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Stein's method using kernels:
Cacoullos-Papathanasiou-Utev
(1994)

Malliavin-Stein's method:
Peccati-Nourdin
(2009)

@  is a probability measure
e 7 is a Borel map in L1(u)
o Vpe 6L (R):

f @' (x)T(x)dpx = f xp(x)dpx

U
drv (1Y) =2 Jp|1-7(x)| dpx

o (Q,&,P) probability space
o I the square field operator

o 2 the Ornstein-Uhlenbeck
operator

o Vpe 6} (R),VX €dom(T):
( '(X)r(X,-271X])
=E(¢(X)X)
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drv(X,N) <2 E(|]1-T[X,-£71X])|)
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Central convergence on second Wiener chaos

The setup:

o F=XT_1ai;XiX

o (X1, Xm) are iid. A4(0,1),

o A=(ajj)i<ij<m is a real symmetric matrix,
e Diag(A) =0,

o E(F?)=1.

Diagonalizing the matrix A leads to:
F=Y a;Y?
i=1
(Yo, Ym)=(X1,--+, Xm)P ~A(0,1,) (since Pe Op(R))

o (a1, +,am)="Spec(A).
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In order to use Malliavin Lemma, we need to find p=1 such that
A € LP(P).

T[F,F] = Z @ T[Y7, 7]
ij=1
R4S G VYY)
= J
ij=1
m
TY, Y]l = Y PiPiiT[Xk X
k=1
m
= ) PuiPkj=["PPl;;= 0
k=1 Kronecker symbol
T[F,F] = 4) a?Y?
i=1
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For every A >0 we have

[TE (exp (~2a2Y2))
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On the other hand,
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Recall that Nualart-Peccati criterion asserts that

Law

F =~ JV(O,].) o ( )
- i ;§

o ax |ak| =0.
<k<m
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6F

On the other hand,
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p!
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Let us summarize:

o F 12 A(0,1) if and only if 5¢ is small
o for a||j22, SJ'E %51(51—5/:)"'(51—0—1)5/:),
J 51 = %E(Fz) = %,

°
1

NS

E(exp (—AT[F,F])) =

Combining these facts leads to

Vq=1,3eq, Cqg >0, such that:

drv (F, A/ (0,1)) <eq = E(exp(-AL[F,F])) < %.
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Assume that we have

E(exp (—AT[F,F])) < %.

Take a >0, one gets

P(T[F,F]<a)

P (exp (=AL[F,F]) > e_’m)
e’l“[E(exp(—/ll“[F, F1))

Cq Aa
ﬁe

IA

Chosing 1 = % leads to

P(T[F,F]l<a)< Cqa? =

T[F ] e L9 (P).
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G.P. (2019)

Let F € Ker(Z +21) which satisfies E(F2) = 1. One has, for every
p=1,

24 1
p+ 1)  TIF,F -

K4(F)< (Qgﬂ]’)

@ What is the correct speed of "regularization"?

@ Does this phenomenon extend to chaoses of higher order?
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Proof of a weaker Carbery-Wright estimate

® PeRy[x1, -+, Xm],

o X=(Xy,--+,Xm)i.i.d. ~A4(0,1),

o E(P(X)?)=1.
We proceed by induction on the degree d.
[E(l[—e,e] (P(X)))

= E 1[—6,6](P(X))

P([P(X)[<e)

[P(X), P(X)]
I[P(X), P(X)]

%[E (eq (POX))TIP(X), P(X)])

~

IA

v~

A

+ P(T[P(X),P(X)] =96)

~ 4

B
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We introduce ye(x) = fo 1[-¢,(t)dt:

L TR
A = SE(x(P(X)) TP(X), P(X)])

- %[E(F[XG(P(X));P(X)])

= —E(xe(P(X))£P(X))

¢
8
¢
&
¢
8




) = 3 v
i=1

] P) .
"2 Ny /TIP(X), P(X)]

with N ~ A4(0,1) independent of X. Using induction assumption,
conditionnally to Y gives:

ﬁ
p(ffP(x)|<s) = P frx ‘ 0
VEx(tP(X \/[Ex(“P (X)2)
= Cy-1 H%1 [Ey( ; L U‘dl)
e
C
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o By Poincaré inequality, EyEx("P(X)2) = E(T[P(X), P(X)]) =

positive quadratic form of Y

1

m
2
a; Y > a;=—.
ey, z =3
=0
e Computing Laplace transform one gets

m
[P’(Za,-Yiz<e) <ve
i-1
1

([Ex(ﬂp(xy)“"zl) <!
[P’()ﬂP(X)‘ <8) < Cg-16%,

=>[Ey
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Let summarize

o P(|P(X)| <€) <d & +P(T[P(X), P(X)] <5),

° P(|“P(X)( <8)< Cg-16%

We notice that jjP LaW N+/T[P(X), P(X)] with

N =T[P(X), (X)]-
One can deduce that

P(I[P(X), P(X)] < 6) < % 5hae

Optimization gives for P of degree d such that E(P(X)?) =1 that:

1

<——d €.
[P>(|N|<1)

P(|P(X)| <€)
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