(x); uyv(du) = h(x) — Eh(X), xe R,

R4

and thus,

E(~MT M)+ [ (TEY+0) = TE: ) = EAY) - EA).

Now,

Eh(Y) —Eh(X) =E (/{Rd(V(fh)(Y—i- u) = V() (Y);u—1mv(Y+u) + TY(Y))V(du)) :

31/34
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Sketch of Proof: 2

By Cauchy-Schwarz,

1 .
[EA(Y) — EA(O)] < 2\/ /. ||u||2u<du>\/ £ [ Y+ a) = 7v(¥) - ulw(du.
R R
Next expanding the square,

E [ 1m0 =) = ilPuld) = € [ (Y4 6) = ()] Pv(e

= [ (e,

and using the energy estimate

[E/[Rd |y (Y4 u) — Ty(Y)HQZ/(dU) < UY/[Rd HuHQy(du). O

32/34
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Final Results: Remarks and Perspectives

@ General ID case (with or without finite first moment) ?
@ Quantitative results for m-dependent sequences converging to ID laws ?

@ Links with functional inequalities and spectral problems for non-local Dirichlet
forms ? (work in progress)

@ Infinite Dimension ? Interactions with the geometry of Banach Spaces



Thank Your Attention !
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